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1. Boe,LJ;errne. roMOKJIHHH'JeCKRSI rreTJiil 

C rrepHO,LJ;H'IeCKOH BHeiiiHeH CHJIOH 

OcHOBHhiMH o6'heKTaMu KJiaccwieCKOii TeopiUI CIIHxponn3au,nn RB

JIRIOTCR 3a,n;aqa 0 B03,[1;€HCTBHII BH€IIIHero nepHO,[l;II"!eCKOrO CIIrHa.Jia Hit 

aBTOKOJie6aTe.JibHYIO CHCTeMy II 3a,n;aqa 0 B3aHMO,[l;€HCTBHII ,!J;BYX aBTO

KOJie6aTe.JibHbiX CIICTeM. lJ;e.Jih, KOTOpaR 06hi'IHO 3;J;€Cb CTaBIITC.H, COCTO

HT B Bbi,[l;e.JieHUH B UpOCTpaHCTBe napaMeTpOB o6.JiaC'reil: cyiiJ,eCTBOBaHml 

rpy6biX yCTOH'IIIBblX nepHO;J;H'IeCKHX ,!J;BH)KeHHH - 06.JiaCTeil: CHHXpOHII 

3aiJ,Hll - M OIIIICaHHH ;J;HHaMH'IeCKMX .HBJieHHH, B03HIIKaiOIIJ,HX IIpH II(' 

pexo;J;e qepe3 rpaHMIJ,bi 3TMX o6JiacTeii. Cpa3y OTMeTIIM, 'ITO B03HMKaiO 

Ill,M€ 3;J;eCb lJ;IIHaMM'IeCKMe CMCTeMbi MHOrOMepHbi (pa3MepHOCTb ¢a30BO 

ro rrpOCTpaHCTBa Tpii II Bbiiiie). IJ03TOMY TIOH.HTHO, 'ITO M3y'IeHM8 KOII 

Kp8THbiX MO,[l;e.JieH Tpe6yeT MCIIOJib30BaHM.H IIIIIpOKOrO apceHa.Jia MeTO,!J;OI< 

COBpeMeHHOH Ka"!eCTBeHHOH TeOpiiH. 

0THOCMTe.JibHO IIpOCTO paCCMaTpMBaeMbie 3a,[l;a'IM peuraiOTC51 B C.ny 

<J:ae Ma.JIOH BHemHeii CHJibi H.JIM Ma.JIOI'O B3aMMO,[l;eil:cTBH51, KOTOpbi€ Mhi 6y 
;J;€M C'IMTaTb HM€l0Ill,MMH IIOp.H,!J;OK p,. 3,n;eCb JierKO CTpOIITC.H 0T06paJKeHII<' 

IIyaHKape TIL, KOTopoe B IIO;J;XO;J;HIIJ,IIX ( TaK Ha3hiBaeMbiX HopMa.JihHhl x) 

KOOp,!J;HHaTaX npe;J;CTaBJI5feTC5f B BM;J;€ 

x = f(x, fJ, p,), 
{j = fJ + w + go(x, 0, p) = g(x, fJ, 11) mod 27r, 

r,n;e x E R11
, 8 E 8\ f u g0 -- nepuo,n;u<J:ecKne no 8 ¢ynKIJ;HH c nepuo;r,m• 

27r. II pH 3TOM f(O, fJ, 0) = 0, go(O, 8, 0) = 0 H II!~ II < 1 BCIO;J;Y B neKoTopm' 

KO.JibiJ;e Ko = { (x, 8), 0 E 8 1
, llxll ::; J} npH BC€X Ma.JibiX p,. 

Cor.Jiacrm npiiHIJ,Mny KOJihiJ,a [3, 27], y OT06pa)KennR TIL npu B<'r\ 

,!J;OCTaTO'lHO Ma.JibiX J.L 6y;J;eT CyiiJ,eCTBOBaTb JCTOH'!MBa5f r.Jia,n;Ka5f Hllli:J 

piiaHTHaH 3aMKHyTa5f KpMBa.H BH;J;a :C = h( (}, fl), K KOTOpOH CTpeM}I'IT;J 

Bee TpaeKTOpMM M3 K 0 . B ¢a30BOM npocTpancTBe nnBapnaHTHOii: KpiiB"" 

OTo6pa)l(eunf! IIyaHKape OTBe<J:aeT ;J;ByMepubril: ycTOH'IHBbiii MHBapriai!'' 

