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ABSTRACT. In this paper, we study the dynamics of a smooth multi-
modal interval map f with non-flat critical points and all periodic points
hyperbolic repelling. Assuming that |(f™)'(f(c))| — oo as n — oo holds
for all critical points ¢, we show that f satisfies the so-called backward
contracting property with an arbitrarily large constant, and that f has
an invariant probability p which is absolutely continuous with respect
to the Lebesgue measure and the density of pu belongs to LP for all
P < lmax/(bmax — 1), where £,., denotes the maximal critical order of f.
In the appendix, we prove that various growth conditions on the deriv-
atives along the critical orbits imply stronger backward contraction.

1. INTRODUCTION

The concept of absolutely continuous invariant measures plays an important
role in studying the chaotic behavior of non-uniformly hyperbolic dynami-
cal systems. In the area of interval dynamics, various conditions have been
shown to guarantee the existence of an invariant probability which is ab-
solutely continuous with respect to Lebesgue measure (acip). In [M], it was
proved that an acip exists for an S-multimodal map without periodic attrac-
tors or recurrent critical points. In [CE], it was proved that an S-unimodal
map f satisfying the following condition (the Collet-Eckmann condition)
has an acip:
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where ¢ denotes the critical point of f. In [NS2], the following summabil-
ity condition (the Nowicki-van Strien condition) was shown to imply the
existence of an acip for an S-unimodal map:
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<
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where /¢ is the order of the critical point. Moreover, it was proved that
the density of the acip with respect to Lebesgue measure belongs to L”
for all p < /(¢ —1). (Note that this regularity is the best possible since

the density is never LY(~1.) Later on, this result was extended to the
multimodal setting in [BS].
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In [BSS], we found that for S-unimodal maps, these conditions are far too
restrictive for the existence of an acip. In fact, there exists a constant C' > 0
depending on the critical order such that

lim inf |(/")'(/(e))] > €

implies the existence of an acip. In this paper we shall extend this last
result to the multimodal setting.

Main Theorem. Let f : [0,1] — [0,1] be a C® multimodal interval map
with non-flat critical points and with all periodic points hyperbolic repelling.
Assume that for each critical point ¢, we have

i [(F)(£(€))] = oc,

_l’_

then f has an acip p whose density with respect to the Lebesgue measure
belongs to LP for all 1 < p < lyax/(lmax — 1), where m denotes the Lebesque
measure and .y 18 the mazimum of the orders of the critical points.

Here, as usual, by saying that f is of class C® with non-flat critical points,
we mean that f is C! everywhere and satisfies the following:

o [ is C® outside Crit(f) = {x € [0,1] : f'(z) = 0};

e for each ¢ € Crit(f), there exists a number ¢, > 1 (called the order
of ¢) and C? diffeomorphisms ¢,v of R with ¢(c) = ¥(f(c)) = 0
such that

o f(2)] = |o(x)|
holds in a neighborhood of c.

We shall use A to denote the class of all C? interval maps with non-flat
critical points and with all periodic points hyperbolic repelling.

In order to state a more precise version of our main theorem, we need to
introduce more notation. For a fixed positive integer N and a positive num-
ber lnax > 1, denote by A(N, fiax) the collection of all maps f € A having
exactly N critical points, and for which the maximum of the orders of the
critical points is {pax. For K > 0 denote by A(N, lpax, K) the class of all
maps f € A(N, lyax) for which the following holds:

(x) there exists a neighborhood V of f(Crit(f)) such that if
f™"(f(c)) € V for some critical point ¢ € Crit(f), then

(1) [Df*(f(e)] > K.

We shall actually prove the following Main Theorem’, which clearly implies
the Main Theorem.

Main Theorem’. Given a positive integer N, real numbers lp., > 1 and
P € [1, bmax/ (bmax — 1)), there ezists a constant K = K (N, pax, p) such that
if [ € A(N,lnax, K), then f has an acip p with du/dm € LP, where m
denotes the Lebesgue measure.
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The result of the density is new even in the unimodal setting. We note that
the proof in this paper is quite different from and significantly simpler than
that of [BSS]. In fact, the proof follows much closer the proof in [NS2] but
is simpler; the main reason for this is that we use here the notion of nice
intervals which significantly simplifies the proof of formula (8) compared to
the corresponding inductive statement in [NS2].

It is probably difficult to improve these results. It is not possible to give a
topological condition equivalent to the existence of acip since the last prop-
erty is not a topological invariant, not even a quasisymmetric invariant, see
[B1]. Moreover, although no invariant density needs to exist if | D f"(f(c))|
remains small [BKNS], liminf,, o [Df"(f(c))| = 0 does not rule out the
existence of acip [B2].

Clearly, the condition (x) is a C! invariant in the unimodal case, i.e., if for
a given K two unimodal maps f,g € A are C' conjugate, and f satisfies
(%), then so does g. However, for multimodal maps, this is not the case. So
our Main Theorem’ applies to a slightly more general case, i.e., it holds for
maps g € A which is C' conjugate to a map f satisfying the requirements
in the Main Theorem’.

