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In [1] the structure of a small neighborhood of a bunch of homoclinic loops to a saddle equilibrium
of a Hamiltonian system was described. It was shown that if there are three or more homoclinic
loops in general position, then the dynamics is chaotic, and the same is true when there are two
homoclinic loops which are tangent to each other upon leaving and entering the saddle. The chaos
manifests itself in the presence of hyperbolic sets in a neighborhood of the loops; Theorem 1 of [1]
gave a full description of these sets. Shilnikov’s original idea was that this and other results of [1]
can provide simple criteria for nonintegrability and chaos in Hamiltonian systems, along with the
homoclinic to a periodic orbit [2] and a homoclinic to a saddle-focus [3-6]. Recently, it has become
clear that the homoclinic bunches of the type considered in [1] appear naturally at resonance
crossings in near-integrable systems. The hyperbolic sets described in [1] contain heteroclinic orbits
that connect saddle periodic orbits which, in the near-integrable setting, correspond to different
resonances, so the homoclinic bunches occur to be essential for the switching between resonances

at the Arnold diffusion [7-10].Y

The short note [1] contained no proofs. Variational versions of the result of [1] were proved
in [11, 12]. Due to the recent interest in Arnold diffusion, different proofs were also proposed
in [8, 9].2) In the present paper the proof of the original version is given in the hope it can be
useful in Arnold diffusion studies and other applications, e.g., scattering problems [12]. Since the
dynamics we discuss here is hyperbolic, we do not require any high regularity from the system
and use only C'-tools (various arguments based on partial hyperbolicity) in the computations. The
other results from [1] can be proved in the same way.

Consider a 2n-dimensional (n > 2) dynamical system
z2=X(z)
“E-mail: dturaev@imperial.ac.uk
DSee also preprints J.-P. Marco “Generic Hyperbolic Properties of Classical Systems on the Torus 727 (2011) and

“Generic Hyperbolic Properties of Nearly Integrable Systems on A%” (2014).
ZSee also the preprint of J.-P. Marco (2011) mentioned above.
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of class C" (r > 1). Let the system have at least C%-smooth first integral H, i.e.,
H'(2)X(2) = 0. (1)

A Hamiltonian system with n degrees of freedom is a natural example, but the symplectic structure
is not important here. Suppose that X has a saddle equilibrium state O at the origin (i.e.,
X (0) =0, and the eigenvalues of the matrix X’(0) do not lie on the imaginary axis). By (1),
H'(0)X'(0) = 0. Since X’(0) is nondegenerate by assumption, it follows that the linear part of H at
zero vanishes. Assume that the quadratic part of H at O is nondegenerate. It is easy to check that
this nondegeneracy assumption and condition (1) imply that the system near O can be brought to
the following form by a linear transformation:

& =—Azx + o(z,y), y=ATy+ o(x,y), (2)

where x € R™, y € R™, and all the eigenvalues of the (n x n)-matrix A have positive real parts.
Moreover, the first integral takes the following form in these coordinates:

H = (y,Az) + o(z® + y°). (3)
Indeed, a general system near a saddle O can be written in the form
& =—Azx + o(x,y), g =CTy+o(z,y),

where the spectra of matrices A and C lie strictly to the right of the imaginary axis. The stable
manifold of O is tangent to y = 0 at O and the unstable manifold is tangent to z = 0. As H must
stay zero on the stable and unstable manifolds (we assume H(0) = 0), it follows that

H = (y,Qz) + o(z” +y°)

for some matrix Q. The condition of the nondegeneracy of the quadratic part of H at O implies
that @ is a square matrix (i.e., x and y have the same dimension n) and reads as det(Q) # 0. The
invariance condition (1) gives

—(y,QAz) + (y,CQx) + o(a® +y*) =0  forall  (z,y),

hence C' = QAQ~!. Now, by introducing new variables ypew = Q 'y and Zpe, = A~ 'z, we bring
the system to the form (2) and the integral H to the form (3).

We further assume that that the eigenvalues of A satisfy
0 < A <Rel

for all ¢ = 2,...,n, so the matrix A is brought to the form
A O
A= ,
0 B
where the eigenvalues of the (n — 1) x (n — 1) matrix B are \g,..., A,. Thus, system (2) is written
as

.’tl = —)\11E1 + 0(:1:7y)7 U= —Bu+ o(m,y), (4)
yl :>\1y1+0($7y), ,[):BTU—i—O(':L"U)’

where we denote u = (z2,...,2,) and v = (y2,...,yn). The expression (3) for the first integral
recasts as

H = Mz + (v, Bu) + o(a? + ¢). (5)
The unstable manifold W*(0) is tangent at O to the space (z1,u) = 0, and the stable manifold
W#(0) is tangent to (y1,v) = 0. We denote by W* C W* and W"* C W* the strong stable and

strong unstable (n — 1)-dimensional manifolds, which are tangent at O to z; =0 and y; =0,
respectively. These are smooth invariant manifolds; W** divides W* into two parts, W and W?2.