Uhiii TOp. IloBe,n;eune TpaeKTOpnii na Tope onpe,n;e.JIReTCR oTo6pa)Kel!Ht'~' 

MHBapMaUTHOH KpiiBOH, KOTOpOe 5JBJifleTC.H ;J;H¢¢eoMop¢M3MOM OKpy Jl 

UOCTH BII;J;a 

{} = () + w + pa(8, p) mod 21r, 
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r,n;e a(fJ) - nepwo,n;wrecKaa: ¢YHKu,mr c nepiiO,!J;OM 21r. 3,n;ech, KaK npa

BIIJIO, K Ka)K;J;OMY W, COU3M€pHMOMY C 27r, npu P, = 0 6y,n;yT IIpHMbiKaTb 

o6.nacnr CHHXpOHH3aiJ,HH Ha TIJIOCKOCTII rrapaMeTpOB (w, p,), TaK)K€ Ha3hi

Ba8Mbi€ R3hiKaMu ApHOJib,!J;a. 0Hu cxeMaTwieCKH noKa3aHhi Ha puc. 1. 

J1 

w 

Pnc. 1. 5i3hiKH ApHOJib,[l;a Ha IIJIOCKOCTH rrapaMeTpOB (w, p) 

BHyTpn Ka)K,n;oro .H3hrKa ApHOJihlJ;a 'IMC.JIO Bparu,erma IIyaHKape 

paiJ,IIOUa.JibUO II IIOCTOHHUO, yCTOH'IMBbie nepiiO,!J;WieCKHe ,!J;Bll)l(eHII.H C ,n;an

HbiM 'IIIC.JIOM BpaiiJ,eHII5f Ha TOpe OTBe'JaiOT pe)KHMY CHHXpOUM3aiJ,HH. 

IlpM nepexo,n;e qepe3 rpaHIIIl,bi o6JiacTeii cmrxponn3aiJ,IIM CTPYKTypa 

MUO)KeCTBa TpaeKTOpiiH ua TOpe ;J;OJI)l(Ua II3MeH5ITbC5f. IJpM 3TOM B CII

.JIY nerrpepbiBHOH 3aBMCIIMOCTH 'IHCJia Bpam,eHII.H OT rrapaMeTpOB ,[l;OJDK

Ubl pea.JIM30BbiBaTbC5i M MppaiJ,MOHa.JihHbie 'liiCJia BpaiiJ,eHH5f, KOTOpbiM OT

Be'laeT y)Ke He pe)KIIM CMHXpOHII3aiJ,MM, a KBa3IInepMO;J;II'IeCKUH pe)KMM 

( 6IIeUH.H). 3aMeTHM, 'ITO B IIpMKJia,[l;HhiX MCC,Jie,[l;OBaUM5JX rrepiiO)J;M"!eCKMe 

pe)KMMbi c 6o.JibiiiMMM nepiio;J;aMn B y3KHX R3hiKax Apuo.Tib;J;a o6hr'IHO He 

BOCIIpiiHHMaiOTC5f KaK pe)KHMbi CMHXpOUII3aiJ;IIH, l10CKO.JibKJ OHM npaKTH

qeCKH neOTJIM'IHMbi OT KBa3IITiepMO,!J;II'IeCKMX. 