To prove the Main Theorem’, we shall use the following terminology, which
was first introduced in [R]. Let CV = CV(f) = f(Crit(f)) be the set of
critical values of f. We say that f satisfies the backward contracting property
with constant r (BC(r) in short) if the following holds: there exists g9 > 0
such that for each € < g, and any component W of f~5(B(CV,re)), s > 1,

(2) dist(W,CV) < ¢ implies |W| < e.

We say that f satisfies BC(00) if it satisfies BC(r) for all r > 1. Clearly,
for any r > 1, the property BC(r) implies that f has no critical relation,
i.e., no critical point is mapped into the critical set under forward iteration.

The proof of the Main Theorem’ breaks into the following two propositions.

Proposition 1. For real number . > 1 and r > 1, there exists K =
K (r, bax) such that if f is a map in the class A(N, lyax, K) for some N > 1,
then it satisfies the property BC(r).

We shall provide two proofs of this proposition. The first one is given in
Sect. 2 as a consequence of Lemma 2 and Proposition 4. The second one
is given in the appendix, see Theorem 1. The reason that K depends only
on f through N and /., is that all constants related to f (such as those
related to non-flatness) vanish when looking at sufficiently small scales.

Proposition 2. For any positive integer N, real number (.. > 1 and
k € (0,1), there exists r = r(N, bax, &) such that if f € A(N, lyax) satisfies
the BC(r) property then there exists a constant M such that for every Borel
set A we have

(3) |f7(A)| < M| f A/t
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It follows from the inequality (3) that any weak limit p of

S

is an acip of f. By the argument above Theorem A in [NS2], the density
of p with respect to m is in LP, where p — lax/(bmax — 1) as £ — 1.

The proof of Proposition 2 is given in Sect. 3 and 4.

In the Appendix we state and prove a result which is somewhat related to
the proof of Proposition 1. It shows that various growth conditions of the
derivatives along the critical orbits implies stronger backward contraction.

Remark. If f is unimodal, then the acip is ergodic and unique. A general
multimodal interval map may have more than one acips. For a map sat-
isfying BC(r) for a large r, the estimate provided by Proposition 2 rules
out the existence of Cantor attractors. Thus any compact forward invari-
ant set of positive measure contains a cycle of periodic intervals [SV], each
supporting an acip.

Notation. Unless otherwise stated, X =[0,1] and f: X — X is a map in
the class A. We will assume, without loss of generality, that f(0X) C 0X
and that f'(z) # 0 for z € 0X.

If J is an interval and A > 0, we use A\J to denote the concentric open
interval which has length A|J|. We say that J is A-well inside another
interval [ or that I contains the \-scaled neighborhood of J,if I D (142\)J.

2. REAL BOUNDS

We shall use the following result throughout our analysis.

Proposition 3. Let f € A, let s > 1 be an integer and let T' = (a,b) be
an interval. Assume that f°|T is a diffeomorphism onto its image and that
|f5(T)| is sufficiently small. Then

(i) (the Minimum Principle) for every x € T,

|(f*) ()] 2 0.9min (|(f*)'(a)], |(f*)'(B)]) ;
(ii) (the One-sided Koebe Principle) Let © € T be such that |f*(a) —
@) z7|f*(x) = f2(b)]. Then

@12 09 (112 ) 1Y)

(iii) (the Koebe Principle) If J is a subinterval of T such that f*(J) is
T-well inside f5(T), then for any x,y € J,

s\/ 2
oo (o) < Ul L1yt
L+7/ — ()Wl — 09\ 7
(iv) (the Macroscopic Koebe Principle) If J is a subinterval of T such
that f°(J) is T-well inside f*(T'), then J is 7'-well inside T, where

7 =0.97%/(1 + 27).
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Proof. If f has negative Schwarzian derivative, then so does f*|T. In this
case, it is well-known that the statements hold with 0.9 being replaced by 1
(and without the assumption that f*(7") has a small length), see for example
[MS]. For the general case, we first note that |f*(7")| small implies that |T'|
is small as well since f has no wandering interval, see [MS]. Then we apply
a theorem of Graczyk and Sands [GS] which states that any f € A is real-
analytically conjugate to a map with negative Schwarzian derivative. U

Remark. An alternative to prove the proposition — again for maps f with-
out negative Schwarzian derivative — is by using Theorem C of [SV].

2.1. Backward contraction. A sequence of open intervals {G}}5_, is called
a chain if for each 0 < j < s, G; is a component of f~1(G;11). The order of
the chain is defined to be the number of j’s with 0 < 7 < s and such that
G contains a critical point.

For each critical point ¢ and € > 0, let Ba(c) be the connected component
of f7Y((f(c) —e, f(c) +€)) containing c¢. Moreover, let

B. = U B.(c).
ceCrit(f)

Note that provided that ¢ is small enough,
B..(c) =~ /" B.(c).

