
Y.lI:K 531.01 + 517.9 

L. P. SHILNIKOV, D. V. TURAEV 
Department of Differential Equations 
Institute for Applied Mathematics & Cybernetics 
10, Ulyanov Str., Nizhny Novgorod, 603005, Russia 
E-mail: shilnikov@focus.nnov.ru 

SUPER-HOMOCLINIC ORBITS AND MULTI-PULSE 
HOMOCLINIC LOOPS IN HAMILTONIAN SYSTEMS 
WITH DISCRETE SYMMETRIES 

Received November 24, 1997 

4D-Hamiltonian systems with discrete symmetries are studied. The symmetries under consideration are such that the 
systems possess two invariant sub-planes which intersect each other transversally at an equilibrium state. The equilibrium 
state is supposed to be of saddle type; moreover, in each invariant sub-plane there are two homoclinic loops to the 
saddle. We establish the existence of stable and unstable invariant manifolds for the bouquet composed of four homoclinic 
trajectories at the Hamiltonian level corresponding to the saddle. These manifolds may intersect transversely along an orbit 
that we will call super-homoclinic orbit. We prove that the existence of a super-homoclinic orbit implies the existence of a 
countable set of multi-pulse homoclinic trajectories to the saddle. 

I. Introduction 

Dedicated to V. Arnold 
on his 60-th birthday 

The finding and classification of the soliton-like states of non-integrable equations is one of the impor­
tant problems of the physics of non-linear phenomena. In many cases the problem reduces to the study of non­
integrable conservative (Hamiltonian, in particular) dynamical systems with at least two degrees of freedom: 
the self-localized states appear as homoclinic loops of zero hyperbolic equilibrium of the dynamical system. 

The present paper deals with a particular problem of description of infinite series of self-localized 
solutions. It is well known that in many cases there exist series of complex solitons obtained by concatenation 
of some single pulses. In the context of Hamiltonian dynamical system this phenomenon is modelled by 
the existence of an infinite series of multi-round homoclinic solutions in a small neighborhood of a few 
simple homoclinic loops. The corresponding result is well-known for the case where the zero equilibrium 
state is a saddle-focus [I, 2, 3, 4J. At the same time [5J, generically there can not be mUlti-pulse homoclinic 
loops in a sufficiently small neighborhood of any given finite number of single-pulse homoclinic loops if the 
equilibrium state is a saddle (the leading characteristic exponents are real). Roughly speaking, the solitons 
with monotonically decreasing tales can not, in general, be concatenated to a complex soliton solution . ... 

Nevertheless, the multi-pulse solutions with monotonic tales are seen in many applications. An ad-
equate structure which describes the generic creation of such solutions was proposed in [5J where we 
established the existence of an infinite series of mUlti-pulse homoclinic loops near a homoclinic cycle 
involving a saddle, a periodic orbit and a pair of homoclinic ones. 
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In this paper we investigate another scenario of appearance of multi-pulse homoclinic loops to a 
saddle. Instead of generic Hamiltonian systems, we consider the case where the system is invariant with 
respect to a number of discrete symmetries. In these circumstances we introduce a new object for the theory 
of dynamical systems - an orbit which is homoclinic to a set of homoclinic loops. 

Namely, we give conditions (theorem 1) under which a symmetric bunch composed of four homoclinic 
loops to a saddle equilibrium of a two degrees of freedom Hamiltonian system has smooth invariant stable 
and unstable manifolds (the orbits in these manifolds tend to the homoclinic loops as t -+ +00 or as 
t -+ -00, never approaching finaUy the saddle). These invariant manifolds are two-dimensional and belong 
to the three-dimensional zero energy level. Thus, they may intersect in this level transversely along the orbit 
which is homoclinic to the primary bunch of the homoclinic loops (Fig. 1). 

We call such an orbit super-homoclinic. It is not 
a homoclinic loop itself, but its presence implies the 
existence of a large number of multi-pulse homoclinic 
loops with a complicated structure described in theo­
rem 4. Though, in our particular example, we impose 
many symmetries on the system which allow for the 
existence of the homoclinic bunch having stable and 
unstable manifolds, the established connection between 
the super-homoclinic orbits and the creation of infinite 
series of homoclinic loops seems to be quite general 
phenomenon. 

Note that the object studied here was originally 
seen [6] in a system describing a plane high-frequency 
electro-magnetic field in non-linear non-dissipative me­
dia, the detection of a super-homoclinic orbit was based 
upon an analysis of the structure of a numerically ob­
tained series of self-localized states (a good correspon­
dence with the case f31(h > O,f3lJI < O,a > 0 of 
theorem 2 was found). 

FIG. I. A super-homoclinic orbit g: an orbit which is 
homoclinic to the bunch of four homoclinic loops f iu 

of a hyperbolic equilibrium 0 

2. The saddle bunch of homoclinic loops 

Consider a four-dimensional dynamical system 

x = X(x) 

with a smooth first integral H, i. e. 

H'(x)X(x) == o. (I) 

A Hamiltonian system with two degrees of freedom is a natural example but the symplectic structure is not 
important for our purposes. 

