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4D-Hamiltonian systems with discrete symmetries are studied. The symmetries under consideration are such that the
systems possess two invariant sub-planes which intersect each other transversally at an equilibrium state. The equilibrium
state is supposed to be of saddle type; moreover, in each invariant sub-plane there are two homoclinic loops to the
saddle. We establish the existence of stable and unstable invariant manifolds for the bouquet composed of four homoclinic
trajectories at the Hamiltonian level corresponding to the saddle. These manifolds may intersect transversely along an orbit
that we will call super-homoclinic orbit. We prove that the existence of a super-homoclinic orbit implies the existence of a
countable set of multi-pulse homoclinic trajectories to the saddle.

Dedicated to V. Arnold
on his 60-th birthday

1. Introduction

The finding and classification of the soliton-like states of non-integrable equations is one of the impor-
tant problems of the physics of non-linear phenomena. In many cases the problem reduces to the study of non-
integrable conservative (Hamiltonian, in particular) dynamical systems with at least two degrees of freedom:
the self-localized states appear as homoclinic loops of zero hyperbolic equilibrium of the dynamical system.

The present paper deals with a particular problem of description of infinite series of self-localized
solutions. It is well known that in many cases there exist series of complex solitons obtained by concatenation
of some single pulses. In the context of Hamiltonian dynamical system this phenomenon is modelled by
the existence of an infinite series of multi-round homoclinic solutions in a small neighborhood of a few
simple homoclinic loops. The corresponding result is well-known for the case where the zero equilibrium
state is a saddle-focus [1, 2, 3, 4]. At the same time [5], generically there can not be multi-pulse homoclinic
loops in a sufficiently small neighborhood of any given finite number of single-pulse homoclinic loops if the
equilibrium state is a saddle (the leading characteristic exponents are real). Roughly speaking, the solitons
with monotonically decreasing tales can not, in general, be concatenated to a complex soliton solution.

Nevertheless, the multi-pulse solutions with monotonic tales are seen in many applications. An ad-
equate structure which describes the generic creation of such solutions was proposed in [5] where we
established the existence of an infinite series of multi-pulse homoclinic loops near a homoclinic cycle
involving a saddle, a periodic orbit and a pair of homoclinic ones.
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In this paper we investigate another scenario of appearance of multi-pulse homoclinic loops to a
saddle. Instead of generic Hamiltonian systems, we consider the case where the system is invariant with
respect to a number of discrete symmetries. In these circumstances we introduce a new object for the theory
of dynamical systems — an orbit which is homoclinic to a set of homoclinic loops.

Namely, we give conditions (theorem 1) under which a symmetric bunch composed of four homoclinic
loops to a saddle equilibrium of a two degrees of freedom Hamiltonian system has smooth invariant stable
and unstable manifolds (the orbits in these manifolds tend to the homoclinic loops as ¢ — 400 or as
t — —o00, never approaching finally the saddle). These invariant manifolds are two-dimensional and belong
to the three-dimensional zero energy level. Thus, they may intersect in this level transversely along the orbit
which is homoclinic to the primary bunch of the homoclinic loops (Fig. 1).

We call such an orbit super-homoclinic. It is not
a homoclinic loop itself, but its presence implies the
existence of a large number of multi-pulse homoclinic
loops with a complicated structure described in theo-
rem 4. Though, in our particular example, we impose
many symmetries on the system which allow for the
existence of the homoclinic bunch having stable and
unstable manifolds, the established connection between
the super-homoclinic orbits and the creation of infinite
series of homoclinic loops seems to be quite general
phenomenon.

Note that the object studied here was originally
seen [6] in a system describing a plane high-frequency
electro-magnetic field in non-linear non-dissipative me-
dia, the detection of a super-homoclinic orbit was based
upon an analysis of the structure of a numerically ob-
tained series of self-localized states (a good correspon-
dence with the case (3,6, > 0,6,8, < 0,a > 0 of
theorem 2 was found).

FiG. 1. A super-homoclinic orbit g: an orbit which is
homoclinic to the bunch of four homoclinic loops I';,
of a hyperbolic equilibrium O

2. The saddle bunch of homoclinic loops

Consider a four-dimensional dynamical system
z=X(z)

with a smooth first integral H, i.e.
H'z)X(z) = 0. 1)

A Hamiltonian system with two degrees of freedom is a natural example but the symplectic structure is not
important for our purposes.
Let X have a hyperbolic (i. e. not having pure imaginary characteristic exponents) equilibrium state

O at the origin. By (1)
H@O)X'0)=0

so, since X'(0) is non-degenerate by assumption, the linear part of H at O vanishes. Assume that the
quadratic part of H at O is a non-degenerate quadratic form. One can compute that this non-degeneracy
assumption implies that the system may be written near O as follows

o=—-Au+..., v=ATv+... ()
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where u € R?, v € R?, the dots stand for nonlinearities and A is a matrix with positive eigenvalues.
Moreover, the first integral takes the form

H=(v,Au) +... (3)

where the dots stand for the third and higher order terms.
Assume that the system is invariant with respect to the symmetries

(u,v) & (~u;,—v;) and (u,v;) < (—Uy, —V7). 4)

In particular, there exist two invariant planes: (v, = 0,v, = 0) and (u, = 0,7, = 0).
The matrix A is therefore diagonal and we assume that its eigenvalues are equal. This appears
naturally if, for example, the system is reversible (with respect to ¢t « —t, (u,,4;) < (v5,v,)). By scaling

time in (2), the matrix 4 is defined modulo an arbitrary scalar factor, therefore we assume that 4 = é ?)

from now on.

