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On bifurcations of a homoclinic "figure eight" of a 
multi-dimensional saddle 

D.V. Turaev 

We consider a two-parameter family of C 3-smooth dynamical systems X Il on an (m + k)-dimensionai 
(m ;;. 2, k ;;. 2) C3-smooth manifold that depend smoothly on Il = (Ill' 1l2)' It will be assumed that 
X il has a saddle equilibrium state 0, and the roots Aj(ll) and 'Yj(ll) of the characteristic equation at 0 
satisfy the relations 

(2 ..;;: i -< m, 2 -< j -< k) 

and Al (Il) + 'YI (Il) > O. The following assumptions are made for Il = 0: 1) H1, and W~ intersect in 
two trajectories rl and r2 that are homo clinic to 0; 2) rl and r2 do not lie in the non-leading 
submanifolds of the manifolds W~ and W~ and are tangent to each other both as t - + 00 and as 
t -+ -00; 3) the separatrix quantities A 1 and A2 (see [1), [4)) are non-zero. Assume that the family 
X il is transversal to the membrane of codimension two singled out by the conditions 1)-3). We 
choose the parameters in such a way that, for Ili = 0 (i = 1, 2), X Ilhas a trajectory homoclinic to 0 
that is homotopic to rj in a small neighbourhood Vof the contour rl U r2 U 0, and a cycle [1) is 
created upon passing into the domain Ilj < O. 

On the (Ill' 1l2)-plane there are curves L 1 : III = hI (1l2) and L2 : 112 = h 2(IlI), 

dll· 
L j C {PiAj > 0, ~13-i < OJ, lim hi = lim ~=O, that, together with the 

1l3_i-O 1l3_i- O /-Ia-. 

coordinate axes, separate the plane into six domains: 20 = {/-II> 0, P2 > OJ. 

21 = {fl2 < 0, A lhl (fl2) > Al~tl > OJ, 

22 = htl < 0, A 2h2(/-Il) > A2fl2 > OJ, 

The set nil of trajectories of the system X il that lie entirely in V consists of: the single point 0 in 
the domain 2 0 ; the point 0, a saddle cycle homotopiC to rl' anda heteroclinic trajectory with 0 as 
w-limit and a cycle as a-limit in the domain .23 ; the point 0, a saddle cycle homotopic to r2, and a 
heteroclinic trajectory in the domain 24; the point 0, a set B on which'XIl is equivalent to a 
suspension over the Bernoulli scheme of two symbols, and trajectories with trajectories in B as a-limits 
and 0 as w-limit in the domain 2 5 , In the case when AI> 0 and A2 > 0 the bifurcation set in the 
domains $1 and 22 has a Cantor structure. In the cases when Al < 0 and A2 > 0 and when Al < 0 
and A 2 < 0, the bifurcation set contains a Cantor pencil of curves separating the domains 21 and :tJ 2 

into countably many domains, of which each contains a countable set of isolated bifurcation curves. 
For a complete description of the passage from the domains 23 and .214 to the domain 25 we need 
some definitions. 

We denote by Sa' st, and S; the sets of two-sided infinite, right-side infinite, and left-side infinite 
sequences of symbols in the alphabet a (a = {1, 2} or a = {O, 1, 2}). Following [3), we define 
three order relations >1' >2, and >3 on Sto, 1, 2) according to the rule: if x = {x;}t=~ E Sto. 1, 2)' 

Y = {ydi!::'O E S'{o, 1,2)' xi = Yi for i < j, and Yj > Xj for some j (let 2 > 0> 1), then 1) Y >1 x; 

2) if in addition the word {Xi }{;:a contains an even number of 1 's, then Y >2 x, otherwise x >2 y; 

3) if in addition to the first assumptions j is even, then Y >3 x, otherwise x >3 y. A sequence 

x = {xd E Sa (or st) is said to be (s, I)-admissible (where s E Sio, 1.2) and 1 E {i, 2, 3» if, for 

any j, {xdt=l = 00),0) or s ~l {xdt=l when s begins with a 2 and Xj = 2, or {Xi }t=j~l swhen s 

(I)By pW (p-w) we mean the right- (left-) infinite sequence consisting of the blocks p. 
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begins with a 1 and xi = 1. A sequence s E Sio, 1, 2)' s *- Ow, is said to be l-se1fadmissible if it is 

(s, I)-admissible. Suppose that s E Sio, 1,21 is I-selfadmissible. A kneading* system K(s, I) is defined 

to be a set, equipped with a shift mapping, that consists of sequences x such that x is an 
(s, I)-admissible sequence in S{" 2)' or x = yOW with II E 5{1, 2) and ys an (s, I)-admissible sequence, 

l '-<') . h h E S+ or .'1; =, S In t e case w en .~ - \ 1, ~ I • 

Theorem. For each IJ. in the domains .;-!\ and .z:; 2 there is an I·selfadmissible Sf' E Si ,I, I, 2) such that 

X f• II~IA is topologically equivalent to a suspension(2) over K(slJ.' I) (I = 1 for A I > 0 and A2 > 0, 

1= 2 for Al < 0 and A2 > 0, and 1= 3 for Al < 0 and A2 < 0). 

As IJ.I (1J.2) varies in the domain :VI (2J 2) for each fixed 1J.2 (IJ.I), slJ. varies monotonically and runs 
through alll-selfadmissible values that begin with 1 (2). For each I·selfadmissible sequence pOw the 
set of IJ. such that slJ. = pOw forms a domain 2J. As follows from (3 J, K(pOW, I) is topologically 
conjugate to a topological Markov chain with finitely many states. For each I-selfadmissible q *- pOw 
the set of IJ. such that slJ. = q forms a curve of the form 1J.2 = h(IJ.I) or IJ.I = h(1J.2), where 

dh 
lim Ii = lim -- = O. 
f1i-O "i- O dfli 
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*The translator and editor are uncertain about this word. 

(2)The saddle 0 corre~ponds to the trajectory O-wOw in the suspension (see [2] for suspensions that 
include equilibrium states). 