Let X have a hyperbolic (i. e. not having pure imaginary characteristic exponents) eqUilibrium state 
o at the origin. By (I) 

H' (O)X' (0) = 0 

so, since X' (0) is non-degenerate by assumption, the linear part of H at 0 vanishes. Assume that the 
quadratic part of H at 0 is a non-degenerate quadratic form. One can compute that this non-degeneracy 
assumption implies that the system may be written near 0 as follows 

. A . AT u=- u+ ... , v= v+ ... (2) 
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where U E R2, V E R2, the dots stand for nonlinearities and A is a matrix with positive eigenvalues. 
Moreover, the first integral takes the form 

H = (v,Au) + ... (3) 

where the dots stand for the third and higher order terms. 
Assume that the system is invariant with respect to the symmetries 

(4) 

In particular, there exist two invariant planes: (UI = 0, VI = 0) and (U2 = 0, V2 = 0). 
The matrix A is therefore diagonal and we assume that its eigenvalues are equal. This appears 

naturally if, for example, the system is reversible (with respect to t +--+ -t, (Uh U2) +--+ (V2, vd). By scaling 

time in (2), the matrix A is defined modulo an arbitrary scalar factor, therefore we assume that A = ( ~ ~ ) 
from now on. 

The equilibrium state 0 is a saddle with two-dimensional stable and unstable manifolds Wo and Wo 
which are tangent at 0 to the u-plane and v-plane respectively. Both the invariant manifolds lie in the 
three-dimensional level {H = O} and they may intersect transversely in that level, producing a number of 
homoclinic loops. We consider a specific case where in each of the invariant planes (UI = 0, VI = 0) and 
(U2 = 0, V2 = 0) there is a pair of homoclinic orbits of transverse intersection of Wo and Wo. 

Note that these four loops always exist if the level {H = O} is compact (the system on an invariant 
plane is two-dimensional hence the compact zero level of the first integral must be a homoclinic figure-eight). 
The transversality is a genericity assumption. 

Denote the homoclinic loops in (UI = 0, VI = 0) as rl+ and r l _ and the loops in (U2 = 0, V2 = 0) 
as r 2+ and r 2- • Let r i+ leave 0 towards positive Vi and return to 0 from the side of positive Ui' 

Correspondingly, the loops r i - lie to the negative side. This convention may require inversion of signs of 
some of the variables Ui and Vi which does not change the form of system (2) (recall that A is the identity 
matrix) but the first integral (3) may change. 

We have 
(5) 

where a must be -I by (3) but when the signs of some of the coordinates change, a may become equal to I. 
In any case 

lal = 1. 

The dots in (5) stand for higher order terms which are invariant with respect to the symmetries (4). In 
particular, there are no odd-order terms in H. 

Let us put the system near 0 in the normal form up to the third order terms (the second order terms 
vanish due to the symmetry). The result is 

(6) 

where the dots stand for the fifth and higher order terms. The system (6) contains the resonant third order 
monomials agreed with the symmetries (4); relations between the coefficients are due to the conservation of 
the first integral (5). 

128 

THEOREM 1. If f31 i- 0, f32 i- 0, then the homoclinic bunch B = rl+ U r l _ U r2+ U r 2- has 
two-dimensional smooth invariant stable and unstable manifolds W'(B) and WU(B) which are tangent 

REGUlAR A. ~D CHAOTIC DYXUUCS, V. 2, ~ 3/4, 1997 



SUPER-HOMOCU~IC ORBITS A. ... D )tULTI-PULSE HO)tOCU~IC LOOPS I~ 1l0ULTO~L\.'" SYSTE.\IS WITH DISCRETE Snmt.l'RIES ~ 

at each point of B to Wo and Wo respectively. The orbits from WS(B) tend fo B as t ---* +00 and the 
orbitsfrom WU(B) tend to B as t ---* -00. All the other orbits leave a small neighborhood of B both as 
t ---* +00 and t ---* -00. 

The manifolds WB\B and W~ \B consist of a number of connected components. On each of the 
components the orbits approach some periodic sequence of the homoclinic loops from B. The corresponding 
sequence of symbols riO' which forms the least period will be called the coding of the component. The 
number of the components and their codings depend on the signs of f31 and f32 and on the signs of the angles 
between Wo and Wo at the points of the homoclinic loops riO" 

Namely, take two small two-dimensional cross-sections to the loop r 1+: ITu = {VI = 6} n {H = O} 
and ITs = {UI = 6} n {H = O} where 6 is some small positive number. Since r l+ is an intersection of 
Wo and Wo, the orbits close to rl+ define the Poincare map T I+ from ITu to ITs. By (5) the coordinates 
on ITu,s are (U2, V2) (the values of UI or VI are found from the condition H = 0). We locally straighten 
the manifolds Wo and Wo, thus the intersection line WO,IOC n ITs is {V2 = O} and the intersection line 
WO,loc n ITu is {U2 = O}. By assumption, the image TI+ (WO,IOC n ITS) intersects WO,IOC n ITu transversely at 
the point (U2 = 0, V2 = 0) = r 1+ n ITs. We define the sign (JI of the angle between these two curves in the 
following way: if the positive (corresponding to V2 > 0) part of {U2 = 0 lou is mapped to the region V2 > 0 
on ITs, then (JI = I, and (JI = -1 otherwise. Analogously, the map TH near the loop r H defines the sign (J2' 
The loops r i- are symmetric to r i+, therefore the corresponding maps 1i- do not carry a new information. 