REGULAR AND CHAOTIC DYNAMICS Vol. 19 No. 6 2014



HYPERBOLIC SETS NEAR HOMOCLINIC LOOPS 683
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Fig. 1. Schematic figure of the bunch of homoclinic loops.

Similarly, we have W* = W"* U W UWZ®. We assume that W1 adjoins W** from the side of
positive y1, and W*+ adjoins W*¢ from the side of positive x.

Our main assumption is that W% and W* intersect transversely along m homoclinic orbits
I'q,...,Ty,. Note that the n-dimensional manifolds W* and W* both lie in the (2n — 1)-dimensional
zero level set of the smooth integral H. Therefore, they can intersect transversely along the one-
dimensional orbits I';, moreover, this condition is of general position. Another genericity assumption
we make is that none of the homoclinic loops I'1, ...y, lie in W or W*%, This means that the
orbits I'; enter and leave the saddle O along the leading directions, the axes z1 and y1, respectively.
Let us enumerate the loops in such a way that

Lycwinwsi  for j <m (group 1),
Ly cWrnwi  for mp <j<mg+mg (group II),
Lycw*nWws  for mi+mo <j<mg+ma+ms (group III),

LycwinWse for mi+mg+m3 < j<my+mo+mz+my (group IV).

Thus, my loops leave and enter O from the positive side, my loops leave O towards negative y; and
enter from the side x1 > 0, mg loops leave and enter O from the negative side, and my4 loops leave
O towards positive y; and enter from the side z7 < 0 (see Fig. 1). Some of mj can be zero, but
altogether they give mq 4+ mg + m3 + my = m.

Denote by X}, the restriction of the system to the level set H = h. Let V be a small neighborhood
of the set 'y U--- UL, UO. Denote by € the set of orbits of X}, which lie in V for all times
t € (—o0,+00).

Theorem 1. For a sufficiently small V and a sufficiently small hg > 0 that depends on V, the
following holds:

1. Qg=T1U---ul, UO.

2. If h # 0, |h| < hg, then the set Qy is hyperbolic. The restriction of Xy to Qy, is topologically
equivalent to a suspension over a topological Markov chain, which is defined by the transition

myp M2 m2 My

matrix M = at h € (0,hg) and M~ =

myg M3 m3 MMy

at h € (—ho,O).

The transition matrices in item 2 of the theorem define oriented graphs with 2 vertices (see
Fig. 2). The entry at the intersection of row s and column s’ of the transition matrix is the number
of edges that go from the vertex s to the vertex s’. The corresponding topological Markov chain
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h>0 h<0
Fig. 2. Graphs of topological Markov chains M* (h > 0) and M~ (h < 0).

is the set of all infinite (in both directions) paths {T';,};-°° _ over the edges of the graph, with the
shift map o : {I';,} — {I'j,,,} acting on this set. The edges of the graphs correspond to homoclinic
loops I'; in the following way: the entry m; in the transition matrix corresponds to the first m;
loops (those in Wi N WZ), the entry my corresponds to the next my loops (those in W* NW7),
and so on. Note that the neighborhood V consists of a small ball V around the saddle O and m
handles, Vi, ..., Vy,, such that V; surrounds I';\Vy. Each orbit in €, at h # 0 enters Vj, then gets
into one of the handles V;, returns to Vy, enters a new handle, and so on. This means that each orbit
is coded by a bi-infinite sequence of symbols I';, according to the above-described itinerary. Thus,
item 2 of the theorem provides a complete description of all possible codings and also establishes
that the coding determines the corresponding orbit uniquely (for each given h).

By uniqueness of the orbit with a given coding, periodic codings correspond to periodic orbits.
These orbits are saddle (as elements of the hyperbolic set €2,), so they smoothly depend on h. Thus,
given a coding compatible with the transition matrix M™* or M~ the family of corresponding
periodic orbits parameterized by A > 0 or h < 0, respectively, forms a smooth two-dimensional
manifold bounded by homoclinic loops at h =0 (the neighborhood V can be taken as small as
possible, so the limit of Q2 as h — 0 must be contained in ).

Fig. 3. The behavior on the invariant manifold £; (left) and invariant manifold £, (right).