Lemma 1. For any p > 0 and (. > 1, there exists K > 1, and for each
f e U AN, byax, K) there exists g > 0 with the following property. Let
¢, € Crit(f) and e € (0,e0). If f°(c) € BE(C/) for some s > 1, and if J is
the component of f~*(B.(c')) containing ¢, then

J C B,(c).

Proof. We may assume that p € (0,1). Consider the chains {G;}3_, and
{H;}5_y with Gy = B,s, (') D Hy = B.(¢) and Gy D Hy = J.

Let s; < s be maximal such that G, contains a critical point ¢;. Let H;1+1
be the convex hull of Hy, 11 U{f(c1)}.

Claim. Provided that ¢ is small enough and that K is large enough, we
have

A

(4) H,, C By.(c1).

In fact, since

fs—s1—1 . G81+1 N Gs
is a diffeomorphism with |G| small, it follows from the One-sided Koebe
Principle (Proposition 3 (ii)) that for each z € H; ,,, we have

S

(5) [Df= )| = CIDF = (f(en))

where C'is a universal constant. Provided that ¢ is small enough, we have
[DfH (fle) = K
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by the hypothesis. Moreover, by non-flatness of the critical points, we have

D e < 2000
|Gl
e DI )] - o 16
g1 — Dfs—s1 f C1 Gs
Dfs 517 f(e)))| = > KC ,
D7 e = I psen 2 K s
where Cy = 1/2(.. This, equation (5) and the mean value theorem imply
|Gl |Gl
> CCK ,
[ H, fG
which implies that
|H;1+1| S p{-:

provided that K is sufficiently large. The claim follows.

If s; = 0 then the proof of the lemma is completed. For the general case,
the lemma follows by an easy induction on s. U

Let us say that f satisfies the property BC*(r) if the following holds: for
any £ > 0 small enough, ¢, ¢ € Crit(f), and s > 1, if f*(c) € B,(c’) and J
is the component of f~*(B,.(¢')) which contains ¢, then J C B.(c). (So the

difference with the property BC(r) is that in equation (2), the assumption
dist(W,CV) < ¢ is replaced by W N CV # ().)

The above lemma can be reformulated as

Proposition 4. For any (., > 1 and r > 1 there exists K > 1 such that
each f € UF_; AN, bax, K) satisfies the property BC*(r).

The property BC*(r) is closely related to BC(r). Clearly the latter implies
the former. The other direction is shown in the following proposition.

Lemma 2. For any f € A, BC*(8%r) implies BO(r), where lnay is the
mazimum of the order of the critical points of f.

Proof. Let € > 0 be a small constant. Then for all ¢ € Crit(f), Bszmaxw(c)
contains the 3-scaled neighborhood of B,.(c).

Let ¢,¢ € Crit(f) and = € B.(c). Let s > 1 be such that f*(z) € B,.
and let J; be the component of f~(~*)(B,.(¢')) which contains f*(x).
want to show that |.J;| < e.

()
We

Let us prove this by induction on s. For s = 1 the statement is trivially
true. Fix sy and assume that the statement holds if s < sy. To prove the
statement for s = sg, consider the chain {G;}5_, with G, = Bytmaxre (') and
Gy o x. We distinguish two cases:

Case 1. There exists 0 < s; < s such that G, contains a critical point ¢;.
By the definition of the BC* property, it follows that G, C Bs(cl). If
s1 =0, then ¢; =cand Jy C Gy C Ba(c). Otherwise, the statement follows
by the induction hypothesis.
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Case 2. For any 0 < k < s, G}, contains no critical point. Then f*~!: G, —
Gy is a diffeomorphism. By the Macroscopic Koebe Principle (Proposition 3
(iii)), we obtain that G; contains the 1-scaled neighborhood of .J;. Since
c & Gy, f(c) € Gy and f(x) € B:(f(c)), it follows that |.J;]| < e. O

Proof of Proposition 1. Combine Lemma 2 and Proposition 4. U

2.2. Nice sets. An open set V' C [0, 1] is called nice if for each x € 9V and
for any k > 1, f¥(z) ¢ V.

Proposition 5. For any f € A satisfying BC(2) and any ¢ > 0 suffi-
ciently small, the following holds: for each ¢ € Crit(f), there exists an open
interval Ve such that Uee cray ) Ve s nice and such that

B.(c) C V. C By(c).

Proof. The proof follows from the following argument due to Rivera-Letelier,
see Lemma 6.2 in [R]. For & > 0 small, define the open set V" = U, f~(B.).
Clearly V*° is nice. Take V" to be the connected component of V" which
contains ¢, and let V, = V. It remains to show that V" C By.(c) for
each n. We do this by induction. For n = 0 this holds by definition, so
assume it holds for n. Consider Z = f(V"1)\ B(f(c),e). For z € Z, there

exists m(z) € {0,1,...,n} and ¢o(2) € Crit(f) so that f™*)(z) € B.(co(2)).
Now choose zy € Z so that my = m(zp) is minimal among m(z) for points
z € Z and let ¢y = ¢o(z). Since f™0(z) € B.(¢p), and since f™(Z) C VI,
the induction hypothesis implies

f™(Z) C Bae(Go).