THEOREM 2. a) If (J2f31 > 0, (Jlf32 > 0, then WU(B)\B consists of four connected components with the 
codings fl+r2+, rl+f2-, r l-r2+ and f l_r2_. 
b) If (J2f31 > 0, (Jlf32 < 0, then WU(B)\B consists of two connected components with the codings 
rl+fHrl+f2- and r l_r2+rl_r2_. 
c) If (J2f31 < 0, (Jlf32 > 0, then WU(B)\B consists of two connected components with the codings 
fl+rHrl-rH and f l_r2-rl+r2_. 
d) If (J2f31 < 0, (Jlf32 < 0, then WU(B)\B consists of two connected components with the codings 

rl+fHrl-r2- and rl+r2-rl_rH' 

The structure of the decomposition of WS(B)\B into connected components may be obtained from 
the same theorem applied to the system obtained from X by reversion of time. The new values of f3i are 
found from (6): 

f3; = -af32, f3~ = -af3I' 

For the system in R4
, the maps TiO' preserve orientation, therefore the values of (Ji does not change when 

the time is reversed. However, when the system X is defined on a non-orientable manifold, the maps 1i0' 
are not necessary orientation preserving so the values of (Ji for the system X and for the reversed system 
may be different in that case. The latter situation appears naturally if one considers the homoclinic bunch 
in a system with more degrees of freedom. In this case, generically, a non-local four-dimensional invariant 
manifold exists (see conditions in [7]) which may be non-orientable as well. 

Let us now prove the theorems above. Take a small positive 6 and consider a pair of small 
two-dimensional cross-sections ITiO' and ITiO' to each of the homoclinic loops riO' (i = 1,2, u = ±): 
ITiu = {u; = u6} n {H = O} and ITiu = {Vi = u6} n {H = O}. 

Orbits which lie in the level {H = O} in a small neighborhood of the homoclinic bunch B must 
intersect IT:~u so the problem reduces to the study of the Poincare map on the set of these cross-sections. As 

we have already mentioned, the flow near the global piece of the loop riO' outside the 6-neighborhood of 
the saddle defines the global map 1iu from ITiu to ITiu' Since the corresponding flight time is bounded, this 
map is a diffeomorphism and it is well approximated by its Taylor expansion at the point r iu n ITiu' 

Thus, the map TiO' is written as 

{ 
~ : aiv + biu + ... , 
U - CiV + diU + ... , 

(7) 
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where the dots stand for non-linear (cubic and higher order) terms. Here, (u, v) are the coordinates on II~;s: 
by (5) we may take (U2, V2) as the coordinates on II~: - the values of UI or VI are found from the condition 
H = 0, and analogously, the coordinates on II~;s are (Ull VI)' Note that the right-hand sides of (7) do not 
depend on q: due to the symmetry of the system with respect to (4) the map TH coincides with T;- for such 
choice of the coordinates. We will therefore denote this map just as Tj • Note that these maps are symmetric 
themselves: T;( -U, -v) = -Tj(u, v). 

We may always locally straighten the stable and unstable manifolds of 0, so the intersection 
WO,IOC n IIi.,. is {u = O} and WO,loc n IIi.,. is {v = O} (the point r j .,. n IIi.,. is (u = 0, v = 0». Thus, the 
transversality of Wo and Wo along r j ± means that 

aj i= O. (8) 

By definition, the sign of aj is the value OJ of theorem 2. 
The evaluation of the local map from the cross-sections IIi.,. to 11;.,., which is defined by the orbits in 

the 6 -neighborhood of the saddle 0 is much less trivial because an orbit starting on II:.,. may stay near 0 for 
an unboundedly large time before reaching one of the cross-sections II;.,.,. 

The regular method which allows for resolving this difficulty is based upon the study of a specific 
boundary value problem considered in [9J. Namely, as it follows from [9J for our particular case, if an orbit 
in a small neighborhood of a saddle starts at t = 0 with some point MO(UIO, U20, VIO, V20) and reaches a point 
Mr(UITl U2Tl Vir, V2r) at the moment t = T, then the values of (VIO, V20) and (UITl U2r) are uniquely defined 
by (UIO, U20), (VITl V2r) and T. Moreover, such Mo and Mr exist for any given T ~ 0 and small (UIO, U20), 
(VITl V2r); the corresponding piece of the orbit is found as the unique solution of the following system of 
integral equations 

r 

VI(t) = e-(r-t)Vlr - J et- s (,B\U\(S)V2(S)2 +'YIIU\(S)v\(S)2 +'Y\2U2(S)V\(S)V2(S») ds­

t 

r 

r -J et-sV\(u(s),v(s»ds, 

t 

V2(t) = e -(r-t)V2r - J et- s (,B2U2(S)VI (S)2 + 'Y21 U2(S)V2(S)2 + 'Y22U\ (s)v\ (S)V2(S») ds -

t 

t 

r -J et
-

sV2(u(s), v(s» ds, 

t 

UI(t) = e-tulO + J es
-

t (a,B2U2(S)2VI (S) - -'YIIUI(S)2V\(S) + (a'Yo - 'Y12)UI(S)U2(S)V2(S») ds + 

o 

t 

t 

+ J es-tUI (U(S), v(s» ds, 

o 

U2(t) = e -tU20 + J es
-

t ( a,B1 UI (s)2V2(S) - 'Y21 U2(S)2V2(S) + ('Yo - 'Y22)UI (S)U2(S)VI (S») ds + 

o 
t 

+ J es
- tU2(U(S), v(s» ds. 

o 

(9) 

This system is obtained by integration of (6); here, Vi and Uj replace the higher order terms denoted 
in (6) by dots. Recall that we straighten the local stable and unstable manifolds: they are the planes {v = O} 
and {u = O} respectively. The local invariance of these planes means that 

Ujlu=o == 0, Villl=o == O. 
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Moreover, like in [10], one can show (see [8]) that all terms in Ui and V; which are linear in U or in v can 
be "killed" simultaneously by a smooth local coordinate transformation, close to identity at O. Thus, in (9) 

Ui,V; = 0 ( U 2
V

2
) ( 10) 

at the appropriate choice of coordinates which does not destroy the local form (6) of the system. 
According to [9], the solution of (9) on the interval t E [0, T] is found by successive approximations. 

