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Abstract

We consider nonwandering dynamics near heteroclinic cycles between two hyperbolic
equilibria. The constituting heteroclinic connections are assumed to be such that one of
them is transverse and isolated. Such heteroclinic cycles are associated with the termina-
tion of a branch of homoclinic solutions, and called T-points in this context. We study
codimension-two T-points and their unfoldings in R™. In our consideration we distinguish
between cases with real and complex leading eigenvalues of the equilibria. In doing so we
establish Lin’s method as a unified approach to (re)gain and extend results of Bykov’s
seminal studies and related works. To a large extent our approach reduces the study to
the discussion of intersections of lines and spirals in the plane.
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1 Introduction

Homoclinic bifurcations lie at the heart of our understanding of complicated (chaotic) recurrent
behaviour in dynamical systems. The history goes back to Poincaré, with major subsequent
contributions by the schools of Andronov, Shilnikov, Smale and Palis. The successes of the
latter schools has been founded on a combination of analytical and geometrical tools; typical
for the field of dynamical systems.

I'y

Figure 1: Sketch of an example of a T-point heteroclinic cycle in R? between two saddle-foci,
with robust heteroclinic orbit I'y and non-robust heteroclinic orbit I';.

We consider a parameter family of vector fields f : R" x R? — R" (n > 3), f smooth:

&= f(x,p). (1.1)

We study the nonwandering dynamics in the neighbourhood of a T-point [15]: a heteroclinic
cycle between two hyperbolic equilibria of saddle type p; and p,, where one of the connections is
transverse and isolated. See Figure 1 for a sketch of a T-point heteroclinic cycle in R?. T-points
have been found to appear in many applications of interest, ranging from the Lorenz [15] and
Kuramoto-Sivashinsky [25] systems, to electronic oscillators [1, 2, 10, 11, 12|, semiconductor
lasers [16, 38], magnetoconvection [32] and travelling waves in reaction-diffusion dynamics [24,
36, 31, 18].

We identify three cases according to the nature of the eigenvalue spectrum at each of the two
saddle points p; and py. The three cases correspond to certain leading eigenvalues being both
real (RR), one real and one complex (RC), or both complex (CC). For a precise description
of the setting and assumptions see section 2. We summarize our findings as follows:

e Case (RR): Under open conditions on the eigenvalues, there exist open sets in parameter
space for which there exists periodic orbits close to the heteroclinic cycle. In addition,
there exist two one-parameter families of homoclinic orbits to each of the saddle points

p1 and po.



See Theorem 2.1 and Lemma 2.2 for precise statements and Figure 2 for bifurcation
diagrams.

e Case (RC) and (CC): At the bifurcation point ¢ = 0 and for each N > 2, there
exists an invariant set SJ close to the heteroclinic cycle on which the first return map is
topologically conjugated to a full shift on N symbols. For any fixed N > 2. the invariant
set S persists for |u| sufficiently small.

In addition, there exist infinitely many transversal and non-transversal heteroclinic orbits
connecting the saddle points p; and py in a neighbourhood of p = 0, as well as well as
infinitely many one-parameter families of homoclinic orbits to each of the saddle points.

For full statements of the results see Theorem 2.3 and Lemmas 2.4, 2.5 and Figure 3 for
bifurcation diagrams.

The dynamics near T-points has been studied previously by Bykov [3, 4, 5], Glendinning and
Sparrow [15] and Kokubu [23, 22]. See also the surveys by Homburg and Sandstede [19], Turaev
et al. [35] and Fiedler [13]. T-points in the context of reversible systems have been discussed
by Lamb et. al. [25]. These studies all consider dynamics in R? using a geometric return map
approach, and their results reflect the description of types of nonwandering dynamics described
above.

Further related studies concerning T-points can be found in [27] and [29], where inclination
flips were considered in this context. See also [30], where the asymptotic behaviour of typical
trajectories near a T-point cycle is studied for C! vector fields.

The main aim of this paper is to present a comprehensive study of dynamics near T-points, in-
cluding detailed proofs of all results, employing a unified functional-analytic approach, without
making any assumption on the dimension of the phase space. In the process, we recover and
generalise to higher dimensional settings all previously reported results for T-points in R3. In
addition, we reveal the existence of richer dynamics in the (RC) and (CC) cases. A detailed
discussion of our results is contained in section 2.

The functional analytic approach we follow is commonly referred to as Lin’s method, after
the seminal paper by Lin [26], and employs a reduction on an appropriate Banach space of
piecewise continuous functions approximating the initial heteroclinic cycle to yield bifurcation
equations whose solutions represent orbits of the nonwandering set. The development of such
an approach is typical for the school of Hale, and is in contrast to the analysis contained in
previous T-point studies, which relies on the construction of a first return map. Our choice of
analytical framework is motivated by the fact that Lin’s method provides a unified approach
to study global bifurcations in arbitrary dimension, and has been shown to extend to a larger
class of settings, such as delay and advance-delay equations [14, 26].

2 Statement of the main results

Without loss, we assume that the cycle exists at ¢ = 0 and that the hyperbolic equilibria do
not change position while p is close to 0. Throughout this paper we denote the stable manifold



of the equilibrium p; at parameter(s) pu by W?*(p;, u). For brevity, we also denote W*(p;,0)
by W#(p;). In the same manner we use W*(p;, u) and W*(p;) to denote the corresponding
unstable manifolds.

Let ¢;, 7 € {1,2}, denote the heteroclinic solution connecting the equilibria p;.; and p;;
throughout the term “j 4+ 17 is computed modulo 2,

Jimg;(t) = pj, lim () = p;.
The corresponding orbits we denote by I';, I'; = {g;(¢) | t € R}. The corresponding heteroclinic

cycle is a T-point if I's is an isolated transversal intersection and I'y is nondegenerate. We
assume the following:

(H1) (i) Wo(p2) Mgy WH(p1) and  dimTg,0)W*(p2) + dim Ty, o)W (p1) = n+1.
(ii) qu(o)Ws(pl) N qu(o)Wu(m) = span { f(q1(0),0)}.

Figure 1 displays one possible scenario in R3. Note that due to this assumption the hyperbolic
equilibria p; and py have different saddle point indices (dimensions of the unstable manifolds)
— more precisely

indp; = ind ps + 1.

The above conditions specify the simplest case of a heteroclinic cycle between two fixed points
where one heteroclinic orbit is structurally stable and the other is not.

The nonrobust connection I'y has codimension two in general. In order to make this precise we
first discuss the persistence of the heteroclinic orbit I'y. Let Z be the two-dimensional subspace
which is perpendicular to T, o)W *(p1) + T4, 0)W"(p2). Similar to [19, Lemma 2.1] the distance
between W?*(py, ) and W*(py, ) can be measured in this Z-direction (cf. also Lemma 3.1
below). Let £>(u) denote this distance. The following Hypothesis (H2) is a transversality
condition which ensures that these manifolds split with positive speed by varying pu.

(H2) DE>(0) is non-singular.

This justifies our setting u € R?, p := (i, u2). We make some further hypotheses ensuring
that the T-point has codimension two:

(H3) g W), Lid W (piy1), i=1,2.

Here W**(p) and W**(p) denotes the strong stable manifold and the strong unstable manifold,
respectively, of the equilibrium p. This is a standard non-orbit flip condition. Further we
assume a slight modification of the standard non-inclination flip condition for I'y. To this
end we introduce the local extended-unstable manifold W (ps) of pe (this is an invariant
manifold whose tangent space at p, comprises the unstable and weakest stable directions), and
correspondingly the extended-stable manifold W**(p;) of p;. Note that these manifolds are not
uniquely defined. However their tangent spaces along ¢; are well defined. With this notation
the non-inclination flip condition reads

(H4) Wet(ps) mql(o) Wes(p1).



For each fixed point p;, we call the eigenvalue which is the closest one to the imaginary axis the
leading (un)stable eigenvalue. Similarly we define the leading strong (un)stable eigenvalues.

We further assume:

(H5) Both the leading unstable eigenvalue A} of p; and the leading stable eigenvalue
A5 of py are simple.

We refer again to Figure 1 for a visualisation of the situation in R? in case the addressed
eigenvalues A} and \j are complex.

In our analysis we distinguish three cases:

(RR) Both A{(u) and Aj(u) are real.
(RC) One of AY(u), A3(u) is real and the other is complex,
(CC) Both A}(p) and A3(u) are complex,

Before we describe the nearby dynamics of the heteroclinic cycle in each case we define some
terminology. For that we introduce hyperplanes ¥; which are transversal to I'; at ¢;(0) (which
may be located “in the middle” of I';), j = 1,2. Let U be a sufficiently small neighbourhood
of the primary heteroclinic cycle. All orbits which we describe in the following are assumed to
be subsets of U.

e A periodic orbit is called k-periodic, and a homoclinic orbit (to p; or po) is called k-
homoclinic, if it passes through >; and ¥, k times in each case.

e A heteroclinic orbit connecting p; to p; (in forward time) is called an (i,j)-heteroclinic or-
bit. An (i,j)-heteroclinic orbit that passes k times through ¥; is called a k-(i,j)-heteroclinic
orbit.

First we describe the dynamics in the (RR) case. It turns out that the dynamics depends on the
leading eigenvalues of the single equilibrium. More precisely we have to distinguish whether the
corresponding eigenvectors point in direction of I's or not. The case where these eigenvectors do
so is described in Theorem 2.1(i). The other possibilities are treated in Theorem 2.1(ii) and (iii).
For these cases we need to make the following further assumptions. To this end we denote the
leading strong stable eigenvalue of py by A5° and the leading strong unstable eigenvalue of p;
by A

(He6) Both A{ and A3 are real and simple.

(H7) Both A§ and A}* are real and simple.

The dynamics depends on the global behaviour of W#(ps) and W*(p;). Following these mani-
folds along the primary cycle I' we find that both manifolds are either nontwisted or twisted —
in other words, topologically they are either orientable or nonorientable. For a more detailed
definition we refer to [6], where global (un)stable manifolds along a homoclinic orbit are con-
sidered. Based on these considerations we present a definition of twisted or nontwisted T-point
cycles related to the context of Lin’s method at the beginning of Section 5.

Our main result for the (RR) case under consideration is the following.
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Theorem 2.1. Consider system (1.1). Assume the case (RR) and Hypotheses (H1)—(H 7). For
the bifurcations of periodic and 1-homoclinic orbits the following cases have to be distinguished:

(1) Let N} (1) < [Nj(w)], [AS()| < Ay(), d.e. Xi(p) and Ny(p) are the leading eigenvalues
of p1 and po, respectively. Then the T-point cycle I' may be twisted or nontwisted. In
either case there exists an open wedge (1 in parameter space such that for p € QQq there
exists one 1-periodic orbit. These bifurcate from 1-homoclinic orbits to either py or ps, cf.
bifurcation diagram in Figure 2(a).

(ii) Let | N5(p)| < AP(w), [Ns(u)| < Ay(p), i.e. A5(u) and X5(p) are the leading eigenvalues of
p1 and ps, respectively.

(a) If T is nontwisted, then there exist open wedges Q1 and Qs in parameter space such that
for p € @y there exists one 1-periodic orbit. For u € Qo there exist two 1-periodic orbits.
Ssn 18 a saddle-node curve for 1-periodic orbits. The relative position of the wedges (Qy
and Qs and the saddle-node curve Sy, is depicted in the left panel of Figure 2(b).

(b) If T is twisted, then there exist open wedges Q1 and Q* in parameter space such that
for i € Q there exists one 1-periodic orbit. In pu € Q? there also exists one 2-periodic
orbit. Spq is a period-doubling curve; Sopomp, 5 a curve of 2-homoclinic orbits to p;.
The relative position of the wedges Q1 and Q* and the curves Spq and Sa hom.p, s depicted
in the right panel of Figure 2(b).

(113) Let | A5(u)| < Ae(p), Ay(p) < [N5(w)|, i.e. Nj(w) and Ny(u) are the leading eigenvalues.

(a) If T' is nontwisted, then there exists an open wedge Q1 and two open wedges Qy in pa-
rameter space such that for p € QQy there exists one 1-periodic orbit. For p € Qo there
exist two 1-periodic orbits. Sy, are saddle-node curves for 1-periodic orbits. The relative
position of the wedges ()1 and Qo and the saddle-node curves S, are depicted in the left
panel of Figure 2(c).

(b) If T is twisted, then there exists an open wedge Q1 and and two open wedges Q? in
parameter space such that for i € Q, there exists one 1-periodic orbit. For u € Q? there
also exists one 2-periodic orbit. S,q are period-doubling curves; Sopomp, 1S @ curve of
2-homoclinic orbits to p1, Sohomp, 15 @ curve of 2-homoclinic orbits to ps. The relative
positions of the wedges Q1 and Q? and the curves Spds So-hom-pr and Sopom-p, are depicted
in the right panel of Figure 2(c).

This theorem generalizes results of [3], cf. also [19, Theorem 5.31], to higher phase space
dimensions. We note that Hypotheses (H6) and (H7) are automatically satisfied if n = 3, i.e.
r e R3.

The actual proof of Theorem 2.1 is given in Sections 5.1-5.3. In these sections we discuss the
corresponding bifurcation equations. However, Lemma 4.4 is the core element, where we pro-
vide the necessary estimate for the bifurcation equations. In its proof we assume the Hypothe-
ses (H1)—(HT7). Actually, Theorem 2.1(i) and (ii) require only somewhat weaker estimates. So,
for Theorem 2.1(i) Hypotheses (H6)-(H7) are not necessary. Omitting these hypotheses the
conditions in Theorem 2.1(i) read A} (1) < |[Re Aj(w), [A5(1)] < Re Ay (u). Theorem 2.1(ii) can
be proved only assuming Hypotheses (H1)-(H6). Omitting (H7) the condition of this part of
the theorem reads |A5(u)| < AY(u), [A5(u)] < ReA§(p). Theorem 2.1(ii) is true in equal mea-



H1

(a) Statement of Theorem 2.1(i).

M2 S2—hom-p1 Spd 2

23

(b) Statement of Theorem 2.1(ii). Left panel: T' nontwisted; right panel: T' twisted.

S 2-hom-p; Spd 2

SS'I'Z
(c) Statement of Theorem 2.1(iii). Left panel: T' nontwisted; right panel: T' twisted.

Figure 2: The bifurcation diagrams for Theorem 2.1. For pu € () there exists one 1-periodic
orbit, for p € @, there exist two 1-periodic orbits, and for u € Q? there is one additional
2-periodic orbit. S,4 is a saddle-node curve for 1-periodic orbits, S,q is a period-doubling curve
and Ss hom.p; 18 a curve of 2-homoclinic orbits to p;.

sure under the assumption that A\Y(x) and \y(u) are the leading eigenvalues, and that (H7)
holds true. Note that in this case the wedges @2 and Q* in Figure 2(b) have to be placed



correspondingly.

The existence of one 1-periodic in ) in each case can be explained simply by considering
intersections of lines in the plane. In Remark 5.1 we give an idea how this can be done and
how these lines correspond to truncated bifurcation equations.

Lemma 2.2. Consider system (1.1). Assume the case (RR) and Hypotheses (H1)-(H7).

(i) There are no k-(2,1)-heteroclinic orbits for each k > 2, k € N, for all |u| sufficiently
small.

(ii) Assume the eigenvalue conditions of Theorem 2.1(i), Ny (p) < |[Nj(w)], [A5(0)] < A5(p).
At ;. = 0 there are no k-(1,2)-heteroclinic orbits for k > 2. But for each p € Qy there
exists a k-(1,2)-heteroclinic orbit for k > 2.

The proof of Lemma 2.2 is given in Section 5.4. We remark that Hypothesis (H2) which
prescribes that the stable manifold of p; and the unstable manifold of py split with positive
speed, implies that there exists a 1-(2,1)-heteroclinic orbit (the one which belongs to the original
T-point cycle) only at = 0. In R? it is clear that there is at most one k-(2,1)-heteroclinic
orbit for each parameter value, because in this case the stable manifold of p; is one-dimensional.

Next we turn to the complex eigenvalue cases. Here we mainly focus on the existence of shift
dynamics in the neighborhood of I'. Our main result is the following.

Theorem 2.3. Consider the system (1.1) with the eigenvalue conditions (RC) or (CC) under
Hypotheses (H1)-(H5). In the case (RC) let Xe(p) be real, and let \y(pn) = —pa(p) + iga(pn)

be complez, and additionally assume Hypothesis (H7). Then the following is true (typically in
the case (CC)):

(i) When =0, for each N > 2 there exists a set S C Xy which is invariant under the first-
return-map 11 : 33y — 3y (defined by the flow), and (SY,11) is topologically conjugated to
a full shift on N symbols.

(it) Moreover, for fized N > 2 there exists piy > 0, such that if || < puy there is a set S, such
that (S;]LV, II(w)) is topologically conjugated to a full shift on N symbols, and S/iv — SV in
the Hausdorff-metric as p — 0.

The statements in (RC) case remain true if Aj(p) is real and A} (u) is complex and Hypothe-
sis (H6) instead of (H7) is assumed. This theorem covers results of Bykov [3] and Glendinning
and Sparrow [15] concerning shift dynamics in the (RC) case, cf. also [19, Theorem 5.32]. In
contrast to these works, our statement is not restricted to n = 3. Further we prove the existence
of shifts on more than two symbols.