Since f satisfies BC'(2) and Z has distance € to f(c), it follows that | f(Z)] <
e and Z C Ba.(c). This completes the induction step. O

For A\ > 0 we say that a nice open set V' is A-nice if for each return domain
J of V., we have (14+2\)J C V.

A nice open set V' D Crit(f) will be called a puzzle neighborhood of Crit(f)
if each component of V' contains exactly one critical point of f.

Lemma 3. For any A > 0 and real number . > 1, there exists r > 1 such
that for any N and any f € A(N, lnax) which satisfies BC(r) the following
holds. There exists g > 0 such that for any e € (0,&¢) there exists a puzzle
netghborhood V=, V. with the following properties:

o V is A\-nice;
e for each ¢ € Crit(f) we have

B.(c) C V. C Ba(c).

Proof. By Proposition 5, there exists a puzzle neighborhood W of Crit(f)
such that

Beja(c) € W, C Bye(c).
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For each ¢ € Crit(f), let V, be the union of B.(c) and all return domains

of W which intersects B.(c). Clearly, V = |, V, is a puzzle neighborhood
of Crit(f) and moreover, for each x € 9V and k > 1, f*(x) ¢ W. Provided
r is large enough, each component of V' is deep inside a component of .

It follows that each return domain of V' is deep inside V', see for example
Theorem B(2) in [SV]. O

If  is an interval which contains a critical point and J (with J N Crit # ()
is a unicritical pull back of I then we say that J is a child of I. So there
exists ¢ € Crit(f), s > 1 (called the transition time from J to I) and an
interval J > f(c) such that

e f5~ ! maps J diffeomorphically onto I;

e J is the component of f~1(.J) which contains c.
We shall use the following lemma in the next section:
Lemma 4. Let ¢, € Crit(f), let I 3 ¢ be a A\-nice interval with |I| small

and let
J2J DDy

be children of I which contain ¢’. Then

FI) < PO
holds for all i, where p = p(\) > 0 is such that p — 0 as A — oo.

Proof. By definition, for each ¢ > 1, there exists a positive integer s; and an
interval T; O fJ; such that f*~1! maps 7T; diffeomorphically onto I and J;
is the component of f~!(T}) containing . Note that f* (T},) is contained
in a return domain of I, hence A\-well inside I. By the Koebe Principle, it
follows that each T, is A;-well inside 7T}, where A\ — oo as A — oo. The
conclusion follows. O

3. PULL BACK OF INTERVALS

The goal of this section is to prove the following:

Proposition 6. For k € (0,1), N € N and lyax > 1, there exists v > 1
such that if f € A(N, Umax) satisfies BC(r), then there exists a neighborhood
U of Crit(f) such that for any interval A C U and any n > 0, the following
holds:

(6) [fTH(A)] < MIf(A)[/ b,

where M is a constant depending on f.

Let r be a large constant, and assume that f satisfies BC(r). By Lemma 3,
there exist A = \(7, fmax) and €9 = €o(f) > 0 small such that for any € < g

there exists a A-nice puzzle neighborhood of Crit(f) which lies in-between B.
and By.. Moreover, A — oo as r — 00.
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Set
(7) ry = pl/fmex
For each n > 0 and ¢ > 0, define
L,(6) =sup{|f™(A)]:0<m<n,AC Bso/m is an interval, |fA| < 6}

Lemma 5. Let I be a A-nice interval such that B.(c) C I C By.(c), where
c € Crit(f) and € < &g, and let A be an interval such that

A C B.jy(c) and A ¢ By, ().
Then for alln > 1,

®) £ < CL D+ 285 Lualp1 £,

where N = #Crit(f) and C > 0,p € (0,1) are constants depending only on
7 and lpyax. Moreover, p — 0 as r — oo (for a fized lpax ).

Proof. Let Jy be the collection of all components J of f~"([) such that
f*:J — I is a diffeomorphism. Let J; be the collection of all other
components of f~"([).

By the Koebe Principle, for all J € J,, we have
S (A) N ] |A]
(9) e < O,
/] 1]

where C' is a constant depending only on £,,.

For each J € Ji, there exist n; = ny(J) € {0,1,...,n — 1} and an interval
J' D fr™(J) such that J" has a common endpoint with f*~"(J) and such
that J' is a child of I.