In particular, for each of the (m; + m3) homoclinic loops I'; that belong to group I or group
I1I we have a unique saddle periodic orbit L;(h) with the code I'} at every small i > 0. This is a
single-round orbit, i.e., it goes through the handle around I' only once and closes up. As h — 0, the
limit of L;(h) is the loop I'; (see Fig. 3). We will show in the proof of the theorem (in the beginning
of the proof of Lemma 1) that our loops I'; satisfy conditions of the nonlocal center manifold
theorem for homoclinic loops (see [13-17] or Theorem 6.3 in [18]). This theorem establishes that
there exists a smooth, normally hyperbolic, two-dimensional invariant manifold £;, which is tangent
to the axes x1 and y; at O and contains all the orbits that never leave the small neighborhood
VoUV; of I'; UO. The restriction of the system on the surface £; has a smooth first integral
H = \zy1 + o(z? + y?) (see (5)). Thus, £; N {h > 0} is filled by the single-round periodic orbits
Lj(h). The same conclusion holds at h < 0 for the homoclinic loops I'; and their corresponding
families of single-round periodic orbits L;(h) from groups II and IV. By item 2 of our theorem,
every two surfaces £; from the same group have a heteroclinic connection on every positive (groups
I and III) or every negative (groups II and IV) level set of H. These connections correspond to
transverse (on the given level set of H) intersections of the stable and unstable manifolds of the
periodic orbits L; — the transversality is a part of the hyperbolicity property of the sets €2;,. When
the groups are different, heteroclinic connections between them are present when a corresponding
entry in the transition matrix is nonzero.
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Now consider a pair (a figure eight) of homoclinic loops I'; and T'y, which leave and enter O
from the opposite sides, i.e., I'; belongs to group I while I'j, belongs to group III, or I'; belongs
to group II while I';, belongs to group IV. As the loops are not tangent to each other at O, the
nonlocal center manifold theorem holds for this pair of loops as well [16]. Namely, there exists a
smooth, normally hyperbolic, two-dimensional invariant manifold £;;, which is tangent to the axes
21 and y; at O and contains all the orbits that never leave the small neighborhood Vo U V; UV,
of I'; UT'y UO (see Theorem 6.5 of [18]). In other words, the manifolds £; and L near the loops
I'; and I'y, can be chosen in such a way that their union is the smooth invariant manifold £;;. The
restriction of the system on the two-dimensional surface £; has a smooth first integral H whose
quadratic part at O is nondegenerate. Thus, L;, is filled by the single-round periodic orbits L;(h)
and Ly (h) at h > 0if I'; and I'y, belong to groups I and III, and h < 0 if the loops belong to groups
IT and IV, while at the opposite sign of i the invariant surface is filled by the double-round periodic
orbits Lji(h), which correspond to the coding (I';I'x)“ (see Fig. 3). It follows from item 2 of our
theorem that every two different surfaces £;;, have a transverse heteroclinic connection at all small
h #0.

Fig. 4. The simplest cases with positive entropy. Left: When two loops are tangent to each other at O, the
saddle periodic orbits Li(h) and L2(h) at h > 0 come sufficiently close to each other, so their stable and
unstable manifolds intersect and a Smale horseshoe exists. Right: A case of three homoclinic loops is shown,
with the graphs of corresponding Markov chains at h > 0 (no chaos) and h < 0 (chaos).

If m = 1, then our theorem shows that the only orbits that never leave V are the single-round
periodic orbits L(h), the loop I', and the saddle O. If m = 2, and the loops leave and enter O
from the opposite directions (i.e., m; =ms =1, ma =myg =0, or mg =my =1, m; =m3 =0),
then only the double-round cycles are added to the list. These cases are analogous to systems
on a plane. Another case of simple dynamics, which is different from the two-dimensional case,
corresponds to two loops which are tangent to each other when they leave O, but they enter O
from opposite directions (or they leave O from the opposite directions and are tangent when they
enter O). In this case we have only single-round orbits L(h) for both signs of h. Other cases, i.e.,
m > 3, or m = 2 and the loops are tangent to each other upon leaving and entering O, produce
chaos, i.e., the restriction of X to € has positive entropy for all small h of appropriate sign.

Let us now prove the theorem. Let the equation of the local unstable manifold W*(O) be
{z1 = 2"(y1,v),u = u"(y1,v)} and the equation of the local stable manifold W*(O) be {y; =
y*(x1,u),v =v%(x1,u)}, where z¥, u", y°, and v° are smooth functions that vanish at zero

along with the first derivatives. Take a sufficiently small d >0 and consider two cross-sections
Y0 {xy =d}, B {x1 = —d} to W* and two cross-sections 9 : {y; = d}, 2 : {y; = —d} to

W, Let M; out — (m?“t (y?“t, ]0“'5), u?“t = (y]wt, ]Om) y]wt, ]Om) be the points of intersection

of the loop F with Z"“t U X%, For the loops I'; from groups I and IV, we have y"“t = d, while we
have y7** = —d for the loops from groups II and III. As all the loops leave O tangent to the y;-axis,

it follows that (v "“t, m}’“t, u;“t) = o(d). Similarly, denote as M n = (g ;”, ;”, Yt =y (x ;”, ;”), v;'.” =