The proof of Theorem 2.3, which is also based on Lin’s method, is given in Section 6.1 for the
(RC) case and Section 6.2 for the (CC) case. The proof relies on the existence of infinitely
many transversal intersections (for g = 0) of a spiral and a line or two spirals, cf. Figure 11.
These geometrical objects correspond again to a truncated bifurcation equation. The addressed
transversal intersections correspond to 1l-periodic orbits. Roughly speaking these 1-periodic
orbits serve as the symbols that arise in the formulation of the theorem.
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In our analysis we exploit that the “angular degree” of the transversal intersections is bounded
away from zero. In analytical terms this is described in the proof of Lemma 6.2 for the (RC)
case and in Lemma 6.5 for the (CC) case.

The phrase “typically” in the (CC) case refers to an open and dense set D of vector fields which
is discussed more closely in Section 6.2 as well. Geometrically, the 1-periodic orbits correspond
to transversal intersections of two spirals, cf. right panel in Figure 11. Those intersections serve
as symbols in the addressed shift dynamics.

The dynamics referred to in Theorem 2.3 does not concern [-homoclinic or [-heteroclinic orbits.

Lemma 2.4. Assume the eigenvalue case (RC) or (CC), and let f(-, 1)) be a two parameter
family of vector fields for which Theorem 2.3 holds. Then for each | > 2, 1 € N there is a
countable set T, of parameter values accumulating at p = 0, for which there exists a l-(2,1)-
heteroclinic orbit.

In other words the lemma states that for each p € 7; there is a T-point cycle built up by the
[-(2,1)-heteroclinic orbit and I'y (see Figure 3). For n = 3 this confirms results by Bykov [3]
and Glendinning and Sparrow [15], cf. also [19, Theorem 5.32. Figure 5.16(i)]. The proof of
Lemma 2.4 is given in Section 6.3.

Lemma 2.5. Assume the eigenvalue case (RC) or (CC), and let f(-, 1)) be a two parameter
family of vector fields for which Theorem 2.3 holds. Then we have the following:

(i) At u = 0 there exist a countable infinity of l-(1,2)-heteroclinic orbits for each | > 2.
Moreover, for fixed I, ¢1(0) is an accumulation point of the intersections of the l-(1,2)-
heteroclinic orbits with 1. Each such l-(1,2)-heteroclinic orbit can be continued for p # 0
sufficiently small, but for fired p # 0 and fized | only finitely many 1-(1,2)-heteroclinic
orbits might exist.

(i) There are curves E?f’jm, Jj € {1,2}, in p-space for which each point on these curves there
exists a 1-homoclinic orbit to the fized point p;. The curve Ei“’lm 1s either a logarithmic
spiral centred at (0,0), if A is complez, or a line terminating at (0,0), if Ay is real. An

analogous statement applies for E}fgm with X5 replaced by N} accordingly.

For each | > 2,1 € N, and each j € {1,2}, there are countably many curves Ef“;m mn
w-space for which each point on these curves there exists a [-homoclinic orbit to the fixed
point p;. The curves Efff{m are either logarithmic spirals centred at (0,0), if A5 is complex,
or lines terminating at (0,0), if A5 is real. An analogous statement applies for E?OQm with

A5 replaced by A} accordingly.

Along El’f‘;m, towards (0,0), the homoclinic orbits approach heteroclinic cycles built up by

I'y and the l-(1,2)-heteroclinic orbits stated in (i).

The proof of Lemma 2.5 is given in Section 6.4. See again Figure 3 for schematic bifurcation
diagrams.

Statement (i) of the lemma can also be read in terms of intersections of the corresponding
unstable and stable manifolds W"(p;) and W#(ps). In the (CC) case this confirms results by
Bykov [4, 5] cf. also [19, Theorem 5.33].

For [ =1 the statement (ii) of the lemma can be found in Bykov [3, 4, 5] or Glendinning and
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(RC) (CC)

%51

Figure 3: Schematic bifurcation diagrams showing a small part of the dynamics found in
Lemmas 2.4 and 2.5. The (RC) case is shown for A} and A3 complex. For yu € L}'9"™ there exists
a [-homoclinic orbit to p;, and for p € 7; there exists a T-point cycle consisting of an [-(2,1)
heteroclinic orbit and I'y. One may think of the bifurcation diagram in the (CC) case as being
obtained from the one in the (RC) case by replacing the lines Eﬁgm by corresponding spirals
which may have arbitrary orientation, similarly for the points 7;.

A consequence of the proof is that the curves belonging to each family El}fg?m, for fixed (I,7),
have shortening length.

Note that as each point in the sets 7; corresponds to a distinct T-point, the bifurcation diagram
in each case will be reproduced at these points and therefore the full bifurcation diagrams show
some self-similarity.

Finally we note that the above diagrams are purely schematic, and the precise arrangement of

the curves Elh;m may depend on details.

Sparrow [15] (only (RC) case) cf. also [19, Theorems 5.32 and 5.33, Figure 5.16]. Unlike these
theorems we do not consider the character of possible intersections of these lines.

Bifurcation diagrams may also be found in [13] and [19]. The drawings presented in [19,
Figure 5.16] can be seen as a first approximation of bifurcation diagrams. In [13], based on
Bykovs work, a more detailed bifurcation diagram for the (RC) case is given. This diagram
is valid under more restrictive eigenvalue conditions — it is assumed that n = 3, py is a real
saddle with leading eigenvalue A5 and that A{ is the leading eigenvalue of the focus p;. This
bifurcation diagram also shows “our” curves £59". Moreover it contains T-points which are
related to 2-(1,2)-heteroclinic orbits (cf. Lemma 2.4 and the subsequent comment). The spirals
of corresponding homoclinic orbits are also drawn attached to those T-points. Altogether this

diagram conveys a kind of self-similarity in the bifurcation diagram. However, the statements in
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Lemma 2.4 and Lemma 2.5 reveal that a complete bifurcation diagram is much more involved.
Further, we emphasise that we do not make use of the restrictive eigenvalue condition of [13].

Finally we mention related works by Kokubu [22, 23]. There also the (RC) case has been
considered, allowing also that A} is the leading eigenvalune of the focus p;. A bifurcation
diagram indicating the 1-homoclinic orbits is given.

We now outline the organisation of this paper. We recall the essentials of Lin’s method in
Section 3. The problem of finding particular orbits in the local nonwandering set reduces to
that of solving a (infinite) set of bifurcation equations.

In Section 4 we derive an expression for the ith jump of a Lin orbit, depending on p and the
sequence of transition times w. In particular we determine their leading order terms.

As previously mentioned, Sections 5 and 6 contain the actual proofs of our statements concern-
ing the dynamics near T-points.

3 Lin’s method

In this section we outline Lin’s method, and explain the properties of Lin orbits corresponding
to the system under consideration. Lin’s method centres around the existence of ‘piecewise
continuous orbits’” X of (1.1) which we call Lin orbits, after [20]. In the present context such
orbits consist of pieces of actual orbits X;, X := (X;);cz; the orbit X; starts in 3, follows I'y
until it reaches a neighbourhood of p; follows then I'y, meets Yo, stays further close to I'y until
it reaches a neighbourhood of py, follows then I'; again, and terminates finally in ;. Between
two consecutive orbits X; ; and X; there may be a jump =; in a distinguished direction Z. We
refer to Figure 4 for a visualisation. Note that in the present context all jumps in Y5 are equal
to zero. This is due to the transversal intersection of the unstable manifold of p; and the stable
manifold of py in I's.

Let 2w;; and 2wy; be (prescribed) transition times of X; from ¥; to ¥ and 35 to 3y, re-
spectively. It can be proved that for each p which is sufficiently close to 0, and each sequence
w = ((w1,,wa,))icz, Wwhere w;,; are sufficiently large, there exists a unique Lin orbit X (w, p),
see Theorem 3.2. By equating the jumps Z; to zero one finds real orbits staying for all time
close to the heteroclinic cycle I'. Therefore the bifurcation equation for orbits staying close to
I' reads

2 = (Zi(w, 1))iez = 0. (3.1)

To begin the actual analysis, fix an inner product (-, -). Let, with respect to (-, ),
Y = {f(¢:(0),0)}", i=1,2.
With that we construct the cross-sections ¥, and ¥, as follows
Yio=q0)+Y;, i=1,2.
Also, consistent with the standard theory, we define a subspace Z C Y7:

Z = (T yW*(p1) + Tpy )W (p2)) ™ (3.2)
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By construction we have dim Z = 2. Assigned to ¢;(0) and ¢»(0) we consider the following
orthogonal direct sum decomposition of R™:

R™ = span{f(q:(0),0)} @ W," & Wy & Z,
R" = Spall {f(Q2(0)7 O>} D W2+ D W2_7
where Wi+ = qu(o)Ws(pl) N Y; and Wi_ = qu(o)Wu(pj) N YVZ', 1= 1, 2, j % 1.

A further assumption, that simplifies the analysis, is that the local stable/unstable manifolds
of the fixed points p1, ps are flat; that is:

VVlch(pia :U) - TPiWS(pi)a Wz?}c(puﬂ) C szWu(pl)

We can bring the local stable/unstable manifolds into this form by means of local transforma-
tions based around each of the fixed points p;.

3.1 Splitting of the stable and unstable Manifolds

The first step of Lin’s method is to study the splitting of the stable and unstable manifolds in ¥:;
with respect to the parameter u. Because of Hypothesis (H 1) the situation in 3, is clear. For
each p which is sufficiently close to 0 there is exactly one point g, € Lo NW"(p1, 1) "W (pa, 1)
such that the orbit I'y , through g, ,, is a 1-(1,2)-heteroclinic orbit. The corresponding solution
with g2(1)(0) = g2, we denote by g2(1)(+); we denote its restriction on R* by ¢ (u)(-).

In R? also the situation in ¥ is rather simple. In this case both the stable manifold of p; and
the unstable manifold of p, are one-dimensional, and the intersection with the two-dimensional
hyperplane >; consists of single points in each case. The heteroclinic connection I'; generally
splits up under perturbation. Let qff , and g, be determined by the ‘first hit’ of the stable
manifold of p; and the unstable manifold of ps, respectively. Of course qff u— 1, € Z, recall
that Z = Y] in this case. So, in a trivial way, for each u we find a unique pair of orbits in the
stable manifold of p; and the unstable manifold of py, respectively, such that the difference of
their first hits in ¥, is in Z.

The main goal of this section is to show that this property persists in higher dimensions. More
precisely we prove the following lemma:

Lemma 3.1. For each sufficiently small u there is a unique pair (g (1) (+), (¢ (1)(+)) of solu-

tions of (1.1) such that:

(i) @ (1)(0) € SN W3 (p, ), ay (1)(0) € S VW (p2, 1),
(ii) a7 (1) (t) — qu(t)] small Vt € R* and |q; (p)(t) — q:(t)] small Vt € R,

(iii) qf (1)(0) — qy (1)(0) € Z.
Proof. To investigate the splitting of I'; we set

qi (t) = ai(t) + 0= (2).
This gives the following equations for v*

0F = AT + g(t,vE, ), (3.3)
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which we consider on R* or R~ respectively. Here A(t) = D, f(q1(t),0), and

g(t,’U, :u) = f((h(t) + v, ,u) - f((h(t)a O) - A(t)'l}.

With the above setting, we are looking for bounded solutions v*(-) of (3.3). Hence v*(-) €
Cy(R*), the space of continuous bounded functions on R* equipped with the norm |[v*|| :=
sup;eps |[vE(1)]. If ||vt]|w is close to zero, then by the theory of stable and unstable manifolds,
g (t) == q(t) + vE(t) is in the desired stable/unstable manifold. Further, if v*(0) € Y; and
vT(0) —v(0) € Z, then (i) - (iii) of the lemma holds true.

In what follows we show that (3.3) has unique solutions v* with the outlined boundary condi-
tions. An important role is played by the properties of the linear nonautonomous equations

0= A(t), (3.4)

which we consider either on R or on R™. Denote by ®(¢,s) the transition matrix for (3.4).
We have that lim;_,o. ¢1(t) = p1, so then hmt_,OO A(t) = D, f(p1,0). Similarly lim,, ., A(t) =
Dmf(p27 O)

By the theory of exponential dichotomies [8], due to the fact that p;, ps are hyperbolic, equation
(3.4) has an exponential dichotomy on both R* and R™. For t € RY we define projections P*(t)
and Q*(t) as follows

im PT(0) = Ty W?3(p1), ker PT(0) =Wy @ Z,
and

ker P7(0) = Ty W"(p2) im P~(0) =Wy @ Z,
and for t,s > 0 or t,s <0 let

PE(t)D(t,s) = ®(t, s)PE(s).

Finally we define QT :=1 — Pt and Q= :=1 — P~.
Using the properties of exponential dichotomies we get that for each function g(-) bounded on
R*:
t 00
| atoPgis— [ ot 9@ (s)g()s
0 t

is well defined on R* and solves v = A(t)v + ¢(t). Therefore we see that the solutions v™(-) of
(3.3) that are bounded on R solve the following fixed point problem in CP(R™,R™), and vice
versa:

ot () = B(t, 0)u + / B(t, )P ()g(s, v (), jr)ds — / 0t )QH(s)gls, v (5), p1)ds,

where v = PT(0)v™(0). In a similar way it can be shown that the solutions v~ () of (3.3) that
are bounded on R~ solve the following fixed point problem in CP(R™,R"), and vice versa:

t

v (t) = @t 0)n+/ o(t, S)P‘(S)g(sav‘(S),u)ds—/t O(t,5)Q (s)g(s,v™(5), p)ds,

— 00
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where n = Q~(0)v~(0). Both of these fixed point equations can be solved for vt = v (v, )
and v~ = v~ (n, p), near (vr,v,u) = (0,0,0) and (v—,7n,u) = (0,0,0) in each case. We find
that v*(0) can be written in the form

v (v, 1) (0) = v +w (v, p) + 2 (v, 1), v (0, 1) (0) =n+w(n, 1) + 2~ (0, 1),

where w* € Wi and z* € Z, and moreover w*(0,0) = 0, D;w*(0,0) = 0. In view of (iii) of
the lemma we consider

v=w"(np), n=w (v,p).
This system can, near (v,n, 1) = (0,0,0),
The functions ¢;" (1)(-) := qi(-) +v*(v(n), 1) () and qr (1)(-) = qi(-) + v~ (n(), p)(-) are the
desired solutions of (1.1). [

be solved for v = v(u), n = n(p).

3.2 Construction of Lin orbits

The next step in the method is to search for orbits X;;, 7 = 1,2, ¢ € Z, composing the Lin
orbits X = (X;);ez which we introduced in Section 1; more precisely X; = X;,; U X5,;. Here
X, is an orbit of the vector field starting in a point in ¥;, staying close to I'; until it reaches
a neighbourhood of p;, and continuing close to I';; until it reaches ¥;.;. By x;,(-) we denote
solutions of (1.1) corresponding to the orbits X, with z;;(0) € ¥X; and z,,(2w;;) € 3;i1.
Actually x1,(-) is composed of solutions z7,(-) and x;,(-) which are defined on [0,w; ] and
[—w1,, 0], respectively. Similarly z;;(-) is composed of solutions x3,(-) and x7,(-) which are
defined on [0, ws ;] and [—ws,, 0], respectively. This demands coupling conditions

x;rl(w”) = xj_+1,i(_wj7i)’ J=12 (3.5)
and the jump conditions
Ei = 11;41(0) —21,(0) € Z,  23,;(0) = 25,(0), (3.6)

for ¢ € Z in each case. Figure 4 visualises this situation.

It is a specific feature of T-points that there is no jump in X, 23 ,(0) — 25,(0) = 0. However,
large parts of the procedure are similar to the exposition in [34], [21], [26] and [37]. In our
presentation we confine to explain only those parts of Lin’s method in more detail which differ
from the standard scheme.

To begin, we look for solutions of the form

v (t) = ¢F ()(t) + (). (3.7)

Then

where AF(t, 1) = Dy f (g (1)(t), 1), and
g;t(ta v, :u) = f(q]i(:u)(t) + v, ,U) - f(q]:'t(,u)(t)a :U) - A;'t(ta ,u)v.
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x;z(o) = x2_7,(0)

Figure 4: Ingredients of Lin orbits; X; = X;,; U X ;.

Let <I>jj-E (1, t, s) be the transition matrix for the equation
0= A;-t(t, [)v.

As before, these equations have an exponential dichotomy on R* or R™, respectively, with
corresponding projections P;"(u,t), Q7 (u,t) = I — P (pu,t), and Qj (,t), Py (u,t) = I —
Q; (p1,1); therefore we have for j = 1,2

im P (1, 0) = Ty iy o) W), imQ (1, 0) = Ty o)W (psi1).
Moreover we commit to
ker P"(11,0) =W, & Z, ker P} (u,0) = Wy
and
ker Q7 (p,0) =W @ Z, ker Qy (u,0) = Wy

For ;i = 0 the projections P~ coincide with the projections P* introduced in the proof of
Lemma 3.1.

Our main existence result in this respect is the following:

Theorem 3.2. Consider the system (1.1) in the present setting. Then there are constants c,
Q such that for each p with |p| < ¢ and each w with w;; > Q, j = 1,2, i € Z, there is a unique
sequence of solutions xjc’i(w,,u)(-), j=1,2,1€Z, of (1.1) satisfying the coupling condition
(3.5) and the jump condition (3.6).

In other words this theorem says that for each p and for each sequence w there exists a unique
Lin orbit X (w, u).