The equilibrium state O is a saddle with two-dimensional stable and unstable manifolds W5 and Wp
which are tangent at O to the u-plane and v-plane respectively. Both the invariant manifolds lie in the
three-dimensional level {H = 0} and they may intersect fransversely in that level, producing a number of
homoclinic loops. We consider a specific case where in each of the invariant planes (u, = 0,v, = 0) and
(¥, = 0,v, = 0) there is a pair of homoclinic orbits of transverse intersection of W5 and Wy.

Note that these four loops always exist if the level {H = 0} is compact (the system on an invariant
plane is two-dimensional hence the compact zero level of the first integral must be a homoclinic figure-eight).
The transversality is a genericity assumption.

Denote the homoclinic loops in (4, = 0,v, = 0) as I';, and I';_ and the loops in (u; = 0,v, = 0)
as I',, and I',_. Let I';, leave O towards positive v; and return to O from the side of positive u;.
Correspondingly, the loops I';_ lie to the negative side. This convention may require inversion of signs of
some of the variables u; and v; which does not change the form of system (2) (recall that A is the identity
matrix) but the first integral (3) may change.

We have

H=uv, —au,v, +... (5)

where a must be —1 by (3) but when the signs of some of the coordinates change, a may become equal to 1.

In any case
jal = 1.

The dots in (5) stand for higher order terms which are invariant with respect to the symmetries (4). In
particular, there are no odd-order terms in H.
Let us put the system near O in the normal form up to the third order terms (the second order terms

vanish due to the symmetry). The result is

O = vy + Biug; + Yt + Youav vy + ...,

By = vy + fotha] + Yaitha3 + Yt 10y + ...,

@ = —u + afyudv, — Uiy + (@ — Vit Uy + ..,
Uy = —uy + afuiv, — Y udvs + (Yo — Y2)Uiu + . ..,

)

where the dots stand for the fifth and higher order terms. The system (6) contains the resonant third order
monomials agreed with the symmetries (4); relations between the coefficients are due to the conservation of

the first integral (5).

THEOREM 1. If B # 0, B, # 0, then the homoclinic bunch B = T, U T,_ U Ty, U T, has
two-dimensional smooth invariant stable and unstable manifolds W*(B) and W"(B) which are tangent
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at each point of B to W(, and W, respectively. The orbits from W*(B) tend to B as t — +00 and the
orbits from W*(B) tend to B as t — —00. All the other orbits leave a small neighborhood of B both as
t — 400 andt — —oo.

The manifolds Wz\B and Wg\B consist of a number of connected components. On each of the
components the orbits approach some periodic sequence of the homoclinic loops from B. The corresponding
sequence of symbols I';, which forms the least period will be called the coding of the component. The
number of the components and their codings depend on the signs of 3, and (3, and on the signs of the angles
between W, and W at the points of the homoclinic loops T';,.

Namely, take two small two-dimensional cross-sections to the loop I';,: II' = {v; = 6} N {H = 0}
and II' = {u, = 6} N {H = 0} where § is some small positive number. Since I';, is an intersection of
Wg and W), the orbits close to T'y, define the Poincaré map T, from II* to II°. By (5) the coordinates
on IT* are (u,,v,) (the values of u; or v, are found from the condition H = 0). We locally straighten
the manifolds W§ and W§, thus the intersection line Wy, N II° is {v, = 0} and the intersection line
Woioc N " is {u; = 0}. By assumption, the image T, (Wi e N IT°) intersects W5 o N II* transversely at
the point (u, = 0,v, = 0) = I';; N II*. We define the sign 6, of the angle between these two curves in the
following way: if the positive (corresponding to v, > 0) part of {u; = O}« is mapped to the region v, > 0
on IT*, then 8, = 1, and 8, = —1 otherwise. Analogously, the map T, near the loop I';, defines the sign 6,.
The loops T';_ are symmetric to I';,, therefore the corresponding maps T;_ do not carry a new information.