Claim. There exists a constant C' > 0 depending only on /., such that
for any J € J;, and each component A" of f~"1(A) N J’, we have

/']
L
In fact, by definition of a child, there exists J' O f(.J’) such that ™~ maps

J' diffeomorphically onto I. By the One-sided Koebe Principle, there exists
a constant C' such that

(10) f(AD)] < Crpe

[fA] |A]
< .
PRA A OP]
Since A C I C By.(c), and A ¢ R:/Tl(c), we have

1AL _ 0t

I 1fA]
Since A C BE/2<C)7 I D B.(c) and since f™(J') contains a component of
I\ A, [f"(J)|/|I] is bounded away from zero. Inequality (10) follows by
redefining the constant C.
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For any child P of I, let s(P) be the transition time from P to I and let
J1(P) be the collection of all elements J € J; with J' = P. Clearly,

ool A) N | = PN (P (A) 0 P

JeJi(P)

Since f~*)(A) N P has at most two components, applying (10) we obtain
that

(1) S lren <2, (e ).
JET(P) /1|

For each ¢ € Crit(f), let

Pi(c) 2 () 2 -+
be all the children of I which contain ¢’. By the BC(r) property,

[f(PL()] < 2¢/r.
By Lemma 4,
[F(B(N] C o LF(PU))],

where p; is a constant depending on A, and p; — 0 as A — oco. So
f(Pl(C/)) - BZpifls/r(c/)'

Note that since 7 is large, and r; = r'/fm=x for each c, rfc_l/r < rfm“_l/r
is small. Hence

p = max(py, 2071 /r)
is close to zero. By (11),

oo FMA) N T < 2L, (0| fA]).

JeJi(Pi(c"))
Thus
> AN II=22 > AN
JeS ¢ i=1 JET(Pi(c))
<S2NY Loalp'|FA]).
i=1
Combining this with (9), we obtain inequality (8). O

Proof of Proposition 6. Fix k € (0,1) and write o = £/lax. Let
M= (“) .
€o
Assume that r is so large that
. 1
4CT§ 1)/Zmax S 57

where C' is as in Lemma 5. We shall prove by induction on n that the
following inequality (12) holds:

(12) L, (8) < M6&.
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The case n = 0 is trivial. So assume that the inequality holds for all n < ny.
To show that inequality (12) is true for n = ng, we shall prove by induction
on m the following:

13 () =0 (52)

The choice of M clearly guaranteed that inequality (13) holds for m = 0.
Assuming that the inequality holds for all m less than some positive integer
my, let us prove it for m = myq.

Let A C Beo/m be an open interval with |fA| < g¢/2™°. We need to show
that

(14) /7 A) < M|FA]”.

Let € € (0,&0) be minimal such that A C BE/Tl(C) for some ¢ € Crit(f). Let
I > ¢ be a A-nice interval such that

B. C I C B..

Then by Lemma 5, we have

]+ 28 S Los(pl ),

The second term in the right hand side is bounded from above by

(A <

2NMY (p|fA])" = 2NM|fA]" <\fA| M/2,

i>1
provided that p is small enough. If I C BEO /r» then by the induction
hypothesis,

D] < MIFI®,

since | fI| > g9/2™ 1. The same estimate holds in the case I D Bgo/n by
the choice of M since |f~"(I)| < 1. Thus

M
Wi+ Yyrap.

1A
£ < oM

Since
AL LFAL 1o
rimmmred

it follows that

o 1
7)< M (A0 ey Y pAf < M| fAL

This completes the proof of inequality (13), hence the induction step in (12)
and the proposition. O
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4. INVARIANT MEASURE AND THE DENSITY

In this section we prove Proposition 2. So let f be a multimodal interval
map as in the proposition.

The strategy of the proof of (3) is to use the Minimum Principle (Proposi-
tion 3 (i)) to relate the size of the preimage of a general set to the size of
preimages of intervals “at the end of branches”, see Lemma 6 below. This
corresponds to the “sliding argument” used in [NS2].

Take k1 € (k,1). Assume that f satisfies BC(r) for a large r. Then by
Proposition 6, there exists g > 0 (small) such that for any interval @ C B.,
and any n > 0,

(15) 1F7M(Q)] < Myl QI fmax,
where My > 0 is a constant.

We say that a sequence of open intervals {G;};_, is a quasi-chain if for
each 0 < i < s, G; contains a component of f~1(Gy,1). The order of the
quasi-chain is defined to be the number of i € {0,1,...,s— 1} such that G;
contains a critical point. We say that such a quasi-chain is A-admissible if
for each 0 < i < s, either G; N Crit(f) = 0, or G; is A-nice.

By the argument in Sect. 2, choosing €y smaller if necessary, we may assume
that for each j > 0, there exists a A-nice interval Vj. with the following
property:

B€0/2j+1(c) C V}',c C Beo/gj (C),

where A — 0o as r — oo. For each interval G which contains a critical
point ¢ and with G C Vg, let j be maximal such that G C V;.. We call
that Vj. is the enlargement of G. Clearly, the enlargement of any critical
interval is uniformly comparable to itself in size.