Next we explain the steps leading to the proof of this theorem. We consider (instead of the
original equation (1.1) with boundary conditions (3.5) and (3.6)) the differential equation (3.8)
with corresponding boundary conditions (according to (3.7))

v (Wje) = vy a(—wie) = @ (—wje) — 4 (wia), 7= 1,2, (3.9)
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Ugiz(o) €y, Ufi+1(0) - Ul_,i(o) € Z, U;:i(o) = 'U2_,i(0)a (3.10)

for i € Z in each case. We fix a sequence w with sufficiently large w; ;. Assigned to this sequence
we denote by V,, the space of all sequences v := (v, vy, V3, V1, )iez, Where v}, € C([0, w;], R™)
and Uj_,i € C([_wj+1,i> 0]7 Rn)

In a first step we consider a “linearised” equation
-+ + + +
b5 = A5 (8, vy + (1), (3.11)

with continuous h]il(), and with boundary conditions (3.10) and

Q7 (, wia)vyi(wii) = aly,  Pr(p, —wjsni) vy (—wisns) = ajy 4 (3.12)
for any given a}; € Im Q7 (1, w;;), ajyy; € Im Py (1, —wji14).-

Lemma 3.3. The boundary value problem ((3.11), (3.10), (3.12)) has a unique solution v,, €
Vw'

Proof. Solutions of (3.11) can be written in the form

t
= = = = =
v3;(t) = @5 (1, t,0)v55(0) +/0 O (,t, 5)h,(s)ds. (3.13)

Incorporating the boundary condition (3.12) gives for i € Z

Q;—(:uv O)U;,—Z(O) = (I);—(:uv 07 wj,i)a;:i - f (I);_(:uv 07 S)Q;—(,Uﬂ S)h;:i(s>d87
0
0 (3.14)
Py (11,0)v;,;(0) = @5 (11,0, —wjpa)aj + [ @5 (1,0, 8) Py (1, 8)h(s)ds,

—Wjit1,i

Because of (3.10) we have

vf’iH(O) = wfi+w1—’i+zi+, vy ,(0) = wfi+w;i+zf and vi-(O) = w;i+w£i,

where ijZ € I/VjjE and 2~ € Z. For fixed j the left-hand sides of these equations are decoupled
over i. Moreover, for each single ¢ € Z the left-hand side of (3.14) can be seen as a linear

mapping
WEXWT X ZxZ— Wy @Z)x (W@ Z) or W, x Wy, — Wy x Wy

depending on j = 1 or j = 2, respectively. These mappings are invertible. So equation (3.14)
can be solved for

(wfcmzzi) = (wfiazii)(% hf,m, hiiaafiﬂaaii)a wéc,i = wéc,i(/% hl_,ia h;mal_,ma;i)‘

With (3.13) we get eventually the lemma. [
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In the next step we “replace” the boundary conditions (3.12) by
U;:i(wj,i) - vj_H,Z-(—ij-) = djﬂ', djﬂ' € Rn, ] = 1, 2, (315)
and consider the boundary value problem ((3.11), (3.10), (3.15)).

Lemma 3.4. The boundary value problem ((3.11), (3.10), (3.15)) has a unique solution V., €
Vi

Proof. First we claim that for sufficiently large w > 0 and sufficiently small p it holds that

im Q7 (p,w) ®im P (p, —w) = R”, j = 1,2. This is due to asymptotic behaviour (as w — o)

of the involved projections and due to the hyperbolicity of the equilibria p; and py; we refer to
[37] for more details.

The rest of the proof proceeds along the lines of the corresponding assertions in [34] or [21]:
For each given sequence (d;;) one proves the existence of sequences (a;) and (a;;) such that
the corresponding solutions of the boundary value problem ((3.11), (3.10), (3.12)) solve the
boundary value problem ((3.11), (3.10), (3.15)). [ |

Altogether we find v, = ¥, (p, h,d), where h := (hf,w hy s hii, hi)iez and d = (dy 4, da;)iez-
It is worth to mention that actually each entry of ¥, depends only on a finite part of the
sequences h and d.

A coupling of the obtained solutions can be achieved by setting

dji = du, (1) = G () (—wi) — ¢7 (W) (wja), J = 1,2. (3.16)

Now, the nonlinear boundary value problem ((3.8),(3.9),(3.10)) is equivalent to the following
fixed point equation in V,,:
v = {,w(ﬂvg<vvﬂ)7dw(:u)>7 (317)

where

G: VoxR — V,
(Vi) (hii_,m h2_,ia h;m hl_,i)iEZ> hjcz() = g;t('>v;|,:i(')au)'
The following Lemma provides solutions to the fixed point problem (3.17).

Lemma 3.5. For fived w, w;; sufficiently large, and |u| sufficiently small, the fized point
problem (3.17) has a unique solution V., in a sufficiently small neighbourhood of 0 € V,,.
Moreover, the mapping p — V(1) is smooth.

Note that the necessary considerations have been done for fixed w in spaces V,,. Define

V(‘"’? :U“) = (T)Iza @2_,2'7 T);:ia T)l_,i)iEZ = \_/w(llt), T)g:l,:z = @]j,:z(wa :U“) (318)

Lemma 3.6. The mappings I35 x R = I, (w, ) — z‘;fi(w,u)(O) are smooth.

For both Lemma 3.5 and Lemma 3.6 the proof of the corresponding statements in [34] or [21]
can easily be adapted for the present situation.
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4 The Bifurcation Equations

For given w and p we find a unique Lin orbit X (w, pt), see Theorem 3.2, and a corresponding
sequence (Z;(w, ft))iez of jumps, see (3.6). The Lin orbit becomes a real orbit if all jumps are
equal to zero; this leads to the set of bifurcation equations

Ei(wa ,U) = Oa S Z> (41)
where B := (Z;);ez can be read as a mapping
(1% x 1®) x R* — [*® x [,

bearing in mind that w = (wy;, wa;)icz and dimZ = 2. As in [34] or [21] we find (as a
consequence of Lemma 3.6):

Lemma 4.1. E depends smoothly on w and . [

By solving the bifurcation equations (4.1) we find all kinds of orbits staying close to the primary
heteroclinic cycle I'. For instance, a k-periodic orbit can be seen as a k-periodic Lin orbit where
all jumps are zero. A Lin orbit is k-periodic if and only if w is k-periodic. So there arise only
k different pairs (wy;,w2;), @ € {1,...,k}. Therefore the bifurcation equation for detecting
k-periodic orbits consists only of k equations

Silw,p) =0, ie{l,... Kk}, (4.2)

and the corresponding Z can be read as a mapping R%* x R? — R?*,

Further it is worth to mention that our considerations remain true if some w;; are formally put
to infinity. If in addition the sequence w is periodic then this leads to the bifurcation equation
for k-homoclinic orbits or heteroclinic cycles which are composed of k-heteroclinic connections.
for instance a k-homoclinic orbit to p; corresponds to a k-periodic sequence w with wy; = 00.

From (3.7) we see that the jumps =; have the form

Ei(w, 1) = &%) + &i(w, ),
where
€2 (1) = a1 (1)(0) — q; (1)(0),
and
i(w, 1) = 0141 (w, 1) (0) — v ;(w, 1) (0). (4.3)
First we consider £*(u). By introducing appropriate coordinates, £>°(-) can be seen as a

mapping
£€°() : R* —» R2

Of course £€°(0) = 0, which represents that the unstable manifold of p; and the stable manifold
of p; intersect (in the primary heteroclinic orbit I';). Due to Hypothesis (H2) we may assume

(1) = p
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During the further procedure we use the following representation of &;(w, u):

2
= (W, &(w, )y, (4.4)

Jj=1

where {1,192} is a orthonormal basis of Z. We can write, cf. (4.4), (4.3) and (3.2) and the
definitions of Q} and P,

i) = (05, QF (1,000 112 (0, 1) 0)) = (5, Pr (1, 0)0 (w0, 1)(O) )5 (45)

Jj=1

4.1 Real leading eigenvalues

Before we turn to the actual estimates of the bifurcation equation, we consider nonautonomous
perturbations of linear equations. Based on existence of exponential dichotomies we consider
the asymptotics of solutions in the strong stable eigenspace of those equations.

Lemma 4.2. Let both A : R*? — L(R",R") and, for all t, B(t,-) : R?* — L(R", R") be smooth,
and assume further:

(i) =0 is a hyperbolic equilibrium of & = A(0)x.
(ii) The spectrum o(A(p)) reads: o(A(p)) = o®*U{N*(u)} U{A(p)} U™, where there exist
constants a***, o, a® and a*, such that A < o < A\*(p) < o™ < X*(u) < a® <0<
av < A, for all X € 0%°° and all X € o*.
(111) The leading stable and strong stable eigenvalues \* and X\** of A(0) are real and simple.
(iv) There is a 3 > 0 such that |B(t, )| < e, and o*8 < X*(u) and a**B < X3(pu).

Let e**(u) and e*(u) be the eigenvectors of A\** and \*, respectively. Further, let E* and E; be
the strong stable and stable eigenspaces, respectively, of & = (A(u)+ B(t, n))x at time t. Under
these assumptions the following is true for solutions x(t) of & = (A(u) + B(t, p)):

1. For x(t) € E; there exists an n°(x(0), n) € span {e*(pn)} such that
x(t) = X W0 ((0), p) + O (e o),
2. For x(t) € E° there exists an n*°(x(0), u) € span{e** ()} such that
a(t) = W (2(0), p) + O (emtor e A

Note that & = (A(u)+ B(t, i) )« has exponential dichotomies (on RT) with respect to splittings
of the spectrum o(A(p)) at o® or o, respectively. By means of these exponential dichotomies
the addressed stable and strong stable eigenspaces of this equation can be defined. We further
remark that variational equations of (1.1) along solutions within the stable manifolds of the
equilibria p; and py can be written in a form satisfying the assumptions of the above lemma.
The same holds true for the corresponding adjoint variational equation. Of course these state-
ments remain true also for variational equations (and their adjoints) along solutions within the
unstable manifolds - all considerations merely have to be made for t — —o0.
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The statement 1. of the lemma has been proven in [34] and [21]. The statement 2. generalises
the corresponding lemmas in [34] or [21], respectively. However, the proof is similar to that of
the first statement.

Further we specify these considerations to (adjoint) variational equations along a solution in
the (un)stable manifold of the equilibrum py of (1.1). Throughout we denote by A* the adjoint
of an operator A.

Lemma 4.3. Let ¢© or ¢— be a solutions within the stable or unstable manifold of py of (1.1).
Let E° denote the strong stable subspace of & = D1 f(q"(t), u) at timet (fort — oo). Similarly,
let ES°, denote the strong stable subspace of & = —D1f(q"(t), )" at time t for t — —oc.

(i) E* = Tyr@yW*(q" (1))
.. 1
(i) B3 = (T yW(p2)) ™~

In [28, 33| a corresponding statement for stable subspaces has been proven. The proof of the
above lemma for the strong stable subspaces runs along the same lines.

In the representation (4.4) we used an orthonormal basis {11, ¢} of Z. For our further consider-
ations we specify a corresponding scalar product (-, -) as follows: With the notations introduced
at the beginning of Section 3 we write, cf. also (H4):

T W™ (p2) MYy = W @span{vs}, T,oWpi)NY: = W @ span {9, }.
Within this setting we choose the scalar product (-, -) such that
Uy Lapy, W LW, and o LWE i=1,2.
With that we obtain the following representation of &;(w, u);

Lemma 4.4. Assume the case (RR) and Hypotheses (H1)-(H7). Then the jump & (w, 1) can
be written in the form

Eilw, 1) = (crn(p)e it — ey ()82 29 + Ry j(w, 1))
+ (012 (M>€—2>\’1‘Uw1,i+16—2>\12*w2,i+1 — C99 (M>€2>\Sw2,i + RZ,i(w7 N)) s,

where

7—\),17,'((.0,#) — 0(6_2)\11%1’”1) + 0(62A33w27i62>\i‘w17i)

Rg,-(w,,u) — 0(6_2)\11mw1’i+16_2)\gw2’i+1) + 0(62)\5102,1-)‘
Proof. Before starting the actual proof we introduce some assumptions which can always be
realized by performing appropriate transformations. In this context we recall that, cf. (H1)

and Section 3.2, that g3 (1) = g2(u). For our analysis we assume that we have carried out
appropriate transformations so that:

(A1) @(u)(w) € Wii(p), if w> 1.
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(A2)  Wiip2) = T, W (p2).

loc

(A3)  ToweW"(p1) C W(pa).

To justify the Assumptions (A 1)-(A3) we consider the following: Recall that the extended-
unstable manifold of ps is not unique. Due to the A-lemma, W% (py) can be chosen such that
{0 (W (p1)NEs),w > 1} C W(ps), where {¢'} is the flow of (1.1). Hence Assumption (A1)
is fulfilled. The remaining assumptions can be achieved by means of a transformation flattening

Wioe (Pz ) .

W(p1) N 2,

g (W) 115

Wige (pz )

Y

D2

Figure 5: The manifold W< (p,) “generated” by ¢ (W"(p1) N ).

Further we assume

(A 4) TQZ(M)(O) Ws(pg) Ny = W2+
The situation required in Assumption (A 4) can always be achieved by appropriate transforma-
tions, cf. [34] or [21].

For the actual proof we proceed from the representation &; given in (4.4). We confine ourselves
to consider the jumps in ;-direction. Recall that ¢ L W#(py), 1 L W (py), and ¢y L 1.
In accordance with (4.5) we find

(1, &i(w, ) = (1, QY (1, 0)01 ;1 (w, 1)(0)) = (¥, Py (1, 0)01 4 (w, 1)(0)).

First we consider the term (11, Q7 (1, O)"_J;L,i+1(“‘"’ ©)(0)):

Let W (u,-,+) be the transition matrix of the adjoint of the variational equation along ¢; .
Making use of (H3)-(Hb5) we find, in analogy to the considerations in [21, 34], that there is a
quantity ci; depending on g such that

(W1, QF (11, 0)7 1y (w, 1)(0)) = (¥ (1, wr i1, 0)QT " (11, 0)b, Q1 (y wri1)ds (1) (—wii41))
+ o(ePATwritL)

= cy(p)e et 4 o(e7 ), (4.6)

Here Ql(u, t) is the projection which projects on im Q{ (u,t) along im P, (11, —t). For that we
exploit that 1; L W (p,) together with Hypothesis (H4).
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Further, due to Hypothesis (H4)

sign erp () = sign (U7 (1, w11, 0) QT (11, 0)1h1, Q1 (11, wii41) g5 (1) (—wiign)) # 0.

Indeed, roughly speaking, Ql(u,w17,-+1)q2_(u)(—w1,i+1) points towards the eigenspace of Ay,
and U (1, wy11,0)QF "(11,0)1; is perpendicular to the sum of the stable and strong unsta-
ble eigenspace. Further, both terms tend to zero exponentially fast with an exponential rate
=Y

According to (4.5) we next consider (1, P; (p,0)v; ;(w, 1)(0)):

In principle we can proceed in a similar way as above, resulting in the fact that the corresponding
¢21(p) vanishes. This means that the corresponding “leading order term” in the representation
of the jump vanishes. Hence we require a more sophisticated estimate.

Equations (3.12) and (3.14) yield
0
Py (1, 0)vy;(w, 1)(0) = P (1, 0)®7 (1,0, —wai)ag; + [ @1 (1,0, 8) Py (, $)hy(s)ds,
—w2,;

Therefore
<¢17 ( )Ul z(w :U’)(O>> = <\I]1_ (:U’7 —W24, O)Pl_*(:uv 0)¢17 a2_,z>

W | OT(n0. 8P hT(s)ds), (A7)

—w2;

where Wy (u, -, -) denotes the transition matrix of the adjoint of the variational equation along
q; - Next we express a;; in terms of v or vy, respectively. Due to (3.12), (3.14) and (3.16) we
find

ay; = Pr ( wai) Uy (—was) = Pr (11, —wa) (05 (wai) — dayi)
=Py ( (wai) + () (wayi) — Qf(ﬂ)(—wzz'))-

Inserting in the first scalar product on the right-hand side in (4.7) and taking into consideration
that P (i1, —ws,;) commutes with Wy (11, —wy;, 0) yields:

(W7 (py —w2,i, 0) Py (, 0)h, g s) = (W (1, —wai, 0) Py (1, 0)ehy, 55 (wayi))
+ (U (1, —wa3, 0) P (12, 0)0b1, ga () (wayi))
— (W7 (1, —wai, 0) P (11, 0)001, gy (1) (—was)) (4.8)

Let wy; be sufficiently large, then ¢ (u)(—w2;) € WS(p2), and due to Assumption (A1)
we also have ga(p)(wa;) € Wek(py). Further, by construction Wy (1, —wss, 0) P (1, 0)1) is
perpendicular to T, - ~(—wns I/Vloc(pg) Hence, by Assumption (A 2) the last two scalar products
in (4.8) vanish, and 'this equatlon reduces to

<\I]1_ (:U’v —W2, O)Pl_*(:uv O)wlu a2_,7,> = <\Il1_(lu’7 —W24, O)Pl_*(:uv O)wlu Eii(wz,i»
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Consider
U3 (wa,i) = (id — Qg (1, w2,1)) 031 (wa,i) + Q3 (11, wa,i) Vs (w2,:)-
Note that Qy (1, wa,:)05,;(wai) € Tyy(us)W*"(p1). Hence, due to Assumption (A 3)

<\I]1_(,U,, —W24, O)Pl_*(:uv O)wla Q2_ (:u7 w27i)6;i(w2,i)> = 07

and (4.8) reduces further to

<\I]1_(1U“a —W2, O)Pl_*(:u7 0)¢1’ a’2_,7,> = <\Ijl_(:u> —W2,4, O)Pl_*(lu“a O)wb (Zd - Q2_ (:u> w2,i))@;i(w2,i)>‘
Consider

(id — Q5 (1, w2.))03; (wai) = ©5 (1, was, 0)(id — Q5 (11, 0))v3;(0)

+ Of O3 (1, wai, 8)(id — Qg (1, 8))hg ;(s)ds.