THEOREM 2. a) If 6,8, > 0, 6,08, > 0, then W*(B)\B consists of four connected components with the
COdingS F1+F2+, F1+F2_, F]_r2+ and Fl_rz_.

b) If 6,8, > 0, 6,8, < 0, then W*(B)\B consists of two connected components with the codings
'y and Ty Ty Ly T

¢) If 6,8, < 0, 6,8, >0, then W“(B)\B consists of two connected components with the codings
0Ty and T Ty T Th.

d) If 6,8, < 0, 0,8, <0, then W*(B)\B consists of two connected components with the codings
'L Ty and T, T Ty

The structure of the decomposition of W*(B)\B into connected components may be obtained from
the same theorem applied to the system obtained from X by reversion of time. The new values of 3; are
found from (6):

ﬂll = _aﬁb ﬂIZ = —aﬁl-

For the system in R*, the maps T,, preserve orientation, therefore the values of #; does not change when
the time is reversed. However, when the system X is defined on a non-orientable manifold, the maps T;,
are not necessary orientation preserving so the values of 6; for the system X and for the reversed system
may be different in that case. The latter situation appears naturally if one considers the homoclinic bunch
in a system with more degrees of freedom. In this case, generically, a non-local four-dimensional invariant
manifold exists (see conditions in [7]) which may be non-orientable as well.

Let us now prove the theorems above. Take a small positive § and consider a pair of small
two-dimensional cross-sections II{, and II}, to each of the homoclinic loops I';, (¢ = 1,2, ¢ = *):
IL, = {u; = 06} N {H = 0} and ITj; = {v; = 06} N {H = 0}.

Orbits which lie in the level {H = 0} in a small neighborhood of the homoclinic bunch B must
intersect II;}* so the problem reduces to the study of the Poincaré map on the set of these cross-sections. As
we have already mentioned, the flow near the global piece of the loop I';, outside the §-neighborhood of
the saddle defines the global map T, from II}, to II;,. Since the corresponding flight time is bounded, this
map is a diffeomorphism and it is well approximated by its Taylor expansion at the point I';,; N 1

Thus, the map T;, is written as

t=aqv+bu+...,
{ ™

g=cv+du+...,

REGULAR AND CHAOTIC DYNAMICS, V.2, M3/4, 1997 129



L. P. SHILNIKOY, D.V.TURAEV

where the dots stand for non-linear (cubic and higher order) terms. Here, (u,v) are the coordinates on II;;’:
by (5) we may take (u,,v,) as the coordinates on II;; — the values of u, or v, are found from the condition
H = 0, and analogously, the coordinates on II3, are (u;,v,). Note that the right-hand sides of (7) do not
depend on o due to the symmetry of the system with respect to (4) the map T;, coincides with T;_ for such
choice of the coordinates. We will therefore denote this map just as 7;. Note that these maps are symmetric
themselves: T;(—u, —v) = —Tj(u,v).

We may always locally straighten the stable and unstable manifolds of O, so the intersection
W N 1Y, is {u = 0} and W§,, NI, is {v = 0} (the point T';, N ITi; is (u = 0,v = 0)). Thus, the
transversality of W5 and W, along I';. means that

a; # 0. ®

By definition, the sign of a; is the value §; of theorem 2.
The evaluation of the local map from the cross-sections II;, to II}‘,,: which is defined by the orbits in
the &-neighborhood of the saddle O is much less trivial because an orbit starting on II;, may stay near O for

an unboundedly large time before reaching one of the cross-sections L.

The regular method which allows for resolving this difficulty is based upon the study of a specific
boundary value problem considered in [9]. Namely, as it follows from [9] for our particular case, if an orbit
in a small neighborhood of a saddle starts at £ = 0 with some point M(#%o, %20, V10, V20) and reaches a point
M, (u,,, ¥y, V;;,v5,) at the moment ¢t = 7, then the values of (vy,vy) and (., u,,) are uniquely defined
by (%10, Ux), (v17,v2;) and 7. Moreover, such M, and M, exist for any given 7 > 0 and small (ug, U3),
(vi5,v5,); the corresponding piece of the orbit is found as the unique solution of the following system of
integral equations

4 T

n() =e vy, - / &~ (Brun(602()’ + 118 (I01(6) + Vi2wa()01 (s)s(s) ) ds -

t
T

- / e ~*Vi(u(s), v(s)) ds,

t
vr(t) = e vy, - / &~ (Brua(s)01(9)* + 282(60a(6) + Yarur (I (sYor(s) ) ds -
t

T

- / ' Va(u(s), v(s)) ds,

t

t 9)
() = e tugo + / e (aﬂzuz(s)zvl(s) — —nui(s)’vi(8) + (ayo - 712)“1(3)“2(8)112(3)) ds +
0

t
+ / U, (u(s), v(s)) ds,
0

t
uy(t) = e fuz + / et (aﬁxu|(8)2vz(s) — Yarua(s) va(8) + (0 — 722)“1(3)“2(3)1’1(8)) ds +
0

t
+/e’_'U2(u(s),'v(s)) ds.
0

\

This system is obtained by integration of (6); here, V; and U; replace the higher order terms denoted
in (6) by dots. Recall that we straighten the local stable and unstable manifolds: they are the planes {v = 0}
and {u = 0} respectively. The local invariance of these planes means that

lfilu:O = 0, I’ilv:o =0.
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Moreover, like in [10], one can show (see [8]) that all terms in U; and V; which are linear in u or in v can
be “killed” simultaneously by a smooth local coordinate transformation, close to identity at O. Thus, in (9)

U,V;=0 (uzvz) (10)

at the appropriate choice of coordinates which does not destroy the local form (6) of the system.
According to [9], the solution of (9) on the interval ¢ € [0, 7] is found by successive approximations.