(y] ,vj"")) the points of intersection of the loop I'; w1th Ty . We have x;” = d for the

loops I'; from groups I and II, and ac;” = —d for the loops from groups III and IV; we also have

(u] ,y] , ;") = o(d). Let H;?“t and H;'»" be sufficiently small neighborhoods (within the cross-sections
¥ and L) of the points Mg and Mjm, respectively. Denote Hé-”(h) = Hé-" N{H = h} and
19" (h) = 9" N {H = h} (see Fig. 5). If d is taken sufficiently small, then g—g #0 at |z1]=d
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(see (5)). Therefore, y; is a well-defined smooth function of (u,v) everywhere on Hé-”(h), so the
coordinates (u,v) define the points of H;”(h) uniquely for every given small h. Similarly, z; is
uniquely defined by the values of u and v for every point of H?“t(h) for every given small h.

Fig. 5. Illustration to the proof of the theorem.

The orbits from the set ), must enter the d-neighborhood of O by intersecting X" = %" U ZT
at one of the neighborhoods H;”(h) and leave the d-neighborhood of O by intersecting % =

$oul U B9t at one of the neighborhoods H;"t(h). If {T';,};°°__ is the coding of such an orbit, then

1=—00
it intersects ¥ at a point of Héfil(h), then intersects % at a point of I19"*(h), then intersects
i at a point of H;’:(h), and so on. The following lemma shows that these intersections can only
follow a path in the graph defined by the transition matrix M™ at h > 0 and M~ at h < 0.

Lemma 1. Let d be sufficiently small, and the size of the neighborhoods H;-”’OM be sufficiently small
(< d).

1. No orbit thats starts at H;”(O) can leave the d-neighborhood of O by crossing II*(0), for any
Jk=1,...,m.

2. If h #0, then an orbit that starts at H;”(h) can get to 119 (h) at the moment it leaves the
d-neighborhood of O only for such j and k that

sgn(z]"y7") = sgu(h). (6)

Proof. Let us recall the theorem on a nonlocal invariant manifold in a neighborhood of a homoclinic
loop (see, e.g., [18, Chapter 6]). It says that if the loop I" exits the saddle tangent to the leading axis
(the axis y; in our case), and if the unstable manifold W"(O) is transverse to the extended stable
manifold W*€ at any point of the loop, then the system has a smooth, repelling, invariant manifold
Wes(T') such that dim(We(T')) = dim(W*(O)) + 1 = n + 1, the manifold W(I") contains O (along
with its local stable manifold) and the loop T, it is tangent at O to the space v = 0, and it contains
all the orbits that stay in a small neighborhood of I" for all positive times t. In our situation, the
only condition we need to check in order to guarantee the existence of such a manifold We(I") is
the transversality of W*(O) to W*¢(O) at the points of I'.

The (n + 1)-dimensional manifold W*¢ contains W3 _(O) and is tangent to v = 0 at O [18]. Let
us show that our condition that W* and W? intersect along the orbit I' transversely within the
level set H = 0 is equivalent to the transversality of W* to W#¢ at the points of I'. Indeed, as all
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the manifolds involved are invariant, it is enough to verify the transversality at any point of I'. At
the point M =T NX™ we have |z1| = d, and (y1,u,v) = o(d), so the level set {H = 0} near this
point is given by the equation y; = F'(u,v) where the first derivatives of F' can be made as small
as we want by taking d sufficiently small (see (5)). Therefore, the level set { H = 0} intersects W*¢
at the point M transversely, since M™ is close to O and W*¢ is tangent to v = 0 at O. Hence,
at the point M the transversality of W% to W*¢ is equivalent to the transversality of W% to
Wee¢n{H = 0} within the level set H = 0. It remains to note that W*¢ N {H = 0} coincides with
W . near the point M (by the transversality of W*¢ to {H = 0}, the (2n — 1)-dimensional level
set {H = 0} must intersect W*¢ by an n-dimensional smooth manifold near M, and the manifold
W . is n-dimensional and belongs to both W*¢ and {H = 0}).

Thus, when the conditions of our theorem hold, the nonlocal invariant manifold theorem is
applicable to each of the loops I';, so each such loop belongs to an (n + 1)-dimensional smooth,
repelling, invariant manifold W (I';) which is tangent to v = 0 at O and contains all orbits that
stay in a small neighborhood of I'; for all positive times. We do not assume our system is reversible,
but the problem itself is still symmetric with respect to time reversal, so we also have, for each of the
loops I';, the existence of an (n 4 1)-dimensional smooth, attracting, invariant manifold W (I';)
which is tangent to u =0 at O and contains all orbits that stay in a small neighborhood of T';
for all negative times. The intersection W¢(I';) = W(I';) N W(I';) is a smooth two-dimensional
invariant manifold which is tangent to the (z1,y;)-plane at O and contains all entire orbits that
never leave a small neighborhood of T';.