By the definition of Q5 , cf. Section 3.2, and Assumption (A 4) we have (id — Q5 (1,0))7,,(0) €
Loy W*(p2). (More precisely (id — Q2 (1£,0))7,,(0) € Wy".) Note that T, ,.0)W*(p2) is the
stable eigenspace at t = 0 of the variational equation along ¢go on R*. Let E*; denote the
corresponding strong stable eigenspace. Hence, cf. Figure 6

T () 0) W* (p2)

ss
Et:(J

Figure 6: The space E}?,.

Tos )@ W (p2) = span { f(q2(12)(0), 1) } & B2,

and correspondingly we decompose

(id — Q3 (11,0)) T3, 4(0) = vy, +v3%, vy, € span{ f(q2(1)(0), 1)}, v35 € B2y,

Using @3 (p, wa,i, 0)v5; € span { f(ga2(p)(w2,), 1) and Assumptions (A1) and (A2) we find
(W7 (1, —wai, 0) Py (1, 0)thy, BF (11, wa, 0)v3 ;) = 0.
Summarising our estimates regarding (¢1, P, (11,0)v; ;(w, 1)(0)) so far we find
(1, P (1, 0)7 1w, 1)(0)) = (W7 (1, —was, )Py (11, 001, B3 (11, w2, 0)v3%) + Rui(w, p), (4.9)
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where R;; comprises all residual terms appearing in the course of our considerations.

By construction Wy (1, —wsa i, 0) P, (1, 0)1b is perpendicular to the extended-unstable manifold
of py. Hence P "(p,0)3; is in the strong stable subspace of Wy (1, —t,0), cf. Lemma 4.3(ii).

Further, according to Lemma 4.2 there is a n5°(u) € (szl/Ve“(pz))l such that
Wy (1, —wa, 0) Py (1, 0)ahy = €725 (1) + 02727,

More precisely, 15°(u) belongs to the eigenspace of the eigenvalue A5* of Dy f(ps,0)*. This
eigenspace reads (R™ © EAgs)l, where FE)s: denotes the eigenspace of the eigenvalue A3* of

le(p2> 0)

Similarly, v$% is in the strong stable subspace of ®3 (i, t,0), cf. Lemma 4.3(i). Again according
to Lemma 4.2 there is a n**(u1) € Ejg= such that

OF (1, w0, 0)v55 /[055] = 572407 (1) + o 24).

Inserting in (4.9) yields

(5, Pr (1, 0)07,(w, 1)(0)) = (€252 (3 (1), 0™ (1) + 0(€*727) ) [us5| + Rua(w, ). (4.10)

Due to Hypothesis (H6) the vectors n5*(u) and 7*°(u) cannot be perpendicular, and hence
(7 (1), n> () # 0.

Next we deduce estimates for v5%. To this end we first note that ©;;(0) = 0;,(0), and that
dim W+ = dim E*,. What is more, the projection (id— Q5 (i, 0)) acts as an invertible mapping
between these spaces. Hence there exist ¢, C' > 0 such that

¢|(id = Q3)vy;(0)] < |v33| < Cf(id — @5)v5;(0)].

The value |(id — Q3 )05,;(0)| can be estimated in the same way as the jump in the first part of
this proof. Because Aj is real and simple (cf. Hypothesis (H6)) we get similar to the estimate
(4.6)

|(id — Q3)v5,;,(0)| = Car ()i 4 o(e®M91) - Gy (1) # 0.

Therefore

2)\‘%0.21,1' )’

|v55] = éa1 (1, wa ;)€ + o(e c () < Cor(p, wai) < Cn(p).

Inserting in (4.10) yields
(W, Py (11, 0077, (w, 1) (0)) = €252 20560, (1, w9,5) (3 (1), %% (1)) + Rui(w, o),

where fZl,i(w, i) comprises all remaining terms. Indeed estimates along the lines of [21, 34] in
the particular situation which we exploited above, yield

Rl i(wa ,U) - 0(62A55w2vi62Aiw1,i)‘

Finally we write
Co1 (1, o) i= Cor (11, wa ) (7 (1), 1°° (1)),
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and note that

cCor () (1 (1), n** (1)) < cor(p, wai) < C Car(p) (i (1), 0™ (1))
and hence co1 (1, wo;) # 0. [ ]

Remark 4.5. If n = 3, i.e. z € R the above estimate of vy’ simplifies as follows. In this case
we have dim W+ = dim Ef*, = 1 and hence there exists a ¢ > 0 such that

c|(id = @3 )v,,(0)] = [v33]-

The value |(id — Q5 )v,,(0)| can be estimated in the same way as the jump in the first part of
this proof. Similar to the estimate (4.6) we get

|(id — Q3 )v,,(0)| = Co1 ()i 4 o(e*M910) Gy () # 0.

Therefore

~

V35| = Car ()19 oM, o (p) = o (p).
O
Recall that in accordance with Lemma 4.1 the jumps depend smoothly on both w and p. Let
Dy&i(w,p), k€ {w;i,7=1,2,i € Z} or k € {1, 1o}, denote the derivative with respect to the

corresponding variable. Then, similarly to the corresponding estimates in [21, 34] we find the
following Lemma.

Lemma 4.6. The derivatives of the jumps &; have the following form
l)k&(w7 M) _ (Dk (Cll(ﬂ)e—w\}‘m,iﬂ — oy (M>€2A§Swz,ie2)\§w1,i) 4 ,ﬁ’l,i(wv /J’)) ¢1

+ <Dk (012 (Iu)e—2)\7fuw1,i+1€—2A§w2,i+1 — Coy (Iu)ewéwz,i) 4 7%271, (w’ /J’)) ¢27
where
Roi(w, 1) = ofe=Pnitt) 4 o(ePenscions)
Railoo, ) = ofe " enin) 4 o iens)

Finally, adapted to our needs, we discuss the twist of I in terms of Lin’s method. To this
end we define the twist in the style of corresponding considerations in [6]. First we note
that we can consider W*(p;) as global manifold containing I". The part of this manifold
containing I'y “coincides” with W (py). Recall that ¢ L Tj o)W (p2). Similarly consider

Uy L TpoyW"(p1) such that for w > 1
(W7 (0, —w, 0)ty, W5 (0, w, 0)1h) > 0.

This conditions implies that both ; and 1&1 point to the same side of the addressed global
manifold.

Further, we define

e := lim — , ey = - )
s @) T oo (1)



Definition 4.7. We call I' nontwisted if for w > 1

sign (ef, U (0,w, 0)¢1) # sign (ef, U (0, ~w, 0)¢h),
whereas we call T twisted if for w > 1

sign (e}, U (0,w,0),) = sign (€7, U5 (0, —w, 0)1%).

This definition means that “along I' the global manifold W"(p;)” is nontwisted or twisted,
respectively. Note that the corresponding global manifold W*(p,) is nontwisted or twisted,
respectively if and only if the global manifold W"(p;) has this property.

Inspecting the proof of Lemma 4.4 we find similarly to the considerations in [21]
Lemma 4.8.

I' nontwisted < sgnci1(0) = sgncai(0), sgneia(0) = sgn can(0),
I twisted < sgneyr(0) # sgneg(0), sgneia(0) # sgnegs(0).

4.2 Complex leading eigenvalues

We present equivalent statements to Lemma 4.4 for the cases (RC) and (CC). To establish the
corresponding estimates we proceed again from the representations (4.4) and (4.5).

We assume that X}'(u) = p1(p) + i¢1(p) is complex and consider (41, Qf (1,07, (w, 1£)(0)):

Lemma 4.9. Assume Hypotheses (H1)-(H5). Assume further N¢(u) = p1(pn) +ip1(pn). Then
there are constants c1;(p), ¢1(p) and @1 such that

(W5, QF (1, 0)0 1y (w, 1) (0)) = cqj(p)e 210541 sin(261 ()wnir + 15) + o210,

Jj =1,2. Moreover ¢1;(0) # 0 and p11 — w12 # 0 (mod 7).

Proof. As in the proof of Lemma 4.4, again analogous to considerations in [21, 34], we find for
both ¢, j = 1,2,

<¢17Q+(/~La )Ul z+1(‘-'-’ 1)(0)) = <‘1’§’(/~L7W1,i+1,O)Qf*(lﬁ,0)%’7@1(%W1,i+1)q5(u)(—w1,i+1)>
© (e,
To estimate the first term on the right-hand side we make use of the complex counterpart of
Lemma 4.2. This provides that ¢, (11)(t) behaves asymptotically, as t — —oo, like e(P1f(PLs))tyu
where n* = n"(u) belongs to the generalised (real) eigenspace X" of A¥(u). According to corre-

sponding estimates in [34] or [21], the same holds true for Q1 (1, wi.i41)qy (11)(—w1i11). Further,
the term Ui (u,t,0)Q; " (1, 0)tp; behaves asymptotically, as ¢ — oo, like e~ (P1/ L) iyt (4. 1),
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where 0t (¢, 1) belongs to the generalised (real) eigenspace (X*)* of the leading stable eigen-
value(s) —X\u(), (=X} (1)), of —(Dyf(p1, p))". Abbreviating, we write n; =07 (;, ). More
precisely these terms can be estimated by:

Ql(ﬂa Wit1)dy (1) (—wiip1) = ‘fwlf(phu))wl'”lnu + 0(6_p¥w1’i+1)a
U (1, wrien, 0)QF (1, 0)thy = e~ P Era) iy 4 g(empiwnicn),

Therefore

(65, Q1 (1,005 1w, 1) (0)) = e 2P bssiy i) 4 ofm i),

Since the generalised real eigenspace X" has dimension two, the vector n* has a coordinate
representation (n¥,n%,0,...,0) where (¥, n¥) # (0,0), and e~ P1/ P2t et like

( cos(2¢1 (p)t)  sin(2¢y(p)t) ) ( Ui )
—sin(2¢ (p)t)  cos(2¢1(p)t) n3
0

0

e~ 201 ()t

Let (n,...,m,;) be the coordinate representation of 7, with respect to the chosen basis.
Further, since 7 € (R" & X*)* we have (17, 73;) # (0,0). Therefore

(05, QF (1, 0007 1, (w, 1) (0)) =21 (ninn (ﬁlj sin(2¢y () wiv1) + 1025 COS(2¢1(M)W1,i+1))
4 o(e72iwLict)
where
(15 7025) := (msmy — mim3;, mimy; + nama;) # (0,0).

The latter inequality is due to the fact that both (9}, n5) and (1), 75;) are different from (0,0).
So there is an angle ¢1; = ¢1;(1;, 1) such that

~1/2

. ~1/2
sinpy; =my (5 +m3;) ', cospy =y (05 +m3;)

Hence
(07, Q7 (11, 0)0 ;1 (w, 1) (0)) = 1 (p)e 11t sin(2¢1 (p)wr i1 + 17) + o(e” i)

where c1;(1) = (2 +12)"/*. By construction ¢y;(-) is smooth and ¢1;(0) # 0.

It remains to prove that @11 — 12 # 0 (mod 7): We show that sin(p1; — ¢12) # 0. Note that
the n* does not depend on j. Exploiting sin(p11 — ¢12) = sin 11 €os @12 — sin g cos 11 we
find that sin(p11 — ¢12) = 0 if and only if (911,721) and (912, 722) are linearly dependent. This
however is the case if and only if (5, (11), 74 (¢1)) and (9] (12), 94 (12)) are linearly dependent.
But these vectors are linearly independent because 1, and ), are linearly independent. [ ]
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In the same way we find:

Lemma 4.10. Assume Hypotheses (H1)-(H5). Assume further N5(u) = —pa(p) +ida (), with
p2 > 0. Then there are constants ca;(f1), ¢2(pt) and pq; such that

(W, Py (11, 0)0(w, 1) (0)) = eo;(pe)e 202 sin(2¢hs (p)way; + p2;) + 0(e™22921),

j =1,2. Moreover cy;(0) # 0 and w21 — w22 # 0 (mod 7). [

Now we combine the statements of the previous estimates.

Lemma 4.11. Assume Hypotheses (H1)-(H5). Assume further the (RC) case, more precisely
that X (p) is real and N5(u) = —pa(p) + ido(p) is complex, and finally that Hypothesis (H7)
holds true. Then the jump & (w, p) can be written in the form

Si(w, 1) = (Cll(ﬂ)6_2)‘7fw1’i+l — o1 (p)e 222 5in (269 (1) wa s 4 Po1) + Rui(w, 1))
+ (612(“)6_2Xfuw1'm‘3_2/\%2'”1 — Cope P22 §in (2009 (p)wn s + P2) + Rai(w, 1) 2,
where
Rui(w, p) = o(e 2MWbitt) 4 o222
R, 0) = ol i) . gfe=2mens),

This lemma follows immediately from the Lemmas 4.4 and 4.10, while the next lemma follows
from Lemma 4.9 together with Lemma 4.10.

Lemma 4.12. Assume Hypotheses (H1)-(H5) and further the eigenvalue case (CC). Write

A () = pr(p) +ior(p) and Ns(p) = —pa(p) + ige(p). Then the jump &(w, pu) can be written
in the form

&i(w, 1) = (enn(p) (p)e 1<t sin (26 ()ws i1 + P11)
— o1 (p)e P22 sin (26 (1)wa,i + Pa1) + Rai(w, 1))t

+ (012(,U)(M)e_%(”)wl’i+1 sin(2¢1 (1)wi,iv1 + @12)
— Cope 222 6in (29 (1) was + pa2) + Rai(w, 1)),

where
Rui(w, p) = o(e 1@nivt) 4o(e22920) - Ry i(w, p) = o(e 2P1ritt) 4 o(e=2r2024).
Moreover pj; — pjo # 0 (mod ), j =1,2. [

Remark 4.13. As in the real case, cf. Lemma 4.6 we find that the derivatives of the residual
term satisfy the estimates

Dy Ryi(w, ) = 0(6_2p1w1'”1) + 0(6_2p2w2’i)> DRy i(w, i) = O(e‘zplwl’i“) + 0(6_2”“2’2'),

where k € {w;;,j=1,2,i € Z} ork € {u, pa}.
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5 Dynamics in the case of real eigenvalues — (RR)

In the eigenvalue case (RR) we mainly focus on 1-periodic and 2-periodic orbits and their
limiting 1-homoclinic and 2-homoclinic orbits. In our considerations we distinguish between
twisted and nontwisted T-point cycles.

For the rest of this section we assume

(A 5) 011(0), 022(0) > 0.

First we consider 1-periodic orbits. These are characterised by sequences w = (wy;,wa,)icz
with
(w14, W) =: (w1, wq), @€ Z.

Therefore, according to Lemma 4.4 the bifurcation equations for 1-periodic orbits are as follows:

E(w, p) = fir 4 crn(p)e M9 — ey (p)e? e 4 Ry (w, 1) -0 (5.1)
’ pig + cra(p)e M e 250 — oy (1)e* 32 + Ry(w, 1) ’
where
Rl(w,u) — O(e—2>\’i”w1) + 0(62)\§‘sw2€2Ai‘w1)7 Rg(w,,u) _ O<6_2)\’iww1€—2)\’2‘w2> + 0(62)‘5“)2).

Setting formally w; = oo or ws = 0o in this representation we get the bifurcation equation for
1-homoclinic orbits to p; or ps, respectively. Taking the structure of the residual term R; into
consideration we find for the 1-homoclinic orbits to p;:

pr =0
fo = Cop(p)e?? 4 o(e?3+2),
and similarly for the 1-homoclinic orbits to ps:
= —cn(p)e” e 4 o(em i)
pe = 0.

According to Assumption (A 5) we find 1-homoclinic orbits p; or ps on the positive part of the
[o-axis or the negative part of the p-axis, respectively.

Next we formulate the bifurcation equations for 2-periodic orbits. Those orbits are characterised

by sequences w
(w1,1>w2,1), i odd

(Wlm Wz,z') = {

Hence the bifurcation equation for 2-periodic orbits reads:

(wi,2,w22), 1 even.

Ei(w, ) pi1 + crp(p)e 292 — coy (p)e? w212t Ry 5 (w, ) 0
‘:‘1 w’ = uu u s =
Lo + 612(M)6—2)\1 w1,2e—2>\2w2,2 _ C22(M)62>\2w2'1 + R2’1(w”u) ( )
5.2
(w, ) pi1 + crp(p)e M9t — coy (p)e? 2220912 R o (w, 1) 0
:‘2 w’ /’l’ = uu Uu S =
fig + Cro(pp)e A1 e T2l — o) (11)€*A5922 4 Ry (W, 1)
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Again, setting formally w;; = oo or w12 = oo in (5.2) we get the bifurcation equation for
2-homoclinic orbits to p;, and similarly setting ws; = 00 or wes = oo in (5.2) we get the
bifurcation equation for 2-homoclinic orbits to po,

5.1 Proof of Theorem 2.1(i)

Recall that under the assumptions of Theorem 2.1(1) A (u) and Aj(u) are the leading eigenvalues
of the equilibria p; and ps, respectively, i.e.