Let V' = Ucecrit(r) Vo, Fix a positive integer n throughout the rest of
this section. For each component J of f~"(V'), we define a A-admissible
quasi-chain {G;}?_, as follows:

4 Gs - V;
e Assume that Gi;; D f7(J) is defined, and let G; be the component
of f~'(G;41) which contains f*(J). Then
— if G, is not critical, then G; := éi;
— if G, is critical, then G; is the enlargement of G; defined as
above.

Let J, be the collection of all components of f~"(V') such that the order
of the corresponding quasi-chain {G;}!, is equal to m. Each J € [, is
associated with a sequence of positive integers ki, ko, ..., k, and critical
points cg, ¢1, . . ., ¢y as follows.

®s) =8>8 >...> 58, >0 are all the integers such that G, is
critical, and ¢; is the critical point contained in G ;

° ésj is the k;-th child of G, , which contains c;.
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For any ¢ = cyc; . .. ¢y, € Crit(f)™™ and k = kiky ... ki € ZT7, we use J¥
to denote the collection of all components J of f~™(V') with the parameters
c and k. Note that if J' € J¥ and {G’}7_ is the corresponding quasi-chain,
then s; = s and G, = G’J for all 0 < j § m. Define

HX =@, ,

and

={f*7(¢y) - 0<j <m}
which has m + 1 elements. (Recall that f has no critical relation.) Notice
that for each J € J¥, the critical values of f"|; are contained in CVX.

Lemma 6. For any c, k, and any Borel set A C V', the following holds:
(16) S A N I| < 3Mo(m+ 2)[ fA|" e,

JeJk
where My is as in (15).

Proof. Let us label the set CVck as v; < vy < ... < Uy, and let vy and
Um+o be the left and right endpoints of V.. These points divide V,, into
subintervals Qy = (vg, Vg11), 0 <k < m+ 1. Let Ay = AN Q. It suffices
to prove that for each k, the following holds:

(17) S 1 (AR N ] < 2Mgpr s
JeJk

where p = |fA]. If | fQx| < p, then by Proposition 6,
Z |f Ak; N J| < |f an| < Mop"{l/emax
JeJk

So assume that |fQg| > p. To show inequality (17), choose ay, by € Q such
that
Ly = (v, ax), and Ry = (b, vpt1)

satisfies

|fLi| = [fRi| = | fAx].
For each J € J¥ and each component J' of f~"Q,NJ, f"* . J — fQ, is
a diffeomorphism. By the Minimum Principle it follows that

(F717) 7 AR = [(FmHT) T (F A
<097 (| ) L)+ 1 (F 1) (RN
=097 (If "L I+ [f "R ).
Thus,

S A) NI <097 S (IF " Len I+ 1 f "Ry )
JeJk JeJk

<097 (If "Lil + £ 7" Ra)
S 3M0p’§1/£max’

where in the last step we used (15). This proves (17), and hence completes
the proof of the lemma. O
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Applied to the case ¢ = {c}, ¢ € Crit(f), the lemma gives
(18) S 1FTMA) NI < 6N Mol fA]F b,
Jedo

Lemma 7. There is 0 > 0 depending only on r, such that o — 0 as
r — 400, and such that for each ¢ = cocy...c,, and k = koky ...k, the

following hold:

(1)
U Jcfimem(my),
JeJgk
(i)
|f(HE)| < gfrthetethn| fy7],
iii) if we put oy = o"/tmax | then
(iii)
Z |J| < Mlo-]{f1+k2+---+k‘m7
JeJk

where My = M| fV |1/ and My is as in (15).

Proof. The first item is clear. The second follows from Lemma 4, and |G, | =
|Gs,|. For the third item, notice that by item (i), the left hand side of the
inequality does not exceed |f~("=*m)(HX)|. So the inequality follows from
the item (ii) of this lemma by (15). O

Lemma 8. Provided that r is large enough, the following holds: for any
Borel set ACV and anyn > 1,

[f(A)] < M| fAJ oo

where M is a constant.

Proof. Pick Dy to be the maximal integer such that

(517“)/£max
1
(19) 6(1 + N)Pot1D, < () :
p

where p = |fA| and N = #Crit(f). For any m > 1 and D > 1, let
In(D) ={J € Tt kn(J) + kao(J) + ... + k(J) = D},

7(D) = fj Tu(D).

For each 1 < m < D, the number of tuples k = k&5 . .. k,, satisfying
ki+ke+...+k,=D

D—1
m—1

). Associated to such
a k = kiky...kp, there could be at most N™*! corresponding choices of
C = (yCq . ..Cp. From this and Lemma 7 it follows that

D D
SOy Y <MY NTICTleP < MNP,
)

JeJ(D m=1 JE€Jm (D) m=1

is given by the binomial coefficient C}~} = (
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where 09 = (N + 1)o; and M, is as in Lemma 7. Thus

Z Z A)nJ| < Z > U!<M11

D=Do+1 JeJ (D D=Do+1 JeJ(D)

NO'Q

Provided that r is large enough, o, is close to 0 so that
of <61+ N)P(D+ 1)

for any D > 1 and where 7 is so that 7(r; — &) = . This and (19) imply

D0+1 T(K1—K Cmax H/gmax
ep) < p" ) b :

=p
Since p = |fA| we get therefore
ST AN M
D=Do+1 JeJ (D
where M, is a constant.