We will use the following trick in order to simplify the computations. Let us take some § > 0.
Note that given any two homoclinic loops I'; and I'y, we can, by an obvious use of the flow-box
argument, modify our system outside the d-neighborhood of O such that the new system will
have a homoclinic loop I" which would coincide with I'; when it leaves O and with I'; when it
enters O. This can be done in such a way that the modified system still has the first integral H
and the transversality condition holds. Then the modified system will have a smooth invariant
manifold W which contains the newly created loop I'. The intersection of this manifold with
the d-neighborhood of O will be a local invariant manifold of the original system. Thus, we find
that our original system has a smooth invariant manifold W;,f in the neighborhood of O, which
contains W} and, for every choice of d < ¢, it contains the points MJ’" =TI;N{|z1| =d|} and

M =T N {|y1| = d}. This manifold is tangent to v = 0 at O, so it is given by
,U:U]C'Z(xlvuvyl)v (7)

where the derivative of vj; in the d-neighborhood of O is bounded by a constant &, which can be
taken as small as we want by taking ¢ sufficiently small. This also implies

loiill < ellzy, u, yal- (8)

For the restriction of the system on the manifold i the unstable manifold of O is one-

dimensional. It is a curve divided by O into two halves (separatrices), one of which passes through
the point M{"". The orbits that start close enough to the stable manifold of O must leave its
neighborhood close enough to the unstable manifold. So, the orbits, which start in jc]f above W
when y9** (the y-coordinate of M) is positive or below W} . when yg** < 0, get close to M{"* and
reach the cross-section Hz“t. On the contrary, as W} = divides chlﬁ , the orbits that start in ch,f on
the opposite side of W}?  leave the neighborhood of O close to the separatrix that does not contain
M, ,‘;g), so they do not get to Hz“t. The orbits that start at W;° = do not get to Hzm either (they tend
to .

On the manifold W we have (see (5), (7), (8))

OH 81);;‘;
o x1 + O(u) o + o(z,y).
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As |z1] = d and (u,y1,v) = o(d) in H;'-”, it follows that

n<8H>_ o ()
sg o = sgn (z;

everywhere in H;-” N Wi . Note that the integral H vanishes everywhere on W} . Therefore, H > 0
above W . when ac;” =d, and H < 0 above W} when :E;" = —d. Thus, the above arguments show
that the orbits that start in Hé-”(h) NW get to I19%(h) if and only if (6) holds, in agreement with
the statement of the lemma.

In order to show that the same is true for all the other orbits that start in I1{"(h), we recall that

the point O is partially hyperbolic in the following sense: the tangent space at O is a direct sum of
two invariant subspaces of the linearized system (the v-space and the (z1,u,y;)-space) such that
the expansion along the directions from the first subspace is stronger than any possible expansion in
the second subspace (the expansion in the (x1,u, y1)-space is bounded by eMt, while the expansion

in v is larger than e™ where \; < A < min;>o Re);, see (4)). It follows that given any € > 0, the
forward flow of the linearized system takes the cone

@1, u, 1 < elvll
strictly inside itself Moreover, the linearized flow restricted to this cone expands in the v-directions

with the rate e at least.

For any fixed €, this cone property is obviously inherited by the system linearized along any
orbit that lies in a sufficiently small §-neighborhood of O. This also implies that for any two orbits

(M, yM) and (2@, y@) in the s-neighborhood of O, if

o @) = 21 (), u® (1) = uD (1), 5 (1) = iV (1)) < 0@ () — O (1) (9)

at t =0, then the same holds true for all positive times ¢ such that the orbits stay in the o-
neighborhood of O. Moreover,

I (t) — oD )] > M@ (0) — vV (0)]. (10)

Now take any point P} = (mg ),u(l),y(l) o) e H;”(h) We have azgl) = a: = +d and uM) =
o(d). By (5), the intersection S(u(D) h) = H;”( )N {u = ulD) = const} satisfies

h =iy + (v, BuM) + o((zM)? + (yM)?).

0 1
This gives 62;1}1 =4 [O(u(l)) + o(z™M,yM)| = 0(1)4_0. Thus, when d is taken sufficiently small, the

manifold S(u™, h) is given by an equation (z1,u,y;) = G(v) where G is an e-Lipshitz function. If
¢ was taken small enough, this guarantees the existence of a unique point of intersection with the
manifold W given by (7). Denote this point Py = (a:§2),u(2), y§2),v(2)). By construction, the orbits
of points Pj o satisfy (9) at ¢t = 0, so they will satisfy the same inequality at all positive ¢, as long
as they stay in the d-neighborhood of O. The orbit of point P» stays in the invariant manifold W,
so the norm of v(?(t) is much smaller than the norm of ($§2) (t),u® (t), y?) (t)) (see (8)). Then, it
follows from (9) that as long as the orbit of P1 stays in the d-neighborhood of O, the orbit of P,
stays in, say, 2d-neighborhood of O, hence [|[v(?|| < 2ed < d.