M) < W] XS] < A5 (k) (5.3)

5.1.1 1-periodic Orbits

Adapted to the present eigenvalue condition (5.3) we introduce new variables

At (1) A5 (1)
Wy = “ w1, Wy = 3 Wa,
A1 (0) A3(0)

and subsequently

_ 62A7f(0)w1 — 62)\3(0)‘&)2'

T y D)

Therefore there exist 0§(u), 05° (1), 81" (1), 0% (1) > 1 such that in terms of these new variables
the bifurcation equation for 1-periodic orbits (5.1) reads

JSS 58 ~

w1+ e (p)ry — ca (p)ry? rit + Ra(ry,ma, ) =0
6uu 611, ~

po + cra(p)ryt ro? — coa(p)re + Ra(ry, re, ) =0,

where B R . suu gu
R1<T17T27M> = 0(7’1) + 0(7’22 7"11)7 R2(7"177"27/~L) = 0(7’11 7“22) + 0(7"2)-

Taking into consideration that c11(0), c22(0) # 0, these equations can be solved for (ry, ;)
depending on p. Using in particular Assumption (A 5) we find 1-periodic orbits exactly for

H € le
Q1 = {(p1, p2) - 11 <0, pg > 0},

Altogether we get the bifurcation diagram depicted in Figure 2(a).

Remark 5.1. At this point we shortly discuss an idea which we seize on for the discussion of
the complex eigenvalue cases in Section 6 below.

We define

L((wr, wa), p) = (

fr + e (p)e” e
g — Coo(p1) €2 .

Assuming the eigenvalue condition (5.3) we find that solutions (w;(p),w2(p)) of the truncated
equation L((wy,ws), ) = 0 determine solutions of the full equation (5.1) which determines
1-periodic orbits.
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(a) M2 (b) M2 (C) H2
£2 £2 £2
(h1, p2) (0, p12)
-— ~—
£1 £1
(:U’lv 0) El
H1 H1 - H1

Figure 7: The lines £; and Ly corresponding to the truncated equation L = 0.

The solutions of the truncated equation L((wq,ws), 1) = 0 corresponds to transversal intersec-
tions of the two lines £q(p) = (1, p2) + s1(c11(p), 0) and Lo(p) = 52(0, c2(pt)), where s; > 0 in
cach case, see Figure 7(a).

The “border locations” where the lines £; and £, just touch each other correspond to homoclinic
orbits to p; or ps, see Figure 7(b) or (c), respectively — compare also Figure 2(a).

These arguments remain valid under the assumptions of Theorem 2.1(ii) or (iii), respectively.
However, in these cases the discussion of the truncated equation L = 0 and its visualisation
displayed in Figure 7 only explains the existence of one 1-periodic orbit in ); and the 1-
homoclinic orbits on the boundary of @;. In order to describe the behaviour in ), and Q? and
on their boundaries we need to consider also higher order terms as we explain in Sections 5.2
and 5.3. O

5.1.2 k-periodic Orbits
As stated in Section 4, k-periodic orbits correspond to sequences w

(Wl,ia w2,i) = (Wl,z’modka W2 imod k),

and the bifurcation equation consists of k pairs of equations, cf. (4.2).

Due to the present eigenvalue condition (5.3) this set of equations can be treated in the same
way as the bifurcation equation for 1-periodic orbits above. It turns out that for each u € @4
there exist a unique set (wy;,wa;), @ = 1,..., k solving this equations. On the other hand it is
obvious that there is a solution

(wl,i,wz,i) = (WlaWZ)a i=1,...,k, (5'4)

where (wy, ws) solves the bifurcation equation for 1-periodic orbits (5.1). So, the solution given
in (5.4) defines a 1-periodc orbit which is run through k-times. Altogether this shows that there
are no k-periodic orbits for £ > 1.
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5.2 Proof of Theorem 2.1(ii)

We assume that A§(u) and \j(u) are the leading eigenvalues of the equilibria p; and ps, respec-
tively, i.e.

ATl < AT(w), XS] < A5 (). (5.5)

In our further discussion we distinguish whether the primary heteroclinic cycle I' is twisted or
not.

5.2.1 T nontwisted

1-periodic orbits. Adapted to the eigenvalue condition (5.5) we introduce new variables

A () A5
TEENO) T R0

and subsequently

_ MO 1y = 2502 (5.6)

Therefore there exist 03 (p), 055(1), 01" (p), 05 (1) > 1 such that in terms of these new variables
the bifurcation equation for 1-periodic orbits (5.1) reads

T -

A+ en(p)ryt = e ()ry r1+ Ra(ra, o) =0 (5.7)
i+ () 1t = en(p)rs + Ra(r v, ) =0, |
where
Ra(reora o) = o(ry') +o(rs 1), Ralriraan) = o(ri! 3% + ofr).
By Assumption (A 5) and Lemma 4.8 all ¢;;(0), ¢, 7 = 1,2, are positive. Note also that §}"* > 47"

Since ¢92(0) # 0, the second equation in (5.7) can be solved for ro = r5(r1, ). Note that this
equation can be solved only for nonnegative po. We find

) 1 oy
ry(ri, ) = mm +O(r" ).

Inserting in the first equation of (5.7) yields

u

S ~ §35 Su %588
p1+ 011(,“)7"11 - C21(M)/~L22 r+ 0(7"11) + 0(7"252 7“1) =0, (5-8)

where both ¢;1(u) and (1) are positive. For fixed p the graph of the function

X ~ 538 Su %658
h(ry, 1) = —cnn (p)ry + (s’ m+o(ry') +o(r5% )
looks qualitatively as depicted in Figure 8.

For the only maximum point we find

685
2 538
6%—1 2

T'1,maz (1) =~ py' Pomaz (1) := h(rlmwx (1), ) = piy

u
31
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Altogether this gives the following results for periodic orbits, cf. Figure 2(b):
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1

Figure 8: The graph of h(-, ).

e For i1 € () there exists exactly one 1-periodic orbit.
o For pn € Qo :={p2 >0, 1 € (0, (1))} there are exactly two 1-periodic orbits.

o Son = {p:po>0, 11 = hpmae(p)} is a saddle-node line for 1-periodic orbits.

5.2.2 T twisted
According to Assumption (A5) and Lemma 4.8 it holds

011(0), 022(0) > O, 012(0), 021(0) < 0. (59)

1-periodic orbits. In order to detect 1-periodic orbits we proceed as in Section 5.2.1. How-
ever, due to (5.9) the counterpart of Equation (5.8) reads

EXg N 558 EXg %958
pn+en(p)ry + ea(py’ m1+o(ry') +o(r3" 1) =0,

where both ¢ () and é9(u) are positive. Obviously this equation can only be solved for
nonpositive p1. Indeed, this equation can (for all negative 1) be solved for r1(u). Together
with our general considerations regarding 1-periodic orbits this shows that exactly for u € )4
there exist 1-periodic orbits, in fact exactly one for each such pu.

2-periodic and 2-homoclinic orbits. Similarly to (5.6) we introduce variables r;;, 7,5 =
1,2. In these variables the bifurcation equation for 2-periodic orbits, cf. (5.2), reads

U

5 JSS ~
pa e (p)ryy — e (p)rrin + Ry =0

éuu 5714 ~
pa + cra(p)ry'y T — Coa(p)ron + Roy =0
(5.10)

6’LL 635 ~

pr + e (p)ryly — e (p)rayrie +Rig =0
6’U/u 6’LL ~

po + cra(p)ryly 1o — caa(p)r22 + Roo =0,
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where

SS 6uu 611,

~ 611,
Ri1= 0(7’1,12) + 0(7’2,21 7’1,1), R2 1= o(ry} 2 T2 2) +o(r21),

~ 6% SS ~ 67J/M 6U 7
Ri2 = 0(7’1,1) + 0(7’2,27’1,2), Rao = 0(7’1 172 )+ 0(7“2,2)~
We write
T2 =ai711 and 22 = Q2721

Note that a; = 0 corresponds to 2-homoclinic orbits to p;, whereas ay = 0 corresponds to
2-homoclinic orbits to ps. For a; = ay = 1 the system (5.10) reduces to the first two equations
which describe 1-periodic orbits.

In our explanations we focus on the curve Sspomp, 0f 2-homoclinic orbits to p; and on the
period-doubling curve S,4 which are depicted in Figure 2(b).

Subtracting the third equation from the first equation in (5.10) and subtracting the fourth
equation from the second equation in (5.10) yields

v Ju 558 5§88 ~ ~
c1i(p) (all - 1>7’1,11 —cor(p) (1 —ay’ a1)7°2,21 riag+Rii—Rig =0

(5.11)
sue 5y 5y ~ ~
c12(p) (al ay’ — 1)7”1 1 7”2 L — Caa(p )(1 - a2)7”2,1 +Ro1 —Rap =0.
First we consider 2-homoclinic orbits to p;, i.e. we set a; = 0. Hence (5.11) reads
6"14 658 ~ ~
—cu(p)rih — car(p)rairin + Rip — Rap =0
s ) ) (5.12)
—cra(p)ry roh — coalp )(1 — a2)7’2,1 +Ra1 —Rao =0.
The first equation of (5.12) is equivalent to
6U_1 685 6U_1 685
_Cll(:u)rl,ll - C21(N)T2,21 + 0(7’1,11 )+ 0(7“2,21) =0.
This equation can be solved for 71 ;. Up to higher order terms we find that
R
Py 5 —1
ria (= /o) Tyl (5.13)

We insert the result in the second equation of (5.12) where we factor out ro;. The remaining
equation can be solved for ro ;. We find with some appropriate ¢;2 < 0 that

C22 1/ A
T271(CL27M> ~ ( (1 - a2)) , Ay = (Szu — 1+

C12

05763
o1

Now we insert these terms in the first two equations of (5.10) and solve these equations for
p = p(az). This defines in the p-plane a curve Sy pom-p, 0f 2-homoclinic orbits to p;. Indeed
this curve can be considered as the graph of a function p; = g(us). In order to detect the
leading order term of g we consider the first two equations in (5.10) for a; = 0 or equivalently
for 71 3 = 0. These equations can be solved for p. Up to higher order terms we find

85

~ 2 ~
H1 = C1T91 11,1, M2 = C2272 1.
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Combining this with (5.13) yields

UsSS 5858
1 8765 51 31
s¥—1 1

= 021( - 021/011) 1 (1/022)6%771,112

Next we show that there are no 2-homoclinic orbits to p,. To this end we set ay = 0 and
consider the second equation in (5.11). For 75 ; # 0 this equation is equivalent to

uu §u__q uu o §u__ |

- sun g
—C12 (:U’)Tl,ll 7’2,21 — coo(p) + 0(7"1,11 7’2,21 ) +o(1) = 0.

Since ¢22(0) # 0 this equation has no solution for sufficiently small ry 1, 791.

Finally we consider 2-periodic orbits. In the course of this we proceed in the same way as
computing 2-homoclinic orbits to p; but just taking a; € (0,1). Instead of (5.13) we arrive at

1
65° -1 55°
Co1 1— a9” ay or—1
ra~\—-——" 5 T2 - (5.14)
‘1 —ay

We insert this in the second equation in (5.11), factor out ry;, and solve the remaining for 74 ;.

We find

suu 1/Aq2

o 871
Co9 1— a9 C11 1— CLll !
21 ~ - : S oy - : 557

12 1—a;" a, €1 1 —ay ag

Again we insert these terms in the first two equations of (5.10) and solve these equations for
i = p(ay, ag). This defines in the p-plane a region of 2-periodic orbits. This region is bounded
by the curve S pomp, and a period-doubling curve S,4. In order to detect the period-doubling
curve we consider the limit a; — 1 along curves ay = a$, « € RT. We define

hm 7’2’1 = 7"271(0(), 111’[1 7"171 = 7’1,1(&).
a2:a‘13‘ ag:a‘f‘
a1—1 a1—1

According to (5.14) we find

5 S

1
c 51 5
Tl,l(a) ~ (_ 21 ) 1 ’]”2’1(0{) (5’1*71‘

01151u

Again inspecting the first two equations in (5.10) we find that up to higher order terms

SS

p1 R Ca1To% (a)ri (o), fo = Coama 1 ().

This finally yields the following representation of the period-doubling curve S,.:

U 5SS
sisss 0193

1

C21 -t a7 o)1

H1 = Co1 (- 5u) (1/022) S DR
C1101
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5.3 Proof of Theorem 2.1(iii)

We assume that Aj(u) and Ay () are the leading eigenvalues of the equilibria p; and ps, respec-
tively, i.e.

M)l < AT(w), A5 () < [A3(w)]- (5.15)

5.3.1 I nontwisted

1-periodic orbits. Corresponding to the eigenvalue condition (5.15) we introduce new vari-

ables A G) A4 (a)
A A
wi = )\i(O)Wh Wy ‘= )\%(O)wz,

and subsequently

228 (0) w1

u
7= e , ro 1= e )2

Therefore there exist o} (), 05°(1), 01" (1), 65(p) > 1 such that in terms of these new variables

the bifurcation equation for 1-periodic orbits (5.1) reads
6u 633 ~
1+ en(p)ryt — ear(p)ry® m+ Ralr,ro,p) =0 (5.16)
67J/U4 68 ~ .
pa + cra(p)ryt r2 — caa(p)ry® + Ra(ri, r2, 1) =0,

Whel"e N su S5 - suw 88
Ri(ri,m2, 1) = o(ri*) + o(ry® 1), Ra(ri, 2, ) = o(ry" r2) + o(ry?).
By Assumption (A5) and Lemma 4.8 all ¢;;(0), i, j = 1, 2, are positive.

We focus on the wedges ()5 and the saddle-node curves S, marking part of the boundary of
()2 as they are depicted in the left panel of Figure 2(c):

Equation (5.16) can be solved for

% 5u 535 5u 535
pr = pi(r,re) = —cun(0)ryh + a1 (0)ry? i+ o(ry') + o(ry® 1)
" 6uu 63 6uu 6-5
po = p3(r1,m2) = —c12(0)ry’ 7o + ca(0)ry® + o(ry" 72) + 0(ry?).
We start with considering the part of ()5 lying in the third quadrant. In order to show that for

each point of )y there exist two 1-periodic orbits we consider the contour lines of pj and pj.
For fixed 1 > 0 the function p3(r2, -) has two zeros

c12(0) o= I
531 S5 -1
ro1 =0 and 1ryo = Lr? C+ 0(7‘f2 1) > 0,
022(0)
and in between u3(rq,-) has a unique critical point 73(r1),
(Suu (S'U/LL
c12(0) &= =1

ra(r) = d5¢92(0) A 0(7‘16271).

Since 8%2 wh(ry,0) < 0 this critical point is a minimum. Hence p3(ry,75(r1)) < 0. We find, since
o > 61, 05° > 05 > 1 and ¢1; > 0, that

15 (r, 75 () = —ern (0)r + o(r3h) < 0. (5.17)
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Further, ui(ry,75(r1)) considered as a function of 71 is monotonically decreasing. Altogether
we refer to Figure 9 for a visualization.

Therefore, locally around the curve {(r1,75(r1)), r1 > 0}, the contour lines of pj are parabola-
like curves as depicted in Figure 10.

In Figure 10 also the contours of ;5 near the line of the nontrivial zeros are depicted. The
same considerations apply to the contours of ] near its nontrivial zeros. Those yield that the
contour lines pj = const < 0 are shaped as depicted in Figure 10. Altogether, the intersections
of the contours of pj and u} verify the existence of two 1-periodic orbits for each (1, p2) € Qs.

The lower boundary of the wedge ()> under consideration is a saddle-node curve S, - see again
right panel of Figure 2(c). This curve corresponds to the nontransversal intersections of the
contours of pj and pj. Analytically the saddle-node curve is determined by the singularities of

AR

the Jacobian CRSE

a *’ * ” u_ ss wn s s
0 = det 78((11:‘1 52)) :( — 011(0)51 7’(1;1 ! + o1 (0)7”32 ) ( — 012(0)7’(1;1 + 022(0) ZTg2 1)
1,72

su 8

+ c12(0)e21 (0)8556% 0 12 + hot (5.18)

where “hot” represents terms of higher order. Near (ry,75(r1)) this equation can be solved for

ax(0) am s

12 551 55-1
r “+olr .

5c20(0) ! (™)

ryt(ri) =

The addressed saddle-node curve reads

Son = { (13 (r1, 757 (1)), w3 (r1, 757 (r1)), 71 > 0} .

Similar to (5.17) we find

0

Figure 9: The graph of p3.
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(i = const <0 pg = const > 0

s = const < 0

T

Figure 10: The contour lines of p] and p3.

This finally yields that there is an o > 1 such that Sy, is the graph of

p2 = = (=) + o((=n)%).

Similarly, the wedge ()2 and its corresponding saddle-node curve lying in the first quadrant
can be discussed by inspecting the contour lines of p] and p3 near the counterpart of the line
(r1,75(r1)), which is defined by the critical points of p3(-, 7).

5.3.2 T twisted
According to Assumption (A 5) and Lemma 4.8 it holds that

011(0), 022(0) > 0, 012(0), 021(0) < 0. (519)

1-periodic orbits. We adopt the notations introduced in Section 5.3.1. Consequently, equa-
tion (5.16) again determines 1-periodic orbits. But the sign condition (5.19) implies that those
orbits only exists for (ui, o) within the second quadrant.