The first approximation is 
( ) 

-t (t) -(T-t) Ui t = e UiD, Vi = e ViT' 

Using (10), one can immediately see that the second and all the further approximations have the form 

VI(t) = e-(T-t)VIT - (T - t)e-(T-t)e-
T (11IulOv~T + 'YllUIOV~T + 'Y12U20VITV2T) + e-

2T 0(1), 

V2(t) = e-(T-t)V2T - (T - t)e-(T-t)e-
T (112u20v~T + 'Y2IU20V~T + 'Y22UIOVITV2T) + e-

2T 
O( I), 

UI(t) = e-tulO + te-te-
T (aI12u~OvIT - 'YllUIoVIT + (a'YO - 'YdUIOU20V2T) + e-

2T
O(l), 

U2(t) = e-tu20 + te-te-
T 

(al1luIov2T - 'Y2IU~OV2T + ('Yo - 'Y22)UIOU20VIT) + e-
2T 

O( I), 

( II) 

where the O(l)-terms are bounded uniformly, for all successive approximations. Hence, the solution of (9) 
has the same form. In particular, the following relation holds for the point Mo and its time T shift M T : 

VIO = e-
T 

VIT - Te-
2T (11IulOv~T + 'YllUIOVIT + 'Y12U20VITV2T) + O(e-

2T
), 

V20 = e-
T 

V2T - Te-
2T 

(112u20vfT + 'Y2IU20V~T + 'Y22UIOVITV2T) + O(e-
2T

), 

UIT = e-TulO + Te-
2T (aI12u~ovIT - 'YlluIoVIT + (a'Yo - 'Y12)UIOU20V2T) + O(e-

2T
), 

U2T = e-Tu20 + Te-
2T 

(al1luIov2T - 'Y2IU~OV2T + ('Yo - 'Y22)UIOU20VIT) + O(e-
2T

). 

(12) 

Suppose now that Mo E IIf+ and MT E IIi+. It means that UIO = D and VIT = D. The value of T can 
be found from the first equation of (12): 

-T VIO 
e = 6(1 + ... ). 

Plugging this in the second equation of (12) gives 

V20 = VIO . 0(1) 

where o( I) denotes terms which tend to zero as the size of cross-sections II diminishes (for a fixed small D). 
From the other hand, the point Mo lies in {H = O} whence (see (5» 

VIO = V20 . 0(1) 

at UIO = D. We got that if the size of cross-sections II is small with respect to 6, then V20 = VIO = 0, hence 
T = +00. Thus, a local orbit starting on IIi+ can not reach IIi+ in a finite time, provided the cross-sections 
are sufficiently small. 

Obviously, the same is true for any pair of cross-sections II:<1 and IIj<11 if i = j. Therefore, orbits 
in a small neighborhood of the homoclinic bunch B after a round near a loop r i<1 must make the next 
round near one of the loops r j ± where j #- i (in agreement with theorem 2). To study such orbits we now 
derive from (12) an expression for the local maps TOI2<1<1' and T021<1'<1 from II1<1 to II~<11 and fromII~<1' to IIi<1' 
respectively (due to the symmetries, the dependence on the signs u and u' is not so much essential). 

Let Mo E II1<1 and MT E II~<11. It means that UIO = u6 and V2T = u'6. The value of T is found from 
the second equation of (12): 
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Note that e -r must be positive, thus to get to IIi+ in a finite time the coordinate V20 of the initial point must 
be positive whereas to get to IIi- the coordinate V20 must be negative. 

Plugging t.he expression for T in the first and third equations of (12) gives (taking into account that 
Mo E {H = O} whence, by (5), VIO = O"au2ov2o(1 + O(IU201 + IV201»/6) the following formula for the local 
map TOl2uu' : (U20, V20) ~ (UITl VIr): 

{ 

O"O":VI = aU2 + ~162v211n IV211 + 0 (U2' v2ln IV21) , 

0"0" UI = V2(1 + 0(1», 
(13) 

(we drop extra indices). The right-hand sides here are defined at all small U2 and V2: positive V2 give the 
map T OI2u+ and the negative V2 give the map T OI2u-' Due to the symmetries (4), the right-hand sides do not 
depend on 0" and 0"', moreover, they are odd (they change the sign when both U2 and V2 change the sign). 