Now, again by (9), we conclude that if the orbit of the arbitrarily chosen point P; € H;”(h)

leaves the d-neighborhood of O by crossing I17*" (which corresponds to yg)(t) = yP" = £d), then

|y§2) (t) — Yo" < 2ed < d at this moment of time. This means that the orbit of the corresponding
point P, € WiFN H;”(h) is, at this ¢, above W if y¢“! > 0 and below W} _ if y?** < 0, i.e., it must

also hit the cross-section II?** at some time. As we have shown above, this is possible only if h # 0
and condition (6) is satisfied, which proves the lemma. O
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Item 1 of the lemma immediately implies item 1 of the theorem. Item 2 implies that the coding
of every orbit of Q; must give a path in the graph defined by the transition matrix M? (where
o = sgn(h)) defined in item 2 of the theorem. In order to finish the proof of the theorem, it remains
to show that given any bi-infinite path in this graph, there exists a unique orbit in € with the

corresponding coding. We prove this fact by showing that the Poincaré maps T] kh - H;”(h) — Hi”(h)
defined by the orbits, which pass from H;-” to I17“" near O and then follow the homoclinic loop T,
are hyperbolic.

T3 () v Ten Tjenl1} (h)

v

U mp(n) 8
Tikn
/ ; v

(i) v

Ty 115 ()

Fig. 6. Illustration to the proof of the theorem. The maps Tjrn and Tjkh = Tkn o Tjin contract in v and
expand in v.

Recall that for any fixed A the coordinates (u,v) define the points in II5" (and in TI"* as well)

uniquely. The hyperbolicity of the maps Tjkh essentially means contraction in u and expansion in v
(see Fig. 6). The computations employed for the proof of the hyperbolicity are done by decomposing

Tjkn into the product of two Poincaré maps, the local map Ty, : H;-”(h) — TI9“*(h) by the orbits
that lie in the d-neighborhood of O and the global map Ty, : 1194*(h) — II{*(h) by the orbits close
to I', N Vj. We start by showing a very strong hyperbolicity of the local maps T}, (see Lemma 3).

Let us call a smooth manifold of the type (z1,u,y1) = G(v), where |G'(v)|| < ¢, a v-graph.
While proving Lemma 1, we noticed that the positive time shift of a v-graph remains a v-graph all

the time it stays in the d-neighborhood of O (see (9)). Moreover, the derivative of the time-t map
restricted to the v-graph is strongly expanding:

ov(0)
ov(t)

(see (10)). As we showed in the proof of Lemma 1, the intersection S(u,h) of the set u = const

with H;”(h) is a v-graph, which has a unique point P of the intersection with the manifold W3

<e M (11)

for any chosen k. We also showed that, by construction of i if condition (6) holds for j, k, and
h, then the forward orbit (x7](t),u*(t),y;(t),v*(t)) of the point P leaves the d-neighborhood of O
by intersecting the subset II9“(h) of the cross-section X, i.e., yi(t) — yo** changes sign while v*(¢)
remains small, |[v*(¢)|| < d = |yg**|. When the point P is close to W}, i.e., at h small enough, the
time ¢ needed to get to I1¢*(h) is large, so the flow map restricted to the v-graph S(u, h) is strongly
expanding (see (11)). Therefore, in S(u, h) there is a small neighborhood of P such that the image
of this neighborhood by the time-t map covers the whole d-neighborhood of v*(¢) in the v-space,
for all ¢ from a certain interval when the orbit of P passes from one side from X to the other one.
This means that for any v from a neighborhood of v{"* there exists a point in S(u,h) whose orbit

intersects I19“(h) at a point with the v-coordinate equal to ©.

As the value of u in this argument can be taken arbitrary in a small neighborhood of ué-", we
arrive at the following conclusion.
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Lemma 2. For all sufficiently small h and the indices j, k satisfying condition (6), and for all u
and v such that ||u — u;”H and ||v — v¢"|| are small, there exist u and v such that (u,v) € H;”(h)
and the orbit of the point (u,v) leaves the d-neighborhood of O by intersecting the cross-section X
at the point (u,v) € I (h), i.e., (4,0) = Tjkn(u,v).