The first approximation is
u(t) = e uy, v:(t) =€ " uy

Using (10), one can immediately see that the second and all the further approximations have the form

v, (1) = e TPy, — (1 —t)e "™ (,@lulovgr + YUVl + Y2t 02 ) + €77 0(1),
vy(t) = e "y, — (1 —t)e " (ﬁzuzovfr + Yo UsV3, + YtV V2) + €27 0(1),
uy(t) = e tuy +te~te" (a,@Zu%Ovlr - 711“%0'011' + (@Y — Y12)U1oUVr) + e 7 0(1),

uy(t) = e tuy +tete” (aﬁlufovzr — Y3V + (Yo — Y22)U10U20?r) + e 0(1),

an

where the O(1)-terms are bounded uniformly, for all successive approximations. Hence, the solution of (9)
has the same form. In particular, the following relation holds for the point M, and its time 7 shift M, :

—r -2 2 2 “or
vio = €70y, — Te Y (BiuioV3 + YutioVis + Va1, V) + O(e™),

-7 =2 2 2 =27
vy = € vy, — 7€ (Brtbaoir + Y2tV + YUV, V2, ) + O(e™),

-7 =27 2 2 -2r
u, = e Tuy + e (afruivi, — Ui + (@Y — Y12)U1UnVy) + O(e™),

- -2 2 2 -2
Uy, = € Ty + 7€ (afiUiglyr — Y22V + (Yo — Ya2)Uiolanyr) + O(e™ ).

(12)

Suppose now that M, € II}, and M, € II},. It means that u;,, = é§ and v,, = §. The value of 7 can
be found from the first equation of (12):

-7 Yo
=—(+...).
e 6( +...)

Plugging this in the second equation of (12) gives
Uy = Uyo - 0(1)

where o(1) denotes terms which tend to zero as the size of cross-sections II diminishes (for a fixed small §).
From the other hand, the point M, lies in {H = 0} whence (see (5))

Vi = VU - 0(1)

at uy, = 6. We got that if the size of cross-sections II is small with respect to 4, then vy = vy = 0, hence
T = +00. Thus, a local orbit starting on II{, can not reach II, in a finite time, provided the cross-sections
are sufficiently small.

Obviously, the same is true for any pair of cross-sections II;, and II}, if i = j. Therefore, orbits
in a small neighborhood of the homoclinic bunch B after a round near a loop I';, must make the next
round near one of the loops T';. where j # i (in agreement with theorem 2). To study such orbits we now
derive from (12) an expression for the local maps Tg5,,» and Ty 0, from IIj, to II5,, and from II5,. to II},,
respectively (due to the symmetries, the dependence on the signs o and o' is not so much essential).

Let M, € I}, and M, € II5,.. It means that u,, = 06 and v,, = o'6. The value of 7 is found from
the second equation of (12):

Y
e =0 % (1 4+ O(vy In|vy))).
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Note that e”” must be positive, thus to get to II3, in a finite time the coordinate v,, of the initial point must

be positive whereas to get to II;_ the coordinate v, must be negative.
Plugging the expression for 7 in the first and third equations of (12) gives (taking into account that

M, € {H = 0} whence, by (5), v)g = datyvy(l + O(lux| + |vx]))/8) the following formula for the local
map To1a00' © (U0, V20) > (817, V17):

{ o0'v; = auy + 5,6°vy|In|v,)| + o (us,v51n Ivzl) , (13)

oo'u, = v,(1 + o(1)),

(we drop extra indices). The right-hand sides here are defined at all small u, and v,: positive v, give the

map Ty12,+ and the negative v, give the map Tj,-. Due to the symmetries (4), the right-hand sides do not

depend on o and o', moreover, they are odd (they change the sign when both u, and v, change the sign).
Analogously, the local map Ty, : I3, — I, is written as:

00'v, = au, + B6%v | In vyl + 0 (uy, v, In|v,]), (14)
oo'u, = v,(1 + o(1)).

Here the right-hand sides are odd and do not depend on ¢ and o'; the positive v, give the map Tpy,,», and

the negative v, give the map T4
Consider a pair of auxiliary maps Ty, and Tj;, obtained, respectively, from (13) and (14) by

dropping the factor oo’ to the left. Let us take the compositions with the corresponding global maps:
TyTo1; : (U, 13) — (%;,7,) and T1Toy, : (uy,0)) — (¥, 3), see (7). Denote by D, a neighborhood of zero in
(43, v,)-plane, by D, a neighborhood of zero in (u,,v;)-plane and consider the map T: T =TTy, on D,
and T = T\Ty; on D,.