In order to exclude saddle-node bifurcations of 1-periodic orbits we show simply that the Ja-

cobian % has no singularities. To this end we consider the leading order term at the

right-hand side of (5.18). The sign condition (5.19) implies that ¢15(0)ca1(0)(6;* — 1) (65 —

1)7"(;%7"353 is the only positive summand. This one, however, is dominated by the negative
term —cn(0)022(0)5{‘557"(15%_17"35_1. Hence, for sufficiently small ry, o, the addressed Jacobian is

nonsingular.

2-periodic and 2-homoclinic orbits. We adopt the notations introduced in Section 5.2.2.
The counterpart of (5.11) reads:

6u 6u JSS JSS ~ ~
cu(p) (all - 1)7’1,11 - Czl(ﬂ)(l —ay’ al)rzfﬂ’l,l +Ri1—Rip =0

Huu sSuu 55\ &8 ~ ~
! Ay — 1)7"1711 T2,1 — CQQ(M) (1 — CL22)T2721 -+ 'R,271 — ’R,2’2 = 07

(5.20)
ci2(p) (al
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where

R of 03° > e 53
Ri1= 0(7’1 b))+ 0(7’2 171, 1), Ray1 = 0(7’1,1 7’2,1) + 0(7“2,1)a
~ 6u 6 ~ 67J/U4 68
Ri2 = 0(7’1 b))+ 0(7’2 171, 1), Rao = 0(7’1,11 7’2,1) +o(ry7)

Again, as in Section 5.2.2, we first consider 2-homoclinic orbits to p;. The counterpart to
(5.12) reads

U

§ 05% ad ad
—cn ()i — ca(p)rairg + Rip — Rag =0

e S s - i (5.21)
_012(:“’)7”171 T21 — 022(,u) (1 — Gy )7’271 + R2,1 - 'R,272 =0.

Now we proceed along the corresponding lines of Section 5.2.2. Note that the first equations
of (5.12) and (5.21) coincide. So we arrive at (5.13), and proceeding correspondingly we 1nsert
this in the second equation of (5.21). Since ¢} > §}* — 1 and d5° > 05 we can factor out 7"2 1 in
the remaining equation. Now we can repeat the considerations of Section 5.2.2 leading to the
curve of 2-homoclinic orbits to p;.

In order to analyse the 2-homoclinic orbits to ps we set az = 0 in (5.20). Due to the
“symmetry” in the structure of (5.20) the remaining equation can be treated in the same way
as (5.21). This finally leads to the curve of 2-homoclinic orbits to ps depicted in the right panel
of Figure 2(c).

With our remarks given in the context of 2-homoclinic orbits, it becomes clear that also 2-
periodic orbits and the corresponding period-doubling curves can be discussed in the same
way as in Section 5.2.2. This is true for both parts Q% depicted in Figure 2(c).

5.4 Proof of Lemma 2.2
5.4.1 k-(2,1) heteroclinic orbits

A k-(2,1) heteroclinic connection may be considered as part of a heteroclinic cycle, together
with a 1-(1,2) heteroclinic orbit. In terms of the w-sequence, this corresponds to a k-periodic
sequence with wy; = wy; = oo. Now, let £ > 1. Consider =; = 0, Z; = 0, and assume that
there is a solution w, u of these equations. Then this is also a solution of =, — =, = 0, i.e.

ena(p)e s oy () enk s 4 o(e=Nens) 4 o urkeiwn) =

012(M)€_2)\7fuw1’2€_2)\gw2’2 _'_ 022(/1/)62)\3“)2’k + 0(6—2)\71“10.)1726—2)\;0.)272) _'_ O(€2>\SUJ2,]€> — 0

From the first equation it follows that wyo > A wa, whereas from the second equation it

)\u
follows that w;o < —%wzk. But these conditions are mutually exclusive. Therefore the
1

subsystem =; = 0, Z; = 0 has no solution, and hence there are no k-(2,1) heteroclinic orbits
for k > 1.
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5.4.2 k-(1,2) heteroclinic orbits

We now search for k-(1,2) heteroclinic orbits, for k& > 2. We consider the concatenation of a
k-(1,2) heteroclinic orbit with I'y, which corresponds to a k-periodic Lin orbit with a k-periodic
sequence w with wy; = wy = 0o. Note that = (w, u) = £*°(n) = 0 determines the existence
of I';. So this equation needs not to be solved, here. Therefore the bifurcation equation for
k-(1,2) heteroclinic orbits reads

Ei(w,p) =...=Zp1(w,p) =0, wis k-periodic, wy1 =wy) = 00.

Due to the eigenvalue condition (5.3) these equations can be solved for w depending on p € Q.

6 Dynamics in the presence of complex eigenvalues

This section is devoted to the proofs of the Theorem 2.3 and of the Lemmas 2.4 and 2.5.

We write the bifurcation equation for orbits staying for all time close to the primary cycle in
the following form:

E(wv :u) = (El(wnu’))léz = 07 El(wnu’) = L(wl,i+17w2,i7 :u) + Ti(wv :u)7 (61)

where L(wy 41, wa;, ) denotes leading order terms (which we determine below) and r;(w, p)
denotes higher order terms.

In order to construct the sets S/iv we show that the truncated form of the bifurcation equation,
L(wy,w2,0) = 0, has an infinite set of nondegenerate (transversal) solutions (w; (k), ws(k)), (k €
N) with (@ (k),wa(k)) — (00, 00) as k — oo. It turns out that the solutions of L(wy,ws,0) =0
can be interpreted as (transversal) intersections of a line £; and a spiral &, ((RC) case) or two
spirals &; and G, ((CC) case). We refer to Figure 11 for a visualisation.

(RC) (CC)

Figure 11: Graphical representations of the solutions of L(wy,ws,0) = 0.
We show that each such solution corresponds to a periodic orbit near I'. And what is more

we show that for each sequence w built of finitely many of these (w;(k),ws(k)) there exists a
sequence wg which solves the full bifurcation equation.
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6.1 Proof of Theorem 2.3 — the eigenvalue case (RC)

We assume that A} is real and write Aj(u) = —po(p) + id2(p), p2 > 0, and consider the
bifurcation equation in the form (6.1).

6.1.1 The set S/iv

We stipulate (cf. (6.1))

fi1 4 c11e” T —cy1e7 2292 sin(200ws + @)
L(wy, wa, 1) = < o : (6.2)
2 —Cope™ 222 $in(2¢ows + P22)
Hence, according to Lemma 4.11, we have
. Rl,i(wu M)
) = (g e i o R ) 09

The line £(¢,0) and spiral G5(¢,0) which we addressed at the beginning of this section are
defined by

py + cpe 2t cor1e 22t sin(2¢9t + ©o1)
Li(t,p) = ( and Gy(t, p) == ot :
2 Ca2€” 2" Sin(2¢at + p22)

Due to ¢o1 — 92 # 0 (mod m), cf. Lemma 4.10, &o(t, 1) is indeed a spiral. Note that the
appearing “constants” may depend on .

Solutions (wy, ws) of L(wy,ws,0) = 0 correspond to the infinite set of transversal intersections
of the line £(¢,0) and the spiral G4(¢,0). These intersections accumulate to the origin, and
therefore have times (w;(k),ws(k)), k € N, that tend to infinity as k — oo.

More precisely, let @3 be the “first” value at which &5(¢,0) intersects the line £;(¢,0). Then,
inspecting L(wy,ws,0) = 0 we find

- oy (k) = 2222 4 0, 6.4
0 Y o

where C} is a constant, i.e. it does not depend on k. We define
Qpy = {(@01(k),w2(k)), k> ko}, (6.5)
for a sufficiently large ko, and for those ky and some N € N we define further
QN = {(01(k),w2(k)), k=ko,...,ko+ N —1}. (6.6)
With that we define finally the following set of sequences w = ((wy;, w2))icz:
Qi v = {w : (Wii41, w21) € Qegv}-

We show that for any sequence w € Q%m ~ We may solve E(w, 1) = 0 near (w,0).

43



The full bifurcation equation Z(w, u) = 0 is equivalent to the fixed point equation
-1
w=w = [DIL@,0)] Blw,p) = Aw, p) (6.7)

where
L(w, 1) := (L(wi 41, wais 1) )iez-

In what follows we consider A as a mapping A : (I°° x [*) x R? — (1> x [*). We show that
A(-, 1) is a contractive mapping of some closed neighbourhood of @ into itself. The contraction
principle enures a unique solution wg within this neighbourhood.

To simplify matters we first consider 1-periodic orbits near the primary T-point cycle. To this
end we consider the fixed point equation (6.7) near one-periodic sequences @, i.e.

(W11, W2,0) = (W1 (k), wa(k)) € Q-

In this case (6.7) reduces to

(w1,02) = 01,02) = [DLE@E),B2(8), 0)]  ((wn,02), ) = Au(w1,02), 1),
and
E((wbw?)nu) = L(wbw?nu) + T((wlaw2)’ :u)'

Lemma 6.1. There exist a ko € N and constants d, 0 < d < 33—, and d,(k) such that

for all k > ko and all p with |p| < d,(k), the mapping A(-, i) has a unique fized point in
Bl(w1(k),wo(k)), d], the closed ball in R? centered at (wy(k),@q(k)) with radius d.

Proof. To prove the lemma we employ the contraction principle, cf. [7, Chapter 2, Theorem 2.2].
Throughout the proof we use the abbreviations w := (w1, ws) and w(k) := (w1 (k), wa(k)).
a) Preliminary estimates:

According to (6.2) and (6.4) we find the following estimate for Dy L™
0 < |(D1L(@(k),0))7"| < Cpp-ree2/o2m, (6.8)

where the constant Cpr-1 > 1 does not depend on k.

Similarly we find for the second derivative of L
0 < |D?L(@(k), p)| < Cpape2klrz/é2)m
where the constant Cp2;, > 1 can be chosen to be independent of k. Accordingly we find

0< max |D?L(w,p)| < Cpzp(d)e2kp2/o2m
Lmax DL, )] < Coan(d)

with CA’DQL(d) — CD2L as d — 0.
For the derivative of L with respect to pu we find (for sufficiently large k)

| Dy L(w(k), p)| < 2. (6.9)

44



Further, according to (6.3), Lemma 4.11 and Remark 4.13 we find:

max | Dir(@(k), )| = o(e72kP2/92m) as k= oo, (6.10)
weBw(k),d]

b) Setting of the constants d and d,(k):

With the above constants we choose the constant d such that

m 1
d :=min ¢ — 6.11
i {3¢2’ 2(627TCD2LCDL*1 - 1) } ’ ( )
and the constant d, (k)
d
d (k) = ————e /o) 6.12
) = o — (6.12)

c) Ai(-,p) is a “mapping into”:
Wk) = Ag(w, )| < [w(k) = A(@(k), )| + [Ar(@(k), 1) = Ar(w, ).
First we consider the first addend on the right-hand side
(k) — Ap(@(k), p)] = |DiL(@(k), 0) 7 (L(@(k), 1) + r(@(k), 1))

Expanding L(w(k),-) at g = 0 up to first order terms and further exploiting (6.9) and that
L(w(k),0) =0 we find

(k) — Ax(@(R))| < 2|ul |D1L(@(K), 0)| + | Dy L(@(k), 0) " r(w(k), 0)].

Due to (6.8), (6.12) the first addend is less than d/4. Finally, since |D;L(w(k),0)"'r(w(k),0)| —
0, as k — oo, there is a k} such that for all k& > k} the following estimate holds true:

0F) — A@(R)I < 5. Sl < da(h).

Next we consider

AL(@(k), 1) — A, )| < max Dy A(r )] Jw — ()], (6.13)
TeB[w(k),d]

DlA(Tv :U’) = DIL(w(k)u O)_l (DIL(w(k)u M) - DIL(Tv :u)) - DlL(dJ(k)v 0)_1D1T(T7 lu’) (614)
Using the mean value theorem and the estimates of part a) of the proof we get

|DiL(w(k), 1) — DiL(7, p)| < nax |DYL(t, )] (k) — 7| < Cpepe 2 1e2/02mg,
teBlw(k),

Therefore, again invoking part a) of the proof, the first addend on the right-hand side of (6.14)
can be estimated by

1Dy L(&(K),0) ™ (D1 L(@(k), 1) — DiL(7, )| < X/ #)7Cpyp 1 Cpay, d.
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Further, in accordance with (6.8) and (6.10) we may choose a k7 sufficiently large so that for
all k > k2
(D1 L(e(k), 0)) " Dur(r, )| < d.

Plugging these estimates in (6.13) and taking into consideration (6.11) yields for all k > k2

|Ak(d)(/{:),,u) — Ak(w,,u)\ < 62(p2/¢2)WCDL710D2L —1 d2 < g
2

Set now

ko := max{k}, k2}.
Then Ay(-, ) maps for all & > kg and all |p| < d,(k) the closed ball Blw(k),d] into itself.
d) Ag(-, ) is contractive:

In part c¢) of the proof, cf. analysis of (6.14), we have shown that for all k& > ky and all

|1l < dy(F)

cnave DA )] < (2P Cp 1 COpey, — 1) d.

With (6.11) we infer that for all those k& and u

1
DA (T, < —=.
e |DAR(T, )| 5

Next we turn towards solutions of (6.7).

Lemma 6.2. Assume the eigenvalue case (RC). Fiz any N € N. There exist a kg € N
and constants d, 0 < d < g and d,(k) such that for all © € Q%(LN and for all p with
|| < d,(ko, N), equation (6.7) has a unique solution wg (1) in B[@,d].

Proof. The proof follows along the lines of the proof of Lemma 6.1, with some modifications.
We adopt the notations as introduced above.

According to (6.6) the building blocks of @ are N consecutive intersections of the line £; and
the spiral G,.

The key observation at the heart of the proof of Lemma 6.1 is that L(w, ) decouples. We have
|(D1 L(wyi41, wayi, O))_1| < Cpp-12kotN=1)(p2/®2)7 and hence

|(DIL(@,0)) '] < Cpp12kotN=Dle2/d2), (6.15)
Further we find
r%z[ixd] |DL(w, p)| < e2P2/927 (0 o= 2holp2/o2)m (6.16)
weB|w,

and

max Dir(w,pu) = 0(62}“0(/)2/<Z52)7r)7
weB[@,d]
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where r := (7;);ez.

Finally we stipulate

d := mi b 1
‘= min< — .
36y 2(62N(P2/¢2)”CD2LCDL*1 1)

and ]
d,(ko, N) := —2(ko+N—1)(p2/¢2)m
M( 05 ) R CDL71 e
The remainder of the proof is analogous to parts ¢) and d) of the proof of Lemma 6.1. [

Finally we define the sets S}LV stated in Theorem 2.3. To this end we proceed from a set €2y, v
under the terms of Lemma 6.2. According to that lemma, for any sequence w € 9%07 N We may
solve E(w, ) = 0 near (w,0) to find wg (). Note that moreover domwy(-) does not depend

on @ € O y. By 2g(p)(-) we denote the corresponding solution of (1.1), see also (3.7) and
(3.18),

26 (1)(0) = ¢ (1)(0) + vy (wa (1), 1)(0),
and define
8 = {ra(u)(0) : @ € OF, v},

6.1.2 Shift dynamics

The verification of topological conjugacy is mainly based on the continuous dependence of =
(see (3.1)) on sequences w in spaces of sequences equipped with the product topology. Those
ideas go back to similar considerations in [21, 34].

The actual proof follows lines of argument similar to those developed in [17].

We introduce a shift operator on Q%O N
¢t Dy — =T (T ) = (W +1)
© Sk N ko,N» %Y T, Tl T2i) = (W1i42, W2i+1)-

Now the system (2 y,¢) is a full shift on N symbols. For the further analysis let 2 5 =
{(wh,wh), k=1,..., N}? be equipped with the product topology.

There is a canonical one-to-one mapping
hy: QU v = SV, @ 26 (1)(0). (6.17)

Let U be a sufficiently small neighbourhood of the primary heteroclinic cycle. We denote the
first-return map on ¥; by II,. Then z € domlII, if there is a t* > 0 such that ¢Z (x) € ¥y,
(where {¢/,(-)} denotes the flow of (1.1)), and ¢! (z) € %1, ¢],(x) € U, for all t € (0,t*). We
claim that Siv C domII,, that Sff is II,, invariant, and moreover

M, 0 h, = hyoC. (6.18)
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The latter equation can be concluded from the uniqueness part of Theorem 3.2 and the con-
struction of wg as follows. We have

e (1)(0) = 2 (1) (2wra (1) + w21 (1)) = a1 (0) + 075 (w(p), 1)(0),
and hence
1,76 (1)(0) = 2o (1) 0)
This is just another representation of (6.18).

Equation (6.18) means that (S, II,,) is conjugated to (Q%OJV, ¢). So, in order to prove topo-
logical conjugacy, as claimed in Theorem 2.3, it remains to prove that h, is a homeomorphism.

Lemma 6.3. The mapping h,,, defined in (6.17), is a homeomorphism.

Proof. We consider h, as a composition of mappings
H: Qo = 0= {wo(p) 1 @ € Qp v}, @ wolp),
and
h:0 =8, wr g (1)(0)+ 0 (we(p), 1)(0),

First we show that §) is a homeomorphism, where both Q%O’ y and © are considered to be
equipped with the product topology. We start with showing that © is compact. Let p be small
enough that for any two (different) elements of €2, n the closed balls with radius p centred at
these elements do not intersect:

Bl(wi,ws), ] N Bl(w],w3), 0] = 0, (wi,w)), (0], w)) € Quyv, 17 ]
By construction 9 C (UfilB[(w{,wé),p])Z. Since UY | B[(w?,wi), p] is compact, the set of
sequences (U, Bl(w},ws), p])Z is also compact by the Tychonoff theorem, see [9].