Analogously, the local map T 021u'u : II~u' -+ IIfu is written as: 

{ 

0"0":V2 = aUI + ~262Vd In Ivdl + 0 (u), VI In Ivd) , 

0"0" U2 = VI (l + 0(1». 
(14) 

Here the right-hand sides are odd and do not depend on 0" and 0"'; the positive VI give the map T 02Iu'+ and 
the negative VI give the map T 02Iu'_' 

Consider a pair of auxiliary maps TOl2 and T021 obtained, respectively, from (13) and (14) by 
dropping the factor 0"0"' to the left. Let us take the compositions with the corresponding global maps: 
T2TOl2 : (U2' V2) ~ (u), VI) and TIT021 : (u), VI) ~ (U2' V2), see (7). Denote by DI a neighborhood of zero in 
(U2' v2)-plane, by D2 a neighborhood of zero in (u), vd-plane and consider the map T: T = T2TOl2 on DI 

and T = TIT021 on D 2• 

The map T carries all information on the dynamics near the homoclinic bunch B. Indeed, it is a 
symmetrized Poincare map for the system X - take an orbit (u I, Vi), (u

2
, v

2
), (u

3
, v

3
), ••• of T: 

( 
2k 2k) _ T rn (2k-1 2k-l) 

U ,V - 2LOl2 U ,V , ( 2k+1 2k+l) _ T rn (U 2k 2k) U ,V - IL021 ,V , (15) 

define 
0"1=+1, O"m+l=sign(vI ..... vm), (16) 

then, by construction, the sequence of points 

M 2k- 1 {() (2k-1 2k-I)} lIS + U2, V2 = 0"2k-1 U ,V E IU2k-I' 

Mik {(Ull VI) = 0"2k (u
2t, V 2k

) } E mU2k 

(17) 

is the consecutive points of intersection with the cross-sections lIS for the orbit of the system X starting with 
M~, and the sequence 

(18) 

is the consecutive points of intersection with the cross-sections for the orbit of the symmetric point M~. 
Note also the exclusive case where one of the coordinates vm is zero. It corresponds to entering the 
WO,loc: the orbit of the system X tends to 0 and does not intersect the cross-sections anymore, though the 
corresponding orbit of the map TIT021T2T012 is formally continued after that point (formulas (13), (14) are 
well defined at V = 0). 

The origin is the period two point for the map T: (0, O)Dl ~ (0, O)~ ~ (0, O)DI' These points 
correspond to the intersection of the homoclinic loops r iu with the corresponding cross-sections IIfu. Due 
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to the correspondence between the orbits of the system X and of the Poincare map T it suffices to prove 
the existence of the stable and unstable manifolds for this period two point in order to prove theorem I. 

dvlnJvJ 
Note that the local maps TOij (see (13), (14» are saddle maps in terms of [9]: since dv = 00 

at v = 0, there is a strong expansion in v-direction and, correspondingly, a strong contraction in u-direction 
at small (u, v). The expansion/contraction factors are infinite at (0,0), therefore the compositions with the 
global maps (7) 

(19) 

and 

(20) 

are also saddle in a small neighborhood of (0,0), provided al ::P 0 and a2 ::P O. The latter inequalities are the 
transversality conditions (8), thus the Poincare map T is a saddle map indeed: it is strongly expanding in v 
and T- I is strongly expanding in u. 

More precisely, the map T can be represented in the cross-form where the values of (ii, v) appear 
as uniquely defined functions of (u, v) and this cross-map is smooth (C l

) and strongly contracting. The 
existence of the C l stable and unstable manifolds for the periodic point of the map which admits such 
representation is a routine fact (see [11]). 

The unstable manifold is the limit of iterations of any line transverse to {u = O} at (0,0). It is seen 

from (19), (20) that all the forward images of any of such line are tangent at (0,0) to U2 = ~V2 on lli 
al 

and to UI = C2 VI on II~. By (7), the intersections T; Wo loe n IIi of the unstable manifold of 0 with the 
a2 ' 

cross-sections have the same tangents at (0,0). Thus, the unstable manifold of the homoclinic bunch B is 
indeed tangent to Wo at the points of B. By the same arguments applied to the system obtained from X by 
reversion of time, the stable manifold of B is tangent to Wo. This completes the proof of theorem I. 

To prove theorem 2, it remains to study the codings of the orbits on WU(B). The coding is 
defined by the sequence of signs (1 m corresponding to the consecutive intersections of the orbit with the 
cross-sections IIiu' By (16)-(18) this sequence is recovered by the signs of the v-coordinate of the points 
of the corresponding orbit of the map T. It is seen immediately from (19) that whefi a2i31 > 0 the positive 
component of the unstable manifold in DI is mapped into positive component of the unstable manifold 
in D2 and the negative component is mapped into the negative component. If a2i31 < 0, the positive 
component is mapped into negative component and vice versa. The same rule is for the map from D2 to 
DI in dependence on the sign of ali32' Thus, in case a) of theorem 2, the orbits starting on DI on the 
positive component of the unstable manifold generate the positive sequence of the signs of the v -coordinate: 
+ + ... , and the orbits starting on the negative component generate the sequence - - .... The corresponding 
sequences of (1'S in (16) are + + + + ... and + - + - ... which give, by (17), that the orbits of X starting on 
ilf+ on the positive component of the intersection of WU(B) with the cross-section intersect consequently 
ilf+, IIi+, lli+, IIi+, etc., whereas the orbits starting on the negative component intersect m+, IIi-, lli+, 
m-, etc. At the same time, by (18), the orbits of X starting on the intersection of WU(B) with lli- intersect 
consequently either IIr-, IIi-, IIr-, IIi-, ... , or lli-, IIi+, lli-, IIi+, .... This proves the theorem in 
case a). The other cases are considered absolutely analogously; the corresponding sequences of the signs of 
the v-coordinate are: in case b) - + + - - ... and - - ++, in case c) - + - - + ... and - + +-, in case 
d)-+-+- ... and -+-+. 
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3. Multi-pulse homoclinic loops 
The local stable and unstable manifolds of the homoclinic bunch B are continued by the orbits of 

the system outside a small neighborhood of B. The obtained global two-dimensional stable and unstable 
invariant manifolds lie in the three-dimensional level {H = O}, therefore they may have a common orbit at 
the points of which they intersect transversely. Such orbit is homoclinic to B. Due to the symmetries, the 
existence of one orbit homoclinic to B implies three more such orbits. 