The lemma below considerably strengthens this statement. Recall that the point M jm lies in the

manifold W2 .M H;”, which has the equation v = v*(z%*, u), and M 24 lies in the manifold W} N H;”,

7
which has the equation u = u*(y9**, v), where u* and v® are smooth functions. We make a change

of the coordinate v in H;” by the rule v, = v — v*(z%",u), and a change of the coordinate u by the

7
rule uo = u —u"(yp"*, v) in TIY* (note that we do not change the coordinate v in TI** and w in TI}").

Lemma 3. The map (u,v) — (u,v) is single-valued, smooth, and strongly contracting:

(o, o)

P 0 (12)

as h — 0.

Proof. The map Tjip, : (u,v) — (u,v) is smooth (it is a Poincaré map of a smooth system of
differential equations). Therefore, we will prove that (u,v) — (u,v) is a well-defined smooth map if
we show that gg is invertible. For this it is enough to check that the map v — ¥ at every constant
w is uniformly expanding. In order to do this, take some small h and denote as S(u, h) the section
of H;”(h) that corresponds to a constant u close to u;” Let P € S(u,h) be a point defined by a
certain value of v = v(0) such that the orbit (z1(t),u(t),y1(t),v(t)) of P hits II¢* at a point @ at
some time ¢. As h — 0, the point P tends to W}J , the point ) tends to W}?_, and the flight time ¢
tends to infinity. If we give an infinitesimal increment Av to the initial condition v(0) on S(u, h),
the time of arrival at the cross-section Hzm (which corresponds to a constant y; = y,g“t) will get
the increment

L on(@)
11]1 62}(0)

where g1 is taken at the end point Q. Therefore, the derivatives of the Poincaré map T)j, are
related to the derivatives of the time-t map by the rule

ov  ou(t) v Jyi(t) ou  Ou(t) 4 Jyi(t)

At = Av,

— — = - 13
v ow(0) g1 dv(0)’ v ov(0) g Ov(0)’ (13)

where 91, %, and ¥ are taken at the point Q). By multiplying by Av we get
AT = Av(t) — © Ay(t). (14)

A

Since the increment in the initial conditions is tangent to the v-graph S(u,h), the increment
(Azxy1(t), Au(t), Ayi(t), Av(t)) of the time-t image is also tangent to a v-graph, so

[Ay(B)] < ellAv(@)]- (15)

We also have that 0 = o(d) < i at the points of II?“*(h). Thus, At = (1 + o(1)4—0)Av(t) in (14).
Hence, if the constant d was taken sufficiently small in advance, then the strong expansion in v by
the flow map (see (11)) gives us the strong expansion in v by the Poincaré map, as required.

Now, by (11), we have

82)0 . (92) . )\t
v v Ole™™).

REGULAR AND CHAOTIC DYNAMICS Vol. 19 No. 6 2014



HYPERBOLIC SETS NEAR HOMOCLINIC LOOPS 691

0
Since the flight time ¢ tends to infinity as h — 0, this shows that an — 0 as h — 0. To complete
v

the lemma, it remains to show that 881:)0 — 0 as h — 0 (the estimates for derivatives with respect
to u follow by the symmetry of the problem). By (13),
o Ouo(t) o Iyr(t)
v ow(0) 71 Ov(0)’
Ot _ Quo(t) o Oyl(t)} . <1 0 5y1(t)>_1
v ov(t) 11 Ov(t) 71 Ov(t) ’

oy(t) _ Oy () <8U(t)

-1
where uo(t) = u(t) — u*(y(t), v(t)). By (15), we have that = > is uniformly

ov(t) — ow(0) \ 9v(0)
. Ot . . Ouo(t)
bounded. Thus, we will prove that 5% — 0 if we show that %, and u(t) tend to zero.
v v

Recall that u, =0 at the points of W}  therefore u, — 0 as h — 0, because the point
Qe Hzm(h) where 1, is computed tends to Wj%_ as h — 0. The last thing to prove, namely that

Ouo(t)
dv(t)

as h — 0, follows directly from lambda-lemma [19]. Indeed, note that the manifold S = {z1 = 2

const, u = const} = UpS(u, h) is transverse to the local stable manifold, therefore, by lambda-
lemma, its time-t shifts S; converge, in the C'-topology, to W, as t — +oo. This means, in
particular, that the manifolds Sy in a small neighborhood of M ,;’“t are given by the equation {z; =
ft(y1,v),u = g¢(y1,v)} where the functions f; and g; are such that f; — z* and g — u" ast — +o0,
along with their derivatives with respect to y; and v. Our starting point P belongs to .S, hence its
time-t shift always belongs to Sy, so u(t) = g¢(y1(t),v(t)) and uo(t) = g+(y1(t),v(t)) — u™(y1(t), v(t)).