On the other hand, by (16), we have

Z Z ﬂJ|<ZZ|f A)n |

D= IJEJ m=1JETm

Do
< D0 O AN TI3My(m + 2)| fA" /b

< 6Mo(1 + N)PoFLDg| fAF1/ fmax
< Mo|f A/,

where in the last inequality we used (19) again. Combining with (18), these
estimates imply the lemma. U

Proof of Proposition 2. Fix k € (0,1). Assume that f satisfies BC(r) for a
large r. We want to show that there exists M > 0 such that inequality (3)
holds for any Borel set A and any n > 0.

By Lemma 8, there exists a neighborhood V' of Crit(f) such that the in-
equality holds when A C V.

The general case follows by Mané’s theorem, which asserts that f[(X \ V)
is uniformly expanding, i.e., there exists C' > 0 and v € (0, 1) such that for

any v € X and k > 1, if =, f(z),..., f*Yx) € V then |(f*) (z)] > Cy ",
It follows that for any Borel set A and m > 1,
Ap={r e X iz f(x),....f" Hx) €V, f™(x) € A}
has length C17{"|A|, where C} > 0 and v, € (0,1) are constants.
Set @), = A,, and for 0 < m < n, set
Qm = {x: f™(x) €V and f™(2) € Ap_mm_1}.
Clearly,
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By the argument in the previous paragraph,
and for 0 < m < n, since f™(Q,,) CV N ftA, .1, we have

Q| < 7™ (f™Qu))| < 1f™(V N f Apsa)|
< M|A, ] < My~ A%,

where the third inequality follows by Lemma 8, and M’ > 0 and v, € (0, 1)
are constants. Inequality (3) follows by redefining M. U

APPENDIX: GROWTH OF DERIVATIVES AND BACKWARD CONTRACTION

Let f: X — X be a map in the class A, i.e., f is C* with non-flat critical
points and all periodic points hyperbolic repelling. Let CV = CV(f) =
f(Crit(f)). Given ¢’ > § > 0 we will say that f is (9, §')-backward con-
tracting if for every critical point ¢ of f, every n > 1, and every connected
component W of f~"(By(c)) we have that

dist(W,CV) < ¢ implies |W| < 4.

For a given constant r > 1, the map f satisfies the backward contracting
property with constant r, as defined in the introduction, if for every 6 > 0
sufficiently small the map f is (9, or)-backward contracting. Given ¢y >
0 and a function r : (0,d9) — (1,4+00), we will say that f is backward
contracting with growth function r, if for every § € (0, dp) sufficiently small
the map f is (0, 6r(9))-backward contracting.

The purpose of this appendix is to prove the prove the following result.

Theorem 1. For f € A, the following properties hold.

1. For every r > 1 there is a contant K > 0 that depends only on liax,
such that if f € Un A(N, lpax, K), then f satisfies the backward
contracting property with constant r.

2. If f satisfies the summability condition with exponent o > 0, then
there exists g > 0, and a function r : (0,69) — (1,400) such that
for every 6 € (0,1) we have

> r(0") 7 < 4o,
n>1
and such that f is backward contracting with growth function r.

3. If f satisfies the Collet-Eckmann condition, then there are constants
a € (0,1] and C > 0, such that f is backward contracting with
growth function r(6) = Cd~°.

Parts 2 and 3 were proved for rational maps in [R, Theorem A].
For the proof of the theorem, let f € A. Given v € C'V and ¢ € Crit let
0 < ki(v,c) < ko(v,c) < -

be all integers k& > 0 satistying the following property: If 7 > 0 the smallest
number so that the closure of B,(c) contains f*(v), then the pull-back of
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the closure of B,(¢) by f* to v is diffeomorphic. Observe that for certain v
and ¢ this sequence might be finite or non-existent. We denote by &;(v, ¢)
the corresponding preimage of ¢ by f*(*). Notice that when & (v, ¢) is close
to v, the integer k;(v, c) is large.

Let 19 = no(f) > 0 be sufficiently small. Then for any n € (0,7), we have

. n o\t
By ~2 ()

and for = € f)’no(c),
le—1

)

|f ()] = Aclelz — ¢

where A, = lim, .| f(y) — f(c)|/|z —c|*. Here by writing C; ~ Cy we mean
that C2/2 S Cl S 202

Lemma 9. There is a constant C > 0 only depending on £y, such that the
following property holds. For § > 0 small put

o(8) = min {c LA(6), 7?}

where A(0) is equal to

N e )]

dist(€;(v,c),v)>6 6
fhilvel ¥ (v)€ By, (CV)

Then for every ¢ € Crit, every n > 0 and every z € f~"(¢) such that for
every i = 0,...,n — 1 we have f(z) & Bs(CV), the pull-back of Bsys)(c)
to z by f™ is diffeomorphic and disjoint from C'V.