So, in order to verify the compactness of O it remains to show that © is closed. The set
O however is the set of zeros of the mapping E(-, p) : (UY, B[(wi,wg),p])z — Ip3. By [26,
Lemma 3.4] this mapping is continuous, where the spaces are equipped with the product topol-
ogy. Altogether this proves that O is compact.

Consider now the one-to-one map

H O Q%O,N’
Obviously $~! is continuous. Due to the compactness of O also §) is continuous — hence § is
a homeomorphism.

Next we consider . Again by invoking [26, Lemma 3.4] or its proof respectively, we find that b
is continuous. (Again both O and Qfo’  should be equipped with the product topology.) Once
more the compactness of O gives that § is a homeomorphism.

All in all h, = ho$ is a homeomorphism and therefore (Sév ,11,,) is topologically conjugated to
the full shift on N symbols. [ ]

To complete the proof of the (RC) case we remark that the sets SL]LV satisfy the conditions of
the theorem.
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6.2 Proof of Theorem 2.3 — the eigenvalue case (CC)

This section deals with the case of two complex eigenvalues A} and A\j. We write

M) = pr(p) +igi(p),  As(n) = —palp) + iga(p),

where both, ¢;(u) and ¢o(u) are greater than zero.

6.2.1 Analysis of spirals

The leading order terms for the case (CC) are as follows, cf. Lemma 4.12 and (6.1):

M1 + 0116_2p1w1 sin(2¢1w1 + QOH) — 0216—2p2w2 sin(2¢2w2 -+ 3021)

2 + 0126—2p1w1 sin(2¢1w1 + @12) — 0226—2p2w2 sin(2¢2w2 -+ 3022)

L{wr,wa, 1) = ( ) . (6.19)

Further, the residual terms r;, cf. (6.1), take the form
Rui(w, )
i\wp) = ’ ;
i) = ( Rl
with R, ; in accordance with Lemma 4.12.

In this case L(w;,wq, ) = 0 can be interpreted in a geometric way as describing the set of
intersections of the two logarithmic spirals &4 (-, ) and Go(+, p):

p1 + cpe” 2t sin(2¢1t + ¢11) ) Golt, 1) = ( core 22t sin(2¢at + @o1) )
Mo + 0126_2p1t sin(2q51t + 3012) ’ 2\ B 0226_2p2t sin(2q52t + 3022)

Gt p) == (

Note that &;(-, i), are indeed spirals since ;1 — @2 # 0 (mod 7), j = 1,2, ¢f. Lemma 4.12.

We continue with analysing the solutions of equations L(wy,ws, ) = 0. For ease of notation in
this section, we drop the p-dependence of variables inside L = 0. Then the equation reads

e en sin(261w1 + pu) — e sin(aws o) | _ (6.20)
fiz + €72 erp SIn(2¢1w1 + P12) — 7292 0ap 8In (200w + Po2) |

The following Lemma defines a renormalisation of equations (6.20).

Lemma 6.4. There ezists an invertible change of coordinates such that equations (6.20) take
the form

+ e ¥ ginw —e 2205 sinw
( M1 1 21 2 | > _ 0 (6.21)

fo + 7P sin(wy + p12)  —e 2099 sin(we + o9

Proof. We define the variables

W = 2¢1w1 + ©11, ¢y = 6P1@11/¢>1011’ o = 602@21/(172621’
Wa = 2¢9wa + P21, Crp = eP1P1/ 91y Cag = €P2P21 /920y,
P12 = P12 — P11, D22 = P22 — Pau, p1 = p1/¢17
pa = p2/ P2,
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under which (6.20) becomes

M1+ €_ﬁ1w1 611 sin (2)1 —€_ﬁ2w2621 sin (2)2

o + 6_ﬁ1&)1 612 Sin((;)l + (,512) —6_ﬁ2®2622 Sin(djg + ()522)
Now divide the first equation by ¢; and the second equation by ¢é15. Defining éo = ¢éo1/¢11,
Cog = C9o/C1a, i1 = p1/¢11, fia = p2/é12 and dropping hats/bars provides equation (6.21).

Note that the new variables in equation (6.21) have the properties ja, 22 # 0 (mod 7) and
a1, Co2 # 0. [ |

Given the above change of variables, we define the spirals &4(¢, 1), Sa(t, 1) in the plane as
before:

o e Ptsint [ e "leysint
61(ta ,U) T ( Lo + e—plt Sil’l(t + 9012) ) 62(ta ,U) T 6_p2t022 Sil’l(t + 3022> . (622)

We consider the bifurcation equations in these new coordinates. We have

L(Wl,wg,/i) = 61((")17/“1’) - 62((*]27/“1’) (623)
with &;, i = 1,2, as given in (6.22).
We first consider solutions to the equation (6.21) where pu; = ps = 0, or in other words

L(wl, Wa, O) =0.

We distinguish between the cases where the ratio of p;/ps is irrational and where this ratio is
rational.

Irrational ratio p;/ps. Consider the two spirals, where we suppose without loss of generality
that Pr1 < P2

— p P1W1 Sin W1 — T Pp2w2 Co1 Sin W2 24
61((‘*)170) € ( sin(w1 4 9012) ) ) 62(w2a0) € < Co9 SiIl((A)g + @22) ) : (6 )

The following lemma is at the core of our analysis of intersections of the spirals &; and &,
with irrational ratio p;/ps.

Lemma 6.5. For firted N € N, there exists a sequence (0% (k),0%(k))ken, @ = 1,..., N, with
wi(k) <@i(k) <...<@Y(k), j=1,2, k €N, that has the following properties:
(1) &i(k),ws(k) — o0 ask —o0,i=1,...,N,
(ii) &1(wi(k),0) = Sy(wi(k),0),i=1,...,N, k€N,
(iii) There are positive constants Wi and W3, such that & (k) — @i (k) < W} and oY (k) —
SM(k) < W for all k € N,
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(v) The points (0i(k),@4(k)), k € N, i = 1,..., N correspond to transversal intersections
of the two spirals S1(w1,0) and Ga(we,0), and there exists a constant Oy > 0 that is
independent of k and i, such that the angle between the spiral tangents at each intersection
point is greater than 07y, .

To begin with, we need to prove some basic properties regarding the two spirals G; and G5 and
their tangencies. The following Lemma says that tangential intersections of the two spirals are
rare; in particular, there are at most two straight lines through the origin on which a tangential
intersection is possible.

Lemma 6.6. Let (wy,ws) be such that G1(wy,0) and So(ws,0) lie on a straight line that passes

through the origin in the (11,19)-plane. There are at most two such straight lines through the

origin for which the tangent vectors fgl and % are parallel.

Proof. Our approach is to consider the two spirals &;(wy,0) and S5(ws, 0) as solutions of the
linear differential equations

i 1 (wr) _ —p1 — cot Y19 CSC P12 Y1 (wr) (6.25)
dwy \ Y2(wr) —sin 12 — €Os P12 cOt P12 —p1 + cot P19 Pa(wr) '
and

d [ 1(ws) —p2 — cot Y2 L CSC (Pa2 Y1 (we)
— = . (6.26)
dwy \ Pa(wo) - E(SIH (P22 + COS Pa2 COL 2 —pa + COt P2 Vo (wa)
We use the same coordinate variables (¢, 1) for both ODEs as we wish to consider overlaying

the two ‘solutions’ &1 (w1, 0) and Sy(ws, 0).

To study tangencies of the two spirals &;(w;,0) and Gy(ws, 0) we can consider studying points
at which the two linear vectors fields (6.25) and (6.26) are collinear. In fact it is straightforward
to consider this problem for two general linear planar vector fields:

() < (e iy,
Sy = () ().

Assume that these two vector fields are not simply scalar multiples of each other. The above
two linear vector fields are collinear at the same points where the following two vector fields

are perpendicular:
) = (5 S (),
)

) = (=) (k)

Taking the standard inner product, these vector fields are perpendicular whenever the following
equality holds:

(crag — c2a1)Y} + (c1by + diag — coby — dyay )P1aby + (bady — daby)3 = 0.

=

[\

dw1 ( EZS
( )
)
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The above equation is simply describing a degenerate conic section, and has three possible
solution sets: either the single solution ¥; = 1y = 0, a set of solutions corresponding to a
straight line through the origin, or a set of solutions corresponding to a distinct pair of straight
lines intersecting at the origin. These cases correspond to whether the discriminant

(Clbg -+ d1a2 — Cgbl — d2a1)2 — 4(01@2 — Cgal)(bgdl — d2b1)

is negative, zero, or positive respectively. Therefore these are also the three possible cases for
where the vector fields (6.25) and (6.26) are tangent. Hence any tangencies between the two
spirals &1 (w1, 0) and Sy(ws, 0) can only occur on at most two straight lines intersecting at the
origin. [ |

Lemma 6.7. Let £ be any straight line through the origin in the (11, 1s)-plane. There is at
most one intersection between the two spirals &1(wy,0) and Sa(ws,0) along L.

Proof. The proof follows from the fact that the ratio p;/ps is irrational. Suppose we have two
intersection points of the spirals &, (wy, 0) and Sy(ws, 0) related to the pairs (w, w)) and (W, wh)
that lie on .Z, that is, &1 (w],0) = Ga(w),0), &1 (w,0) = Sy(wh,0) and &;(wi,0), S (wy,0) €
Z.

Given that, it follows from (6.24) that there are integers n; and ny such that wj = w{ + nym
and wh, = wl + nam. Note that ny and ny are either both even or are both odd.

Then, again using (6.24), we have

S1(h.0) = (~1) ™ BT (1)
— ( 1)(n1 mod 2) —p1n17r62(wé/’ 0)
— (_1)(n1 mod 2) (_1)(n2 mod 2)6—p1n17r6p2n27r62(wé’ 0)
e(pznz—ﬁml)WGl(wi’ 0)7
and so pans — ping = 0, which is a contradiction as p;/ps is irrational. [ |

Remark 6.8. Lemmas 6.6 and 6.7 together show that the two spirals S1(wy,0) and Sy(ws,0)
can have at most two tangential intersections in total, in the case that py/ps is irrational.

The following Lemma is useful in providing a lower bound for the angle between the spirals
S1(wq,0) and Go(ws, 0) at intersection points.

Lemma 6.9. Let (wy,ws) be such that &1(wy,0) and Gq(wq,0) lie on a straight line that
passes through the origin in the (11,19) plane. Let the constant M be defined by &1(wy,0) =
MGy(ws,0) and suppose M # 1, M > 0. Denote the angle in polar coordinates of &1(wy,0) by
01(w1) and Sy(ws, 0) by Oy(ws). Define 6 by 01(01) = 05(iy) = 0. Then there exists e > 0 such
that S1(w1,0) and Sy(wq, 0) do not have any intersections for |wy — Wy, jwe — Wa| < €.

Moreover, within the ranges |wi — @1, |wa — Wa| < € we may conclude that there exists a 6. > 0
such that the angles 0(wy) and O(ws) cover the interval [0 — 0.,0 + 6.]. That is,

min{\@(d)i o) — 0], |0 — €) — é\} >0, i=1,2. (6.27)
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Informally, the last statement says that there are no intersections with a polar coordinates
angle in the range [0 — 6., 6 + 6. that are close to (@y,ws).

Proof. This follows from the fact that the expression |S;(wy,0) — Ga(wo,0)] is a continuous
function of w; and we, and as it is nonzero at (wy, ws), there exists an € > 0 such that |&;(wq,0)—
So(ws, 0)] # 0 for |(wy,ws) — (W1,w9)] < €. Note also that since &1(wy,0) and Sy(ws,0) are
27-invariant up to a multiplicative constant, that e may be chosen independent of (wq,ws).

Since df /dw; and dfy/dws are nonzero for all wy, ws (see (6.24), or alternatively consider (6.25)
and (6.26)), we may choose . > 0 small enough so that (6.27) is satisfied. [

Remark 6.10. Note in Lemma 6.9 that the angle 0. depends only on the multiplicative constant
M. Also 6.(M) can be chosen so that 6.(M) — 0 monotonically as (M —1) — 0% or (M —1) —
0.

The following Lemma is a particular consequence of the ratio p;/ps being irrational.

Lemma 6.11. The set of values of M for which there exists a reparameterization of the spirals
given in (6.24) so that the equation &1(wy,0) = Sa(wa, 0) becomes &1 (wy,0) = MSy(ws,0) are
dense in RT.

Proof. Central to the proof is the fact that numbers of the form mgyps—myp; (where my, my € N)
are dense in the real line. This may easily be seen from the fact that numbers of the form

mlﬂ (mod 1), m; €N
P2
are dense in the unit interval (since p; /ps is irrational). Therefore numbers of the form mqy—m; %
(where both my, ms € N) are dense in the real line, and hence so are numbers of the form
Mmops — myip1. We may make mops — mqp; arbitrarily close to any real number, by choosing
appropriate my and msy (which, if necessary, have to be chosen sufficiently large).

Now consider the spirals &(wq,0) and Ga(ws, 0). These spirals are centred on the origin in the
plane. They also have the property that they are invariant under transformations w +— w—2n;m
(n; € N). Such a transformation has the effect of enlarging the spiral &;(w,0) by a factor of
e?rini™ which recovers the original spiral. Therefore the change of variables w; — w; — 2mm
and wy — wy — 2mym transforms the equation &;(wy,0) = Sy(ws, 0) into ™A1 7TS, (wy,0) =
e2m2P2 S, (wy, 0). As the numbers mopy — myp; are dense in the real line, e(Zmap2m=2mipi7) gre
dense in RT. [}

The following Corollary is immediate from the proof of Lemma 6.11.

Corollary 6.12. For any open interval I C R™, there exists a sequence (my(k), ma(k))ren with
my(k), ma(k) — 0o as k — oo such that e@mklpim=2mz(k)pam) ¢ T

The following Lemma provides suitable (wy,ws)-intervals in which to look for intersections of
the spirals &1(wy,0) and Ga(ws,0). Recall that we have assumed without loss of generality
that p; < pe.
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Lemma 6.13. Suppose p1 < po. For fited N € N, there exist integers ny > ... >mng >ny > 1
such that

e~ 2mimipr o 2L 5 p=2mnitl)pr S p=2m(ni—itlpr o N (6.28)

Proof. Let ny be the smallest integer such that

(n1 4+ 1)p1 < nipy.

Clearly n; > 1. Then we have nyp; > (ny — 1)ps. In this case (ny + 1)p; > (nq — 1)ps and so
there exists ny > ny such that ny is the smallest integer such that

(HQ + 1)p1 < (ng — 1)p2

Then we also have nyp; > (ny — 2)py. Continuing in this way we obtain integers ny > ... >
ny > ny > 1 such that (n; + 1)py < (n; — i+ 1)ps and n;p; > (n; — i)pe. Altogether this gives
the inequalities (6.28). [ |

Remark 6.14. Note that it is possible that n;.y = n; +1 for one or morei=1,...,N —1. In
that case e~ 2 (=02 — =2m(nitai=(I+1)p2 gpg e=2r(nimitllpz — =2m(nip=(H+D+Dr2 4y (6.28). In

the case that (N + 1)p; < p2, we have n; =i fori=1,...,N.

We now return to the proof of Lemma 6.5.

Proof of Lemma 6.5. From Lemma 6.6 we know that there are at most two straight lines
through the origin for which the tangent vectors of the spirals &;(wq,0) and GSy(wsq,0) are
parallel. Let us denote these lines [y and ;. (In the case of there being just one (resp. no) such
straight lines, {; (resp. l; and [y) may be chosen arbitrarily.)

Now let wi, w3 be such that there is My > 0 with

61(&)?,0) = MOGQ(W;,O). (629)

Using Lemma 6.13 and (6.29), we obtain for M sufficiently close to M, the inequalities:

|IMGy(wy +2(n; —i)m)| > |61 (w] + 2n,;m)|
> |61 (wy +2(n; + D)m)| > [MSa(ws + 2(n; —i + 1)7)| (6.30)
i=1,.. ..N

Now consider the spirals &;(wy,0) and MyGy(ws, 0) parameterised in the intervals

w1 € [wi + 2nm,wi + 2(n; + V7] == 1
wy € [wi +2(n; —i)m,wi +2(n; — i + 1)7) == L

fori=1,..., N. As mentioned in Lemma 6.13 it is possible that some or all of the intervals I%
are the same, in the case that n;.1 = n; + 1 (for some or all of i = 1,..., N — 1). However the
intervals I} are all different.
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We may consider these i pairs of segments of &1(wy,0) and MyGSs(wq,0) (parameterised by
Ii and I?) represented in polar coordinates. Note that all of the points in the inequalities
(6.30) have the same angle (modulo 27), and that all the intervals I}, I{ cover an angle of 27.
As the spirals are continuous functions of w; and wy respectively, we may conclude from the
Intermediate Value Theorem and (6.30) that there exist intersection points (@0}, &4) € I} x I}
for each 7. Note that these are necessarily distinct intersection points.