The map T carries all information on the dynamics near the homoclinic bunch B. Indeed, it is a
symmetrized Poincaré map for the system X — take an orbit (u',v'), (¥,0%), (4’,v°), ... of T:

(qu’vZk) =TTy, (UZk—l,UZk—I) 7 (u2k+l’v2k+l) = T\ Ty (qu,UZk) , (15)

define
oy =+1, O, =sign (vl-...-v'"), (16)

then, by construction, the sequence of points

%1 W—1  2k-1 s
M {("2,”2) = O (U U )} € i,y _)s

M {(u,,v,) = oy (u2k,v2k)} €1, (17)

is the consecutive points of intersection with the cross-sections II° for the orbit of the system X starting with
M., and the sequence

2%-1 %k-1 2k-1 s
M- {(“2,”2) = =01 (“ ' )} €I oy

M* {(Ul,’vl) = —0y (qu,vzk)} € H;,—vn 18
is the consecutive points of intersection with the cross-sections for the orbit of the symmetric point M.
Note also the exclusive case where one of the coordinates v™ is zero. It corresponds to entering the
Wi oc: the orbit of the system X tends to O and does not intersect the cross-sections anymore, though the
corresponding orbit of the map T, Ty, T>Ty, is formally continued after that point (formulas (13), (14) are
well defined at v = 0).
The origin is the period two point for the map T: (0,0)p, KR 0,0)p, L (0,0)p,. These points
correspond to the intersection of the homoclinic loops T';, with the corresponding cross-sections IIf,. Due
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to the correspondence between the orbits of the system X and of the Poincaré map T it suffices to prove
the existence of the stabie and unstable manifolds for this period two point in order to prove theorem 1.

d
Note that the local maps Tj;; (see (13), (14)) are saddle maps in terms of [9]: since vllin vl =0
v

at v = 0, there is a strong expansion in v-direction and, correspondingly, a strong contraction in «#-direction
at small (u,v). The expansion/contraction factors are infinite at (0,0), therefore the compositions with the
global maps (7)

i ) = a, (8,020, In|vy|| + auy + 0 (uy, 12 In|v3])) + byvy + ... ., (19
PO g, =, (816°v,| In |vy[| + auy + 0 (w3, v, In|vy])) + vy + ... .,
and
7, = a; (B20%;|In|v,|| + au, + o (u, v In|v,])) + oo + ...,
T\To - § _ 2 (20)
i, = ¢; (B26°v | In|v)|| + au, + o (u),v, In|v|)) +dyv, + ...,

are also saddle in a small neighborhood of (0,0), provided a, # 0 and a, # 0. The latter inequalities are the
transversality conditions (8), thus the Poincaré map T is a saddle map indeed: it is strongly expanding in v
and T~' is strongly expanding in u.

More precisely, the map T can be represented in the cross-form where the values of (&,v) appear
as uniquely defined functions of (u,7) and this cross-map is smooth (C "y and strongly contracting. The
existence of the C' stable and unstable manifolds for the periodic point of the map which admits such
representation is a routine fact (see [11]).

The unstable manifold is the limit of iterations of any line transverse to {u = 0} at (0,0). It is seen

from (19), (20) that all the forward images of any of such line are tangent at (0,0) to u, = chlvz on IT}
1

c
and to u; = (—llv, on II3. By (7), the intersections T;Wg o N II of the unstable manifold of O with the

2
cross-sections have the same tangents at (0,0). Thus, the unstable manifold of the homoclinic bunch B is
indeed tangent to W§ at the points of B. By the same arguments applied to the system obtained from X by
reversion of time, the stable manifold of B is tangent to Wy. This completes the proof of theorem 1.

To prove theorem 2, it remains to study the codings of the orbits on W*(B). The coding is
defined by the sequence of signs o, corresponding to the consecutive intersections of the orbit with the
cross-sections IIj,. By (16)—(18) this sequence is recovered by the signs of the v-coordinate of the points
of the corresponding orbit of the map T'. It is seen immediately from (19) that wheh a,8; > 0 the positive
component of the unstable manifold in D, is mapped into positive component of the unstable manifold
in D, and the negative component is mapped into the negative component. If a,8, < 0, the positive
component is mapped into negative component and vice versa. The same rule is for the map from D, to
D, in dependence on the sign of a,8,. Thus, in case a) of theorem 2, the orbits starting on D, on the
positive component of the unstable manifold generate the positive sequence of the signs of the v-coordinate:
++..., and the orbits starting on the negative component generate the sequence — — .. .. The corresponding
sequences of ¢’s in (16) are ++++... and + —+ —... which give, by (17), that the orbits of X starting on
IT{, on the positive component of the intersection of W*(B) with the cross-section intersect consequently

s, I3,, I, II5,, etc., whereas the orbits starting on the negative component intersect ITi,, IT5_, IIj,,
I, etc. At the same time, by (18), the orbits of X starting on the intersection of W*(B) with IIj_ intersect
consequently either IT}_, II5_, IIj_, II3_, ..., or Oj_, II3,, II{_, II3,, .... This proves the theorem in
case a). The other cases are considered absolutely analogously; the corresponding sequences of the signs of
the v-coordinate are: in caseb) —++ ~——...and — —++,incasec) —+ — —+... and — + +—, in case

d)—+—+—...and — + —+.
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3. Multi-pulse homoclinic loops

The local stable and unstable manifolds of the homoclinic bunch B are continued by the orbits of
the system outside a small neighborhood of B. The obtained global two-dimensional stable and unstable
invariant manifolds lie in the three-dimensional level { H = 0}, therefore they may have a common orbit at
the points of which they intersect transversely. Such orbit is homoclinic to B. Due to the symmetries, the
existence of one orbit homoclinic to B implies three more such orbits.