THEOREM 3. Let G be the set composed of the homoclinic bunch B and of a finite number of homoclinic 
to B orbits along which the stable and unstable manifolds of B intersect transversely. Suppose that for 
any super-homoclinic orbit 9 in G its three images by the symmetries (4) are also included in G. Then, 
in a small neighborhood of G there exist infinitely many homoclinic loops of the equilibrium state O. 

Before we give a proof of the theorem, let us describe a typical structure of the set of the mUlti-pulse 
homoclinic loops near the super-homoclinic set G. Let us enumerate the connected components of W'(B) 
and W"(B) in an arbitrary way. Let us enumerate the super-homoclinic orbits gntT where gn+ is mapped 
to gn- by the symmetry (Uh VI) - -(Uh VI)' For each indices nand u there are uniquely defined integers 
p(n, u) and q(n, u) such that gnu is an intersection of the components W;(B) and W;(B). 

By definition, the orbits gnu spend only finite time outside a small neighborhood of B: a piece of gntT 
which corresponds to t - +00 lies in Wi:X:(B) and a piece which corresponds to t - -00 lies in Wi~(B). 
By theorem 2, each orbit in Wi:X:(B) and WI~(B) intersects the local cross-section IIf+ U IIi-. Let us denote 
the first points where the positive and negative semi-orbits of gntT intersect the local cross-section as M! 
and M;;u' 

The following notation will also be used: C;;u - the infinite to the right coding of the fOIWard orbit 
of M:u, and C;;u - the infinite to the left coding of the backward orbit of M;;u (the coding is a string of 
symbols rio-' denoting the consequent rounds of the orbit near the corresponding homoclinic loops from B). 
The possible variants of C~ can be extracted from theorem 2: since M:u E W;,loc(B) and M;;u E W;'loc(B), 
the sequences C;u are obtained by the infinite repetition of (shifted, may be) codings of the components 
W;(B) and W;(B), respectively; moreover, C;u must start with either rl+ or r l_ because the points M;;, 
are chosen on IIi. 

The orbits which stay in a small neighborhood of the set G behave in the following way: they 
intersect IIi near one of the points M:u , then spend some time in a small neighborhood of the bunch B 
until, after some number k of intersections with the local cross-sections IIi and m, they reach a small 
neighborhood of some point M:'u' (the number k must be even because all the points M+ and M- are 
chosen on IIf but the intersections with IIf and m alternate; see the proof of theorem I). After that, the 
orbit moves along a piece of gn'o-' and reach a small neighborhood of the point M;;,o-" etc .. Thus, we may 
code the orbits by the sequences 

where the symbol gnu corresponds to a passage near the corresponding super-homoclinic orbit and Bk is a 
length k sequence of the symbols rio-' denoting the consequent rounds near the corresponding homoclinic 
loops from the bunch B. The coding sequence is infinite for the orbits which do not lie in the invariant 
manifolds of B or O. If the orbit belongs to W'(B) or Wo, then the coding is finite to the right and the last 
value of k is infinite for the orbits in W'(B) and finite for the orbits in Woo For the orbits in the unstable 
manifolds, the codings are finite to the left. In particular, the homoclinic loops of 0 have codings of finite 
length. 

134 

THEOREM 4. In the class of systems under consideration, for a typical (belonging to a subset of the 
second Baire category) system there exists sufficiently large Ai such that for any L > 0, for any sequence 
c = {konlkl ... nLkLl where km ~ Ai and kh"" kL- I are even, there exists a unique sequence of signs 
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(T 1 = + 1, (T 2, ••• , (T L such that in a small neighborhood of the super-homoclinic set G there exists a 
unique homoclinic loop of the equilibrium 0 with the coding of type 

(I) 

and a unique homoclinic loop (symmetric to the previous one) with the coding of type 

(2) 

In the first coding (the second coding is symmetric with respect to reversion of all signs (T in symbols r), 

Bko stands for the initial segment of C;;I + of the length ko and BkL corresponds to the initial segment of 
C;Lt1L of the length kL ; the intermediate segments B km (0 < m < L) have the following structure: there 
exist (uniquely defined by the sequence c) integers 8\l ... , 8L-1 (where 8m -+ +00 and km - 8m -+ +00 
as km -+ +00) such that B km is the segment of C;m t1m of the length 8m continued by the segment of 
C;;m+lt1m+l of the length (km - 8m + 1) (the first symbol of the second segment coincides with the last 
symbol of the first one). 