Now it is clear that there exists a constant M, > 1, with |M,. — 1] sufficiently close to zero,
such that for M € [My/M,, MyM,] the inequalities (6.30) still hold and hence &;(wy,0) and
MGy (ws, 0) have intersection points (w}(M),ws(M)) € I} x I} for M € [My/M., MyM,], i =
1,...,N. It is possible however that there may be finitely many isolated values of M in
the interval [My/M., MyM,] for which the intersection points lie on [y or l;—in this case we
may choose a subinterval I C [My/M., MyM,] such that the spirals have intersection points
(WH(M),D5(M)), where no intersection point lies on [y or Iy for M € Mo,

Now, further shrinking I if necessary we may apply Lemma 6.9 to show that there exists
an open interval I™° such that for M € IMo, the spirals &;(wy,0) and M&y(ws,0) have
intersection points (0} (M), @04(M)) ,i=1,..., N, with

2(ny — g + D)7
2(ny —ng — N+ 2)m

IA A

and whose angle in polar coordinates is bounded away from [y and [; by some fixed angle 6.
From (6.25) and (6.26) it is clear that this is equivalent to the statement that there exists a fixed
angle 6* such that the angle between the spiral tangents is greater than #* at the intersection
points.

Thus we have found a set of N intersection points of the two spirals &;(wq,0) and M&Ss(ws, 0)
with the desired properties as given in Lemma 6.5, for each M in an open interval I™ C R*.
By Corollary 6.12, we can find a sequence (my(k), ms(k))ren with mq(k), ma(k) — 0o as k — oo
with the property that e(?m1(k)prn=2ma(k)pzm) Mo,

Therefore the sequence (&} (e®mkpim=2ma(k)pam)) g1 (eCmu(k)pir=2ma(R)p2m))), o (7 = 1,..., N)

are solutions to the equation
Sy (wy,0) = €(2m1(k)plﬂ—2m2(k)pzﬂ)62(w2’ 0).
and so the sequence (W!(k),w5(k))ren defined by
(2);(]{3) — aj;"(6(2m1(k)017r—2m2(k)/’2ﬂ)) + 2mj<k>777 ,] = 1’ 27 ke N,’L = 17 cey N (631)

are solutions to the equation
61((")17 0) = 62(&]2, 0)

that satisfy the requirements of the Lemma. [ ]

Using the notations introduced in the foregoing proof we define

M, = e(2ma(k)prm—2ma (k)pam)
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With that we find
P2
k) = —mqy(k
my (k) p1m2( )+ 2
Note that My € IM0 where [I*0| is small.

In those terms the issue of Lemma 6.5 is:
Corollary 6.15. There exist sequences (My,) and (m;(k)), j = 1,2 with My, € I and m;(k) —
0o as k — 0o in each case such that

L(&4(k), @5(K),0) = L(&(My) + 2my (k)m, @5 (My,) + 2ma(k)r, 0) = 0, i=1,...,N.

Moreover, there exist constants Cpp—1 and Cpzy, such that

(i) |(D1L(&i(k),@i(k),0))71] < CDL,le@pzmz(k)7r+%(mW1(N)+psz(N)));
(i) |DIL(@}(k), @i(k),0)| < Cpepe22m2tkim,

Proof. The first part of the statement follows immediately by the above considerations. So we
confine ourselves to prove the estimates (i) and (ii).

To verify (i) we consider Dy L(w!(k),0%(k),0) as a matrix. By means of the determinant det A
and the adjugate matrix adj (A) the inverse of a matrix A can be written as
.
det A
According to the stipulation of L, cf. (6.23), we find

| det Dy L(@j (k), &5 (k), 0)] = |&1(&1(k), 0)] - [Sa(@5(K), 0)] - | sin <(&1(1(k), 0), Sa(@5(k), 0))],

where &; denotes the derivative with respect to w;. In order to determine |G; (Wi(K),0)] we
exploit (6.25) or (6.26), respectively. Taking also (6.24), (6.31) and Lemma 6.5(iii) into consid-
eration we find constants C; such that

|6](@;(k‘), 0)| > Cje—pj(2mj(k)ﬂ+Wj(N)).

adj (A).

By Lemma 6.5(iv) we find
[sin <(&1(@4 (), 0), &x(&(k), 0))] > sin b
Further, we write
adj (D1 L(@} (k), wy(k),0)) = e~ =707 L,
Because of (6.32) the norm of Ly can be estimated (to above) independently of k.

Combining the estimates regarding the determinant and the adjugate of Dy L(w(k),wi(k),0),
and exploiting in the course of this again (6.32) we infer the estimate (i).

Next we verify estimate (ii). To this end we exploit that D?L can be reduced to a 2 X 2-matrix
£ consisting of the columns &; (@i(k),0). Again exploiting (6.25) and (6.26) the matrix £ can
be written as £ = e~22m2(k)7 & Pinally, the norm of £ can be estimated by a constant which
does not depend on k£ and N. [

It is clear that under perturbation of u, (6.21) retains only finitely many transversal inter-
sections, but this number of transversal intersections may be arbitrarily large by taking p
sufficiently close to zero.
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Rational ratio p;/ps;. Next we consider the case where p;/ps is rational. The following
lemma states that in this case , the spirals &;(wy,0) and Gy(ws, 0) are together self-similar.

Lemma 6.16. Assume that that py = ps = 0 and py/ps is rational, p1/ps = p/q, with p,q € N
(recall py, pa > 0). Then equation (6.21) is periodic in (wy,ws).

Proof. Under the transformations

w1 — w1+ 2qm
we — wo+ 2pm

equation (6.21) becomes

e 2P1aT o= P11 i (g —eT2P2PTemP2W2 0o, Sin Wy
SEL (6.33)

eT2PIT TP Gin (W + 1)  —e 2P2PTeT P22 o, sin(wy + (oo

Multiplying through both equations by €?*'9" and using p;q — pap = 0 recovers the original
equations (6.21). [

Corollary 6.17. Assume that that 1y = pe = 0 and pi/ps is rational, p1/ps = p/q, with
p,q € N. If L(w},ws,0) = 0 then, for all k € N also L(w; + 2kpm,w) + 2kqm,0) = 0. Further
e 2koram D) L(wi, wi,0) = Dy L(w} + 2kpm, wi + 2kqm, 0).

Proof. Recall that the two spirals &; and &; intersect if (6.21) is satisfied. Plugging in the
values w} + 2kpm and wi + 2kqm in (6.21) yields (6.33). Now, following the arguments in the
proof of Lemma 6.16 gives the statement. [ ]

Let H be the (topological) space of two parameter vector fields containing a heteroclinic cycle
under the assumptions stated above for f(-,0), and let this space be endowed with the C!
topology.

Lemma 6.18. Consider the system (1.1) under the assumptions (H1)-(H5). Assume the
eigenvalue case (CC). There ezists an open and dense set D C H, such that for each f(-,0) € D,
equation (6.20) has an infinite number of non-degenerate solutions, or equivalently the spirals
S1(w1,0) and Gy(we,0) have an infinite number of transversal intersections.

Proof. First we note that since H is endowed with the C* topology, the constants in equation
(6.20) varies continuously in this topology, meaning that they depend continuously on the
vector field. Therefore Lemma 6.5 implies that there is a dense set D C H such that equation
(6.20) has an infinite number of transversal intersections.

We now consider a vector field f in D, and take a small neighbourhood B(f;€) around it.
It is clear that if € is sufficiently small, the constants in (6.20) undergo an arbitrarily small
perturbation, and at least one transversal intersection of &;(wy,0) and Gy(ws, 0) persists. By
Lemma 6.5, for every point in B(f;€) where p;/py is irrational, there exist infinitely many
transversal intersections. Also, since there is as least one transversal intersection at every point
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in B(f;€), we may use Lemma 6.16 to show that where p;/ps is rational, there must also be
infinitely many transversal intersections.

This provides an open and dense set in ‘H where equation (6.20) has infinitely many non-
degenerate solutions, and completes the Lemma. [ ]

Remark 6.19. For each f(-,pn) € D, p # 0, equation (6.20) has only a finite number of
non-degenerate solutions, or equivalently the spirals S1(wq, 1) and So(ws, i) have only a finite
number of transversal intersections.

6.2.2 Nonwandering dynamics

Again we distinguish the two cases where the ratio p;/ps is irrational or rational, respectively.

Irrational ratio p;/ps. As the counterparts of (6.5) and (6.6) we define
Q= {(@L(k),04(K)), k> ko, i=1,...,N}

and ' '
Qo v = {(01(ko),w5(ko)), i=1,...,N}.

The estimates given in Corollary 6.15 enable corresponding counterparts to (6.15) and (6.16).
This finally makes it possible to apply an equivalent to Lemma 6.2 to detect solutions which
correspond to sequences of Q%O, ~- The verification of shift dynamics is analogous to the con-
siderations in Section 6.1.2.

Rational ratio p;/ps. Next we deal with the case where the ratio p;/ps is rational. Let
L(wi,ws,0) = 0 with nonsingular Jacobian, cf. Lemma 6.18. Then we employ Corollary 6.17
to find as the counterpart of (6.4)

(k) = wi + 2kpm,  @a(k) = wi + 2kqm, (6.34)
Starting from that we define formally in the same way as we did in (6.5) and (6.6)
Qi = {(@W1(k), w2(F)), k= Ko}

and '
Qpon = {(01(k),05(k)), k=ko,...,ko+ N —1}.

From that point on we proceed as above — along the lines of the proof of Lemma 6.1, Lemma 6.2
and Section 6.1.2. Note that the counterparts to (6.15) and (6.16) follow easily from (6.34).
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6.3 Proof of Lemma 2.4

Similarly as in the proof of shift dynamics we distinguish the cases (RC) and (CC). Here we
perform the proof for the eigenvalue case (RC). Afterwards we comment briefly on the necessary
adjustments one has to make in the eigenvalue case (CC).

A [-(2,1) heteroclinic connection may be considered as part of a heteroclinic cycle, together
with a 1-(1,2) heteroclinic orbit. In terms of the w-sequence, this corresponds to a [-periodic
sequence with wy; = we; = o0o. In order to set up the bifurcation equation (6.1) for those
orbits explicitly we define (adapted to the formal setting wy ; = wy; = 00)

p + cpe” e ) Ly(wa, pt) = ( pa —Care” 222 sin(2¢aws + 1)
2 P 2 —Cape” P22 sin(2¢9ws + ©a2)

Ly(wi, 1) = ( ) . (6.35)

Further we recall the notations which we introduced in Section 6.1.1. With (6.2) and (6.3) the
bifurcation equation for I-(2,1) heteroclinic orbits is as follows.

Ei(w, p) = Ly(wi, p) + 11 (w, 1) =0,
Si(w,p) = L(wiis1, was, pt) +ri(w,p) =0, i=2,...,1—-1,
El(wv M) = Ll(w%lu’) + 7’[((-0, M) =0.

We begin by considering the truncated form of equations =Z;(w, 1) = 0 and = (w, p) = 0:

L1 (MLQ, ,u) = 0, Ll((A)Q’k, /J,) =0. (636)

Solutions of (6.36) are related to intersections of the line £ (¢, 0) and the spiral —Gs(t, 0) which
we discussed in Section 6.1.1 as follows: Similar to (6.4) we get

~ k‘ .
Y

@Q(k’) = C:J; + Z—W and (;Jl(k’)
2

as solutions of L (w,0) = Lj(ws,0). Further we assign p-values
k) = — Ly (@x(K),0).

Now we solve (6.36) near (w(k),ws(k), 1(k)) by means of the Banach fixed point theorem
(note that the “constants” appearing in this equation may depend on p) and get a solution
~ O (e=2k(p2/¢2)m
ji(k) = ( ( 0 ) ) :

Next we choose m(k) such that
(k)| < du(m(k)) = Cem?mBe/oam,

where the constant d,, was defined in (6.12); C' is an appropriate constant in accordance with
(6.12). Therefore we might choose
m(k) =k+m
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with an appropriate m € N.

With that we consider
L(wr,ws, fi(k)) =0, (6.37)

near wy(k + m),ws(k + m). Similar considerations as made in Section 6.1.1 yield solutions
(W1 (k +m),0a(k +m), i(k)) of (6.37). Hence, the quantities

(.22172(]{3) = le(k), &JQJ(]{:) = (.:JQ(]{?), (.22172'_,_1(/{5) = (.:Jl(k‘ + m), @277,(]{:) = @2(]{3 + rh),
i=2,...,0—1, and p= (k)

solve the truncated bifurcation equation

Ly(wi2, 1) =0,
L(wy g1, woip) =0, i=2,...,01—1,
Li(wa,, pt) = 0.
With
@(k) = (@ri(k), ©25(k)) ;e
and

L(w, 1) = (L1 (w2, 1), L(wi,3, w2, 1), - - .y L{w g, wo g—1, 1), Li(wa i, 1)),

we rewrite the (full) bifurcation equation as the fixed point equation

(@, 1) = (@, 1) — [DL(@(k), i(k)))] ™ E(w, p). (6.35)
The further procedure runs parallel to the one in the proof of Lemma 6.2. In doing so we rely
on the following estimates
| [DL(@(k), (k)] | < C_qe2tmez/z)

max |D?L(w, p)| < Coe=2klr2/¢2)m,
(w,p)eB[&(k),d]x Blf(k),dmu (k)]

where C'_; and Cy are appropriate constants.

Hence there is a k(l) such that for each k& > k(I) the full bifurcation equation has a solution
(w(k), u(k)) near (&(k), i(k)). Note that in particular the quantities u(k)) depends also on [
(which is dropped in our notation). With that we find

Tii=A{pk), k> k({)}.

In the eigenvalue case (CC) essentially we proceed as in the (RC) case. However, now L; has
the same structure as L;, cf. (6.19) and (6.35). The quantities @;(k), 7 = 1,2 have to be
replaced by @;(/f), j=1,2,i=1,...,N, cf. Lemma 6.5 and Section 6.2.2. For the residual the
comments given in Section 6.2.2 apply.
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6.4 Proof of Lemma 2.5
6.4.1 [-(1,2) heteroclinic orbits

We now search for [-(1,2) heteroclinic orbits, for [ > 2. For that we consider the concatenation
of a [-(1,2) heteroclinic orbit with I'y, which corresponds to a Il-periodic Lin orbit with a [-
periodic sequence w with wy; = wy; = co. Since we are only interested in solving for [-(1,2)
heteroclinic orbits, we do not need to solve the equation =;(w, u) = £*(u) = 0, which is only
related to I';.

The bifurcation equations to be solved are then as follows:
Ei(w, 1) = L(wy i1, wo, ) +1i(w, ) =0, i=1,...,1—1

Here, the leading order term L is defined by (6.2) in the eigenvalue case (RC), while in the
eigenvalue case (CC) L is defined by (6.19) or (6.23), respectively. The residual terms r; have
to be chosen correspondingly.

Again we begin by considering the equation
L((wl, wg), 0) = 0.

As in Sections 6.1.1 or 6.2.2 respectively, we find solutions (@ (k),w2(k)) (or (wf(k),ws(k)),
respectively), k € N. Now we define @(k) by

(@141, w20) = (W1 (k), w2(k)), i=1,...,1—1.

The main observation is that the corresponding L(@, 0) consists of copies of L(w;(k),ws(k),0).
This allows us to solve the full bifurcation equation Z(w, ) = 0 in the same manner as in
Section 6.1.1 - which works in this context also for the eigenvalue case (CC).

6.4.2 Homoclinic orbits

Here we consider only [-homoclinic orbits to pi, since the proof is similar for homoclinic orbits
to pe. Such a homoclinic orbit corresponds to a [l-periodic w sequence with w;; = co. The
bifurcation equations then read as follows:

Eilw, 1) = L(wiit1,wo, p) +rilw,p) =0, i=1,...,1—1,
(6.39)
El(wv M) = Ll((’u?,lv:u) + Tl(wnu) = 0.
Here, the leading order term L is defined by (6.2) in the eigenvalue case (RC), while in the
eigenvalue case (CC) L is defined by (6.19) or (6.23), respectively, and L; is defined as in (6.35)
if A\j is complex or it takes a corresponding form as Ly in (6.35) if Aj is real (of course the ¢y,
A} and w; have to be replaced accordingly).

The first equation in (6.39) does not apply if [ = 1, i.e. if we search for 1-homoclinic orbits to
p1- In this case the remaining second equation in (6.39) only depends on wy and p, and can
easily be solved for © = p(wy). This represents the stated spiral (if \§ is complex) or line (if \§
is real).
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From now on we assume that [ > 1. First we solve L;(wqy, t) = 0 for p = ji(wy,). Note that
tends to zero as wy; — o0.

Next we consider L(w;,ws,0) = 0. In accordance with our considerations in Section 6.1.1
(eigenvalue case (RC)) or Section 6.2.2 (eigenvalue case (CC)), respectively, we find infinitely
many solutions (w;(k),w2(k)), k € N. With arguments given in the addressed sections it is
clear that these solutions can be continued for sufficiently small p.

Now fix k € N, and take wy; large enough such that L(w;, wa, p(we;)) = 0 has near (0 (k), w2(k))
a solution (wWy(way; k), Wa(ways k)):

L&y (wous k), Wa(way; k), fr(way)) = 0.

Set (W1 i41(k), wei(k)) == (W1 (way; k), Wa(ways k), i =1,...,1—1, and Wy := wy;. As in Section
6.3 we rewrite (6.39) as a fixed point equation as in (6.38):

(w, 1) = (w, ) = [DL(@(k), ilwza))] ™ Elw, ).

This equation can be solved for (wy 41, ws,;)(way) and p = fi(wey; k), where wy; can be taken
from an interval (a(k), c0), for some appropriate a(k).

The curves El}ﬁm as stated in Lemma 2.5 are given by p = fi(way; k).
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