Proof. Consider a critical point ¢ € Crit, an integer n > 0 and z € f~"(c).
Given § > 0 small and 0 < r < 79/, put Uy = B(;T(c) and consider the
successive pull-backs Uy, Uy, ..., U,, such that U, contains f"%(z). Let
us suppose that for some k£ = 0,...,n the set U, contains a critical value
v € CV, and let k be minimal with this property. Note that the restriction
of f* to U}, is a diffeomorphism onto its image. Moreover, k = k;(v, c) for
some i > 1 and € = &(v,c) € Uy is equal to f"*(z). Then for a constant
C1 > 0 only depending on f, we have by the One-sided Koebe Principle,

dist (¢, v) < dist (&, v) - ( dist (&, v)
\357«(0)’ — dist(c, fF(v)) — \dist(c, fE(v))

There is thus a constant C; > 0 depending only on /. such that, if 4 is such
that or is sufficiently small, then

or > Cidist(&,0)|(f*1) (v)).

)“ Y @) O,

By hypothesis dist(£,v) > 4, so if we take the constant C' in the definition
of p equal to C1, then we have Bj,)(c) C Uy and for each k = 0,...,n the
set Uy, is disjoint from C'V. O
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Lemma 10. There is a constant Cy that depends only on .y Such that the
following property holds. For 6 > 0 put

7“0((5) =

5 le—1
_ . —lmax . ki('L),C)—‘rl /
min (31 p(8), Co dist(fi%fzr)l,g),v)<5 ((dist(@(v, c),v)) I(f ) (U)|>) :

If for every 6 > 0 small we have ro(0) > 2, then f is backward contracting
with growth function rg.

Proof. We will choose the constant Cjy > 0 below. Given ¢ € Crit and § > 0
small, consider successive pull-backs Uy = Egr0(5)(c), Ui, ...Uyg, such that
UrNBs(CV) # (). Since for every § > 0 small we have r¢(d) > 2, arguing by
induction, it is enough to consider the case when for every i =0,..., k — 1
we have U; N Bs(CV) = 0.

For each ¢ = 0,...,k let U/ and U/ be the corresponding pull-backs of
Bloémaxgm((g)(C) and Bglzmax(;ro((;)(C) respectively, so that U; C U] C U/'. Since
by definition 31%=xr4(5) < p(d), the previous lemma implies that f*: U —
Uj is a diffeomorphism. Observe that Uj contains a 1-scaled neighborhood
of Uj and that Uy contains a 4-scaled neighborhood of Uy. In particular, the
Koebe Principle implies that the distortion of f* on U} is bounded by 5.

Case 1. U}, is disjoint from C'V. Since U] contains a 4-scaled neighborhood
of Uy, it follows from the Macroscopic Koebe Principle (Proposition 3 (iv))
that U}, contains a l-scaled neighborhood of Uy. Since Uy N Bs(C'V) # ()
and U, N CV = 0, it follows that |Ux| < 6.

Case 2. There is v € U, N CV. Then there is i > 1 such that k = k;(v, ¢)
and £ = &;(v, c) € U, is the unique k-th preimage of ¢ in U;. Then we must
have that £ € B(v,d); otherwise Lemma 9 would imply that U N CV = ().

Suppose by contradiction that |U;| > 6. Then, if 6 > 0 is such that dr((0)
is small, then we have

) |U; | dist(&, v)
Gl = oy = dsle, )
s diste o) T
< 555t (B0 ) s,

So, for a constant Cy > 0 depending only on #,,.,, we have

le—1
f“) (FHY )

ro(d) > € (dist

Since dist(&,v) < 9, letting Cy = Cy we obtain a contradiction. O

Proof of Theorem 1. Part 1 is a direct consequence of Lemmas 9 and 10.
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2. Given 0 € (0,1) we have
> (") <

n>1

< O/Z Z (diSt(gié:aC)av)>_ |(fki(v,c)+1>/(v)|—a +

4,v,¢ \n>0, 0" <dist(&; (v,c),v)

o U
Py ( )) POy )| <

n>0, 67 >dist(&; (v,c),v) dist (IZ (U’ C), v

S O”Z’(fki(v’c)—i_l),(v)‘_a<+OO.

1,V,C

3. Let Cy > 0 and A > 1 be such that for every v € CV we have |(f*)'(v)| >
CoA*. By [NS1, Theorem B] there are constants C; > 0 and 6 € (0, 1) such
that dist(& (v, c),v) > C10%9) . Therefore there is Cy > 0 and v € (0,1)
such that,

(PR ()] = CoARED > Cy(dist((v, 0),v)) 7
Choose p € (0,1) and note that, if w < 6 *, we have
(P (0)] 2 O dist (v, €))7 2 O3 0.

Thus there is a constant Cy > 0 such that ro(6) > Cy6~%, where a =
min(p, (1 — ). O
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