Now (16) follows from gu = ") — 0.

v

Lemma 3 shows that the local Poincaré map T}z, can be written in the so-called cross-form,
where the values of the coordinate u at the image and v at the preimage are uniquely determined
by the values of u at the preimage and v at the image. Moreover, the fact that the cross-form
is contracting means that the map itself is hyperbolic, i.e., it contracts in the wu-directions and
expands in the v-directions (see [18, Chapter 3| for details). Let us show that the global map
Tip : 119 (h) — I1i"(h) defined by the orbits close to I'y NV can also be written in the cross-form.

Indeed, the flight time from the cross-section 113 to the cross-section II!" is bounded, therefore
the map T}, is a diffeomorphism that depends continuously on h. So we can write a Taylor expansion

) (16)

i — u}C" = ag(h) + a1 (h)u + az(h) (v — v{") + o(u, v — v"),
0 = Bo(h) + Br(h)ua + Ba(h) (v — v) + o(u, v — V™),

where (@, ) are the coordinates of a point in II?“*(h), and (i, 0) are the coordinates of its image
in II{*(h); the coefficients a and 3 depend continuously on h. From now on we use the coordinates
uo and v, and omit the index ,. In these coordinates the equation of W, NIIZ¥(0) is u = 0 and
the equation of W7 N H};”(O) is v = 0. The map T takes the point Mg (0,v9"") = T NI to
M (ui™, 0) = T, NI, so ap(0) = 0, By(0) = 0. Recall that we assume that the intersection of W*
and W# along the homoclinic loop I' is transverse (within the level set H = 0). This means that
TroW}, is transverse to W} within the set I1*(0). By (17), this means that (2(0) is invertible.
Hence, we can express v — v,‘;“t from the second equation of (17) as a function of u and ¢ for all

(17)

small h, which means that the map Ty, can be written in a cross-form:
o —ul" = p(a,o,h),  ©v—op" =q(a,d,h), (18)

where p and ¢ are smooth functions vanishing at zero.
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By an elementary computation, one obtains the following

Lemma 4. Let U, V and U, V be conver subsets of a Banach space. Let two maps Ty : (u,v) +—
(u,v) e U xV and Ty : (u,v) — (u,0) € U x V be written in a cross-form:

Ty (u,v) = (u,v) if and only if  u = py(u,v), v = qi1(u,0),

and
Ty (u,v) = (4, 0) if and only if = po(u,v), v = qo(u,v),
for some smooth functionspy : U xV —U,q :UxV = V,ps:UxV - U, andqy: U xV = V.
Let
8p1 8]71 8(11 aQ1
<
ma"{“ ou H o ||| ou ||| 95 | § ST
Op2|| ||9p2]|| ||9a2| ||0a2
<
max{‘au ‘ a0 ||| aa ||| 00 || S B2

for some constants K12. If K1 Ko < 1, then the map T3 = Ty o Ty is also written in a cross-form:
T3(u7 ’U) = (av {)) Zf and Only Zf U= p3(u7 {))7 U= Q3(U, {})7

where the smooth functions ps,qs are defined everywhere on U XV and, if we define the norm in
U xV as |lu,v|| = max{vKi|ull, VKz|vl}, then

d(p3,q3) < VK1 K>
O(u,d) || ~ 1 - VEK1Ky

If we take Tjip, as the map 17 and Tjj, as the map T3, then Lemma 4 tells us that the Poincaré
map Tjkh = Tin o Tjpn H;”(h) — II{*(h) can be written in the cross-form. Moreover, the cross-map

is contracting, which means the map Tjkh is hyperbolic. Namely, the constant K7 can be taken as

small as we want if h is sufficiently small (see (12)), so the condition K1Ks < 1 of Lemma 4 is
fulfilled. Then we have

Lemma 5. There exists a small v > 0 such that for all sufficiently small h # 0 and the indices j,

k satisfying condition (6), there exist smooth functions pjin, qjkn that take the v-neighborhood of
(u= u;'»”, v =10, = 0) into the v-neighborhood of (u = ui",v = v, = 0) such that

A

Tikn(u,v) = (4,0) if and only if U = pjgn(u,v), v = qjkn(u, D).
Moreover,
ODjkn Opjkh 04k 0qjkh
1 1
H ou || 7| e || ou | Tl a0 || <

for an appropriate choice of norms in the u- and v-spaces.

Now Shilnikov’s lemma on the fixed point of a saddle map in the infinite product of Banach
spaces [2] immediately implies that given any coding sequence {I';,}:>°__ such that sgn(a;;?y;ffl) =
sgn(h) for all 4, there exists a unique sequence of points P; € H;?(h) such that Tjijiﬂhpi =P
for all 7. By construction, this sequence consists of points where a certain orbit entirely lying
in V intersects ¥, and this orbit has the code {Fji f:"foo. Thus, we have established a one-to-
one correspondence between the orbits in € and the bi-infinite codings defined by the transition
matrices M*, which completes the proof of the theorem.
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