THEOREM 3. Let G be the set composed of the homoclinic bunch B and of a finite number of homoclinic
to B orbits along which the stable and unstable manifolds of B intersect transversely. Suppose that for
any super-homoclinic orbit g in G its three images by the symmetries (4) are also included in G. Then,
in a small neighborhood of G there exist infinitely many homoclinic loops of the equilibrium state O.

Before we give a proof of the theorem, let us describe a typical structure of the set of the multi-pulse
homoclinic loops near the super-homoclinic set G. Let us enumerate the connected components of W*(B)
and W*(B) in an arbitrary way. Let us enumerate the super-homoclinic orbits g,, where g,, is mapped
to g, by the symmetry (%;,v;) «< —(u,,v;). For each indices n and o there are uniquely defined integers
p(n,0) and g(n,0) such that g,, is an intersection of the components W,'(B) and W/ (B).

By definition, the orbits g,, spend only finite time outside a small neighborhood of B: a piece of g,,
which corresponds to t — +0o lies in W.(B) and a piece which corresponds to ¢t — —oo lies in Wig.(B).
By theorem 2, each orbit in W;5.(B) and W .(B) intersects the local cross-section II1, U IIj_. Let us denote
the first points where the positive and negative semi-orbits of g,, intersect the local cross-section as M,
and M,,.

The following notation will also be used: C;, - the infinite to the right coding of the forward orbit
of M;},, and C,, — the infinite to the left coding of the backward orbit of M, (the coding is a string of
symbols T';,» denoting the consequent rounds of the orbit near the corresponding homoclinic loops from B).
The possible variants of C=, can be extracted from theorem 2: since M, € Wjiec(B) and M,, € Wji(B),
the sequences Cy, are obtained by the infinite repetition of (shifted, may be) codings of the components
W/ (B) and W, (B), respectively; moreover, CZ must start with either I';; or I',_ because the points Mz,
are chosen on IIj.

The orbits which stay in a small neighborhood of the set G behave in the following way: they
intersect II{ near one of the points M,,, then spend some time in a small neighborhood of the bunch B
until, after some number k of intersections with the local cross-sections II{ and II3, they reach a small
neighborhood of some point M, (the number k must be even because all the points M* and M~ are
chosen on II] but the intersections with II] and II; alternate; see the proof of theorem 1). After that, the
orbit moves along a piece of g~ and reach a small neighborhood of the point M, , etc.. Thus, we may
code the orbits by the sequences

v Bkm-]g"m”mBkmg"m+lam+lBkm-H te

where the symbol g,, corresponds to a passage near the corresponding super-homoclinic orbit and B; is a
length k sequence of the symbols I';,» denoting the consequent rounds near the corresponding homoclinic
loops from the bunch B. The coding sequence is infinite for the orbits which do not lie in the invariant
manifolds of B or O. If the orbit belongs to W*(B) or W3, then the coding is finite to the right and the last
value of k is infinite for the orbits in W*(B) and finite for the orbits in Wj. For the orbits in the unstable
manifolds, the codings are finite to the left. In particular, the homoclinic loops of O have codings of finite

length.

THEOREM 4. In the class of systems under consideration, for a typical (belonging to a subset of the
second Baire category) system there exists sufficiently large k such that for any L > 0, for any sequence
c={konk,...n k;} where k,, > k and k,,. .. ,k;_, are even, there exists a unique sequence of signs
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o, = +1,0,,...,0;, such that in a small neighborhood of the super-homoclinic set G there exists a
unique homoclinic loop of the equilibrium O with the coding of type

Bkogn|dlBk| "'gnLdLBkL (])
and a unique homoclinic loop (symmetric to the previous one) with the coding of type
Bkognl,—al Bk| .. 'gnL,—ULBkL' (2)

In the first coding (the second coding is symmetric with respect to reversion of all signs o in symbols I'),
By, stands for the initial segment of Cy, , of the length ky and By, corresponds 1o the initial segment of
Cn,o, Of the length ki ; the intermediate segments B, (0 < m < L) have the Sfollowing structure: there
exist (uniquely defined by the sequence c) integers s,,...,8;_, (where 8, — +00 and ky, — 8, — +00
as k,, — +00) such that By is the segment of Cr .. Oof the length s, continued by the segment of
C, of the length (k,, — 8, + 1) (the first symbol of the second segment coincides with the last

Bm+1%m+1

symbol of the first one).

In other words, the homoclinic loops near the super-homoclinic set G include a number of long
multi-pulse segments composed of pieces close to the primary homoclinic loops and separated by short
pieces which are not close to the primary loops (the passages near the super-homoclinic orbits). Essentially,
there is no correlations between the lengths and the structure of different multi-pulse segments in the same
homoclinic loop. However, the structure of any given segment itself must obey a number of regularities.