In other words, the homoclinic loops near the super-homoclinic set G include a number of long 
mUlti-pulse segments composed of pieces close to the primary homoclinic loops and separated by short 
pieces which are not close to the primary loops (the passages near the super-homoclinic orbits). Essentially, 
there is no correlations between the lengths and the structure of different multi-pulse segments in the same 
homoclinic loop. However, the structure of any given segment itself must obey a number of regularities. 

The most general observation is that the pieces close to rl± (these correspond to almost zero (U2, V2» 

must strictly alternate with the pieces close to r H (almost zero (UilVI». The alternation of positive and 
negative pulses is also regular: they form periodic (of period two or four) sequences. The periodicity may be 
broken only once, somewhere in the middle of the mUlti-pulse segment: the periodic sequence to the right 
falls to one of the cases described in theorem 2 in dependence on the signs of the quantities f3i and 0i and 
the periodic sequence to the left is defined by the values of the quantities f3: and 0: computed for the system 
obtained by the reversion of time. Since the last symbol of the left sequence must coincide with the first 
symbol of the right sequence, it implies some additional restrictions. 

For example (Fig.2), in case a) of theorem 2 (both for the system X itself and for the reversed 
system: f3102 > 0, f3201 > 0, f3;O~ > 0, f3~O; > 0) the mUlti-pulse segment is forbidden to include the 
following quadruplets of positive and negative pulses: + + --, - - ++, + - -+ and - + +-. In other 
words, in this case, if a multi-pulse segment starts with a sequence of positive pulses, it must either be all 
composed from the positive pulses or be finished by a sign-alternating sequence of pulses and it can not be 
finished by the sequence of negative pulses. 

Let us now probe theorems 3 and 4. As we did in the previous section, one may identify the 
cross-sections m+ and IIi-. The points M:+ and M:_ will coincide, so we use the notation M:. The points 
M; and M;; lie on the stable and, respectively, unstable manifolds w' and W

U of the period two point 
(0, 0) of the symmetrized Poincare map T defined by the flow near B. The period two point corresponds 
to the intersections of the homoclinic loops in B with the local cross-sections IIs

, the curves w' and W
U 

correspond to the intersections of, respectively, WI~(B) and Wj~(B) with the cross-sections. 
The flow near the piece of 9n outside a small neighborhood of B defines a map Tn from a small 

neighborhood V;; of Mn- to a small neighborhood V; of Mn+. The map T is a saddle map (its cross-map is 
smooth and strongly contracting). By construction, the image of M;; by the map T2 lies outside the domain 
of definition of this map. Therefore, we replace the map T by the map Tn in V;; (denote the result as T'). 
The maps Tn are smooth and each takes a small piece of W

U through the corresponding point M;; into a 
curve transverse to w' at M;. This picture is absolutely analogous to that near an orbit homoclinic to a 
hyperbolic periodic orbit [9] so the dynamics here may be treated in the same way. 

The orbits in a small neighborhood of the set G are obtained from the orbits of the map T' by the 
same rule (16)-( 18) as the orbits in a small neighborhood of the bunch B are recovered from the map T. 
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The homoclinic loops to the equilibrium state 0 are found as finite orbits of T' starting on If or 12 and 
finishing on If or on 1~, where the curves 1'1 and I] are the intersections of, respectively, the unstable and 
stable manifolds of 0 with the cross-section: l'J = ~. (WO,loe n II]) and I] = Wei,loe n II]. We will call such 
orbits the (u, s) -orbits. 

"'++++++++-+-+-+-'" 

~(t) 

To find such orbits one should consider the 
images of 1" by the iterations of T' and look for the 
intersections of these images with l'. The curves 1'1 
are transverse to the stable manifold of the period two 
point (0,0) of the map T, therefore the images Tk l" 
have the local unstable manifold of this point as a 
Cl-limit (since an analogue of '\-lemma is valid for 

... -+ saddle maps). Thus, for some sufficiently large k, in 
t the neighborhood 1);; of any point M;; , for any k ~ k 

there exists an image of some piece of 1" by the k-th 
power of T; moreover, these images accumulate at 

FIG. 2. An example of a mUlti-pulse segment (case a) of 
theorem 2). Pulses of UI and U2 strictly alternate. The 
sequence of positive pulses changes to sign-alternating 
sequence, theorem 4 does not allow a switch to strictly 

w" n 1);;. By the map Tn they are taken into the 
neighborhood 1); of the point M:. Thus, there is 
a sequence {lk,nh~k of the images of 1" in 1);, all 
transverse to w'. Again by '\-lemma, for any even k' 
greater or equal than k and for any point M;;', in 1)~, 

negative sequence 
there exists an image of some piece of lkn by Tk'. These 

images accumulate at w" n 1)~, as k' ---T +00. By the map Tn' they are taken in 1);, and we get one more 
sequence lknk'n' of the images of 1" . 

This procedure may be repeated arbitrarily many times. As a result we get the following statement: 
for some large enough k, for any sequence 

where krn ~ k and k" . .. ,kL- 1 are even, there exists a uniquely defined image Ie of l": 

These images are uniformly C1-close to w" and their size is bounded away from zero. Thus, for sufficiently 
large k each of the curves Ie have a unique point of transverse intersection with IS. 