The most general observation is that the pieces close to I';. (these correspond to almost zero (u;, v2))
must strictly alternate with the pieces close to I',. (almost zero (u,,v,)). The alternation of positive and
negative pulses is also regular: they form periodic (of period two or four) sequences. The periodicity may be
broken only once, somewhere in the middle of the multi-pulse segment: the periodic sequence to the right
falls to one of the cases described in theorem 2 in dependence on the signs of the quantities 8; and 6; and
the periodic sequence to the left is defined by the values of the quantities B and 6; computed for the system
obtained by the reversion of time. Since the last symbol of the left sequence must coincide with the first
symbol of the right sequence, it implies some additional restrictions.

For example (Fig.2), in case a) of theorem 2 (both for the system X itself and for the reversed
system: (3,8, > 0, (3,0, > 0, B16; > 0, B:6) > 0) the multi-pulse segment is forbidden to include the
following quadruplets of positive and negative pulses: + + ——, — — ++, + — —+ and — + +—. In other
words, in this case, if a multi-pulse segment starts with a sequence of positive pulses, it must either be all
composed from the positive pulses or be finished by a sign-alternating sequence of pulses and it can not be
finished by the sequence of negative pulses.

Let us now probe theorems 3 and 4. As we did in the previous section, one may identify the
cross-sections IIj, and II;_. The points M, and M, will coincide, so we use the notation M. The points
M; and M, lie on the stable and, respectively, unstable manifolds w* and w" of the period two point
(0,0) of the symmetrized Poincaré map T defined by the flow near B. The period two point corresponds
to the intersections of the homoclinic loops in B with the local cross-sections II°, the curves w’ and w"
correspond to the intersections of, respectively, Wi,.(B) and W;o(B) with the cross-sections.

The flow near the piece of g, outside a small neighborhood of B defines a map T, from a small
neighborhood D, of M, to a small neighborhood D} of M,}. The map T is a saddle map (its cross-map is
smooth and strongly contracting). By construction, the image of M, by the map T lies outside the domain
of definition of this map. Therefore, we replace the map T by the map T, in D; (denote the result as T").
The maps T, are smooth and each takes a small piece of w" through the corresponding point M, into a
curve transverse to w’ at M, . This picture is absolutely analogous to that near an orbit homoclinic to a
hyperbolic periodic orbit [9] so the dynamics here may be treated in the same way.

The orbits in a small neighborhood of the set G are obtained from the orbits of the map T' by the
same rule (16)—(18) as the orbits in a small neighborhood of the bunch B are recovered from the map T'.
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The homoclinic loops to the equilibrium state O are found as finite orbits of T" starting on If or I3 and
finishing on I or on I3, where the curves I and [ are the intersections of, respectively, the unstable and
stable manifolds of O with the cross-section: I = T; (W5 o N 1I13) and I = W§ 6. N IT;. We will call such
orbits the (u, s)-orbits.
To find such orbits one should consider the
1‘” images of I* by the iterations of T" and look for the
intersections of these images with I°. The curves [}
are transverse to the stable manifold of the period two
ul(t) point (0,0) of the map T, therefore the images T
142(1‘) have the local unstable manifold of this point as a
C'-limit (since an analogue of A-lemma is valid for
--=> saddle maps). Thus, for some sufficiently large k, in
I the neighborhood D; of any point M, , for any k > k
there exists an image of some piece of [* by the k-th
power of T; moreover, these images accumulate at
w* N D;. By the map T, they are taken into the
FiG. 2. An example of a multi-pulse segment (case a) of neighborhood D; of the point M, . Thus, there is
theorem 2). Pulses of u; and wu; strictly alternate. The a sequence {l.,.}r>r of the images of I* in Df, all
sequence of positive pulses changes .to si'gn-alterna'ting transverse to w®. Again by A-lemma, for any even k'
seque.nce, theorem 4 does not allow a switch to strictly greater or equal than % and for any point M, in D
negative sequence . . . 1"
there exists an image of some piece of I, by T" . These
images accumulate at w* N D, as k' — +00. By the map T\, they are taken in D], and we get one more
sequence I of the images of I*.
This procedure may be repeated arbitrarily many times. As a result we get the following statement:

for some large enough k, for any sequence

O I Tk OF ST I

c= {konlkl . nLkL}
where k,, > k and k,,...,k;_, are even, there exists a uniquely defined image I, of I":
lk0n|kl...nLkL = TkL ° THL (lknnl.‘.nL._lkL_l n D;L) M

These images are uniformly C I_close to w" and their size is bounded away from zero. Thus, for sufficiently
large k each of the curves I, have a unique point of transverse intersection with I°.

We have found the set of (u, 8)-orbits of the map T". Each of them corresponds to a pair of symmetric
homoclinic loops of system X (the signs o,, are found from (16)), provided there is no intermediate point
which falls on I° (in this case the correspondence between the orbits of the map T and the system X fails,
see explanations in the previous section). As we showed, given a sequence ¢ the corresponding (u, s)-orbit
is uniquely defined by the map T". Falling an extra point of this orbit onto I’ (the line v = 0) is an event
of codimension one and it can be cancelled by a small smooth perturbation of the system localized near any
point of the orbit (the specific structure we require for the system X is not destroyed by the perturbation).
Therefore, for typical system we have a one-to-one correspondence between the (u, 8) orbits of 7' and the
pairs of homoclinic loops of X.