We have found the set of (u, s)-orbits of the map T'. Each ofthem corresponds to a pair of symmetric 
homoclinic loops of system X (the signs Urn are found from (16», provided there is no intermediate point 
which falls on lS (in this case the correspondence between the orbits of the map T and the system X fails, 
see explanations in the previous section). As we showed, given a sequence c the corresponding (u, s)-orbit 
is uniquely defined by the map T'. Falling an extra point of this orbit onto IS (the line v = 0) is an event 
of codimension one and it can be cancelled by a small smooth perturbation of the system localized near any 
point of the orbit (the specific structure we require for the system X is not destroyed by the perturbation). 
Therefore, for typical system we have a one-to-one correspondence between the (u, s) orbits of T' and the 
pairs of homoclinic loops of X. 

In the situation of theorem 3 we can not apply small perturbations. In this case, if some intermediate 
point of an (u, s) orbit lies on 1', the image of th'is point by the map T lies on I" (see (7), (19), (20». 
Thus, such (u, s) orbit is a concatenation of shorter (u, s) orbits which do not have intermediate points on 18 

hence they do correspond to homoclinic loops of X. The number of all such indecomposable (u, s) orbits 
can not be finite (otherwise, all the other (u, s) orbits would be concatenations of some (u, s) orbits of finite 
length but this can not give (u, s) orbits whose coding sequence c contains unboundedly large values of krn). 
Hence, theorem 3 is proved. 
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To finish the proof of theorem 4 it remains to establish that the segments B km in the coding (l) 

or (2) of the obtained homoclinic loops have indeed the structure described in the theorem. The internal 
structure of Bkm is determined by the sequence of signs q computed by the rule (16) for that piece of the 
corresponding (u, s) orbit which connects the neighborhoods V~m and V;;m+1 of the points M:m and M';m+ I 
respectively. Since this piece is close to the orbit of M:m on initial stage and to the orbit of M;;m+' on the 
final stage, it follows that indeed B"m coincides with C;;m on the left end and with C;;m+1 on the right end. 

tv 

__ T--+ 

In fact, any orbit of the map T 
which starts in a small neighborhood of 
some point on w' (but it does not start 
on W

S itself) behaves as follows. For 
some number of iterations the signs of the 
v-coordinate of the points of the orbit are 

tr the same as for the corresponding orbit 
on w'. If at some moment these signs 
become different, it means that the corre­
sponding point and its counterpart on w' 
lie to the different sides of that ray of the 
line ZS : {v = O} which is tangent to the 

FIG. 3. A point in the dashed region on one of the cross-sections (to 
the left) is mapped by the symmetrized Poincare map to a point in 
the dashed wedge on the other cross-section (to the right) 

corresponding component of w'. Thus, the 
point of the orbit under consideration belongs to a region bounded by this ray of ZS and one of the halves 
of WU (Fig. 3). The sign of v-coordinate is now the same as for any point on this half of wU

• The image of 
the ray of ZS (see (19), (20» is the half of the line IU which is tangent to a component of w U

; the image 
of the point under consideration lies in a thin wedge between these two curves. Obviously, for all further 
iterations, the signs of the v -coordinate of the points of the orbit under consideration are the same as the 
orbit would lie on the corresponding component of wU

• 

In particular, it means that for the piece of the (u, s) orbit under consideration there exists some Sm 

that for the first Sm points the signs of the v -coordinate coincide with those of the orbit of M:m and for 
the next points they coincide with the signs of the v-coordinate of the points of the orbit of M;;m+,' Now, 
recovering the sequence of signs q by (16) gives exactly the rule of theorem 4. 
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JI. n.lIIUJIbHUKOB, ,11;. B. TYPAEB 

CYIIEPI'OMOK.1JHHIflIECKIIE OP6HTbI H MHOroo6XOJ(HbIE I'OMOK.1JHHIflIECKIIE nET.1JH B fAMH!lbTO­
HOBbIX CHCfEMAX C J(HCKPETHbIMH CHMMETPHHMH 
nocmynUAa 8 peiJa,,~ulO 24 HOR6pR 1997 Z. 

PaCCMa'TpHBaIOTCli qeTblpeXMepHble raMHJJbTOHOBbi CHcreMbi C .IlHCKpeTHblMH CHMMe'TpHRMH, AIlR KOTOPbIX .ZlBe .ZlBY­

MepHble I11IOCKOCTH RBJlRJOTCR HHBapHaHTHblMH. npe.ZlnOJIaraeTCR, qTO B KaJK.Zloit H3 3THX .ZlBYMepHblX I11IOCKocreit 

CHCTeMa HMeeT no .ZlBe roMOKJIHHHqeCKHe 'TpaeKTOpHH K CeAllOBOMY COCTORHHJO paBHOBeCHR. Jl;uI TaKOro roMOKJIHHH­

qeCKoro 6YKeTa BBO.IlRTCR nOHRTHli .ZlBYMepHblX YCTOHqHBblX H HeycTOitqHBbIX MHOr006paJHit. 3TH MHOr006paJHR MOIYf 

'TpaHCBepCaJIbHO nepeceKaTbCli no HeKOTOpOH 'TpaeKTOpHH, KOTOPYJO Mbi HaJblBaeM cyneproMOKJIHHHqeCKoit Op6HTOH. 

B pa60Te .ZlOKaJblBaeTClI, qTO CYIUeCTBOBaHHe TaKoA 'TpaeKTOpHH BIIeqeT 3a co60A CYIUeCTBOBaHHe CqeTHoro 

MHO)((eCTBa rOMOKJUlHHqeCKHX Op6HT K Ce.ZlJIOBOMY COCTORHHJO paBHOBeCHR. 
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