In the situation of theorem 3 we can not apply small perturbations. In this case, if some intermediate
point of an (u, s) orbit lies on I°, the image of this point by the map T lies on 1" (see (7), (19), (20)).
Thus, such (u, 8) orbit is a concatenation of shorter (u, 8) orbits which do not have intermediate points on I’
hence they do correspond to homoclinic loops of X. The number of all such indecomposable (u,s) orbits
can not be finite (otherwise, all the other (u, s) orbits would be concatenations of some (u, $) orbits of finite
length but this can not give (u, s) orbits whose coding sequence ¢ contains unboundedly large values of k).

Hence, theorem 3 is proved.
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To finish the proof of theorem 4 it remains to establish that the segments B, in the coding (1)
or (2) of the obtained homoclinic loops have indeed the structure described in the theorem. The internal
structure of By, is determined by the sequence of signs o computed by the rule (16) for that piece of the
corresponding (u, s) orbit which connects the neighborhoods D, and D, ., of the points M. and M,
respectively. Since this piece is close to the orbit of M, on initial stage and to the orbit of M, ., on the
final stage, it follows that indeed B, coincides with C,  on the left end and with C,__, on the right end.

In fact, any orbit of the map T
TU which starts in a small neighborhood of
some point on w’ (but it does not start
on w’ itself) behaves as follows. For
some number of iterations the signs of the
w* v-coordinate of the points of the orbit are
the same as for the corresponding orbit
on w’. If at some moment these signs
become different, it means that the corre-

Fic.3. A point in the dashed regi . . sponding point and its counterpart on w’
1G. 5. .pomt In the dashe fegion on one o t'e Cl’OSS-SCCthl'IS (‘to lie to the different sides of that ray of the
the left) is mapped by the symmetrized Poincaré map to a point in
the dashed wedge on the other cross-section (to the right)

~
=

line I* : {v = 0} which is tangent to the
corresponding component of w’. Thus, the
point of the orbit under consideration belongs to a region bounded by this ray of I° and one of the halves
of w* (Fig. 3). The sign of v-coordinate is now the same as for any point on this half of w®. The image of
the ray of I’ (see (19), (20)) is the half of the line I which is tangent to a component of w"; the image
of the point under consideration lies in a thin wedge between these two curves. Obviously, for all further
iterations, the signs of the v-coordinate of the points of the orbit under consideration are the same as the
orbit would lie on the corresponding component of w".

In particular, it means that for the piece of the (u, 8) orbit under consideration there exists some s,
that for the first s,, points the signs of the v-coordinate coincide with those of the orbit of M, and for
the next points they coincide with the signs of the v-coordinate of the points of the orbit of M, . . Now,
recovering the sequence of signs o by (16) gives exactly the rule of theorem 4.
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JI. II. IHWJIBHUROB, [1.B.TYPAEB

CYINNEPTOMOK.TMHUYECKUE OPBHTBI 1 MHOIOOBXOIHBE NOMOKTHHHYECKUE NETIH B TAMUILTO-
HOBbBIX CHCTEMAX C THCKPETHbIMH CHMMETPHAMH

Tocmynuna 8 pedaxuyuro 24 noabpsa 1997 e.

PaccMaTpuBaloTCs YeThipeXMEepHble TAMWILTOHOBBI CHCTEMbl C OMCKPETHBIMH CHMMETPHSIMH, [UIA KOTODHIX IBE IBY-
MEpHbIE TUIOCKOCTH ABJIAIOTCA MHBapuaHTHbIMM. [Ipeanmonaraercs, 4T0 B KaXAOW M3 3THX HBYMEPHBIX IUIOCKOCTEH
CHUCTEMA HMEET MO JBE FOMOKIHHMYECKHE TPACKTOPHH K CEIOBOMY COCTOSHMIO paBHOBeCHs. s Takoro roMOKIMHM-
yeckoro 6ykeTa BBOAATCS IOHATHA IBYMEPHBIX YCTOWYMBBIX W HEYCTOMYMBLIX MHOTOOOpasuif. T MHOroobpasus Moryt
TPAHCBEPCAIbHO MePeceKaThCs N0 HEKOTOPOH TPACKTOPHH, KOTOPYIO MBI Ha3hiBacM CYNE€PrOMOKIHHHYECKOH OpOHTOM.

B paGore nokasbiBaercs, YTO CYLUECTBOBAHME TAKOW TPAEKTOPMM BJEYET 3a COGOM CYylIECTBOBaHHE CYETHOrO
MHOXECTBa TOMOKJIMHUYECKHX OPOUT K Ce/IOBOMY COCTOSSHHIO PAaBHOBECHS.

138

REGULAR AND CHAOTIC DYNAMICS, V.2, N3/4, 1997