,UanuaR KapTIIna IIMeeT MeCTo ;J;JIR KJiaccwrecKoro ypaBneniia Bau

,n;ep-Ilo.JIH 

x + ;;,(x2
- 1)x + w5x = ttA sinwt (1) 

4 
B KBa3IIJIIIUeHUOM CJiyqae, T. e. npM p « 1 H A2 < 27 cho CJie;J;YeT M3 

II3BeCTUhiX IICCJie;~oBaniiii Bau-;J;ep-l1on.H [35], An;J;pouoBa II BIITTa [7], 
KphiJIOBa H BoroJri06oBa [13], a TaK)Ke pa6oThi A¢paiiMOBII'Ia n IllnJib

HIIKOBa [ 1], o6'bRCnmou~eii coxpaueuue TOp a npii HC<J:e3uoBeuiiii ce;J;.no

Y3JIOBoro nepMO;J;H'IecKoro ;J;BIDKeun:H B c.Jiy'IaRx rJiaBHhiX pe3onancoB. 

OcnommR 3a,n;aqa, KOTopa.H 6y;J;eT o6cy)K;J;aThCR B uacTO:HII~eii pa6o

-re, COCTOIIT B II3y<J:eUHM ;J;HUaMM'IeCKIIX 3¢¢eKTOB, B03HIIKaiOIIJ,HX IIpH 
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yBeJIFI'IeHIH!: fJ npii BbiXO)W U3 o6JiaCTII cyu~eCTBOBaHfUI HimaprraH'rHOrO 

Topa. IIocKOJihKY uccJie,n;oBaHrrH 3Toro BOrrpoca oKa3a.Tm 3na<J:wre.IThHOe 

BJIII5!JHie Ha COBpeMeHHOe TO'IHOe €C'l'€CTB03HaHHe, Mbi 60Jiee no,n;po6HO 

OCTaHOBl1MC5I Ha IICTOpHII IIp06JreMbi. 

B 1927 ro,n;y Ban-,n;ep-IIOJib II Ban-,n;ep-MapK orry6mrKOBaJIII CBOII 

pe3yJihTaTbi HO 3KCTI€pHM€HTaJihHOMy HCCJI€,Tl,OBaHIIIO renepa-ropa C HeO

HOBOfr JiaMIIOfr, HaXO,Tl,5!U~erOC5! IIO,Tl, B03,n;efrCTBH€M II€pHO,Tl,II'f€CKOI'O CIII'

HaJia. Ocnomihie CBOH BhiBO,n;hr onn pe3IOMHponamr CJie,n,yron~IIM TeKCTOM 

[36]: <<qaCTO B T€Jie¢OHHbiX Tpy6KaX rrepe,n; CKa<J:KOM '!aCTOTbi K COCC,Tl,

HeMy, M€HbJTI€MY 3Ha'I€HIIIO CJibiiiiHTCR nepeXO,ll,Hhlll my M. 0 ,ll,HaKO 3TO 

BTOpOCT€II€HHOe 5!B.JI€HHe, rJiaHCihill 3¢¢eKT 3aKJIIO'IaeTC5l B peryJIHpHOM 

,n;e.ITennn 'faCTOTbi>>. A 3TO 3ria'IIIJro, 'ITO OHH na6JIIO,ll,aJIII cocy~eCTBO
Bamre YCTOll'IHBbiX rrepiiO,ll,II'feCKHX pe)KHMOB C pa3JIH'-!HbiMli nepHOJJ;3-

MH (rrpii 3TOM O'f€Hb 60JibLUliMli, B 3KCneprrMeHT€ OHli 6b!Jlli B 100--200 
pa3 6oJihUJe, 'I€M nepiiO,ll, BH€IUHeH CHJibi), a TaK)Ke, I'OBOpH COBpeMeii

HhiM H3biKOM, CJIQ)KIIOe IIOB€,Tl,€HHe TpaeKTOpHfi (XOTb H O~eHeHHOe KaK 

BTopocTerieHHbiH 3¢¢eKT). IIocJre;J;Hee yKa3hiBaeT ecmr He Ha cyr~eCTBO
Ra.nHe B ¢a30BOM rrpOCTpaHCTBe CTpaHHOI'O 3TTpaKTOpa, TO Ha HaJIIPUH' 

HCTpHBI:!aJibHOrO MHQ)KCCTBa, COCT05I~CI'O li3 CC,l~.7IOBbiX TpaeKTOpHfl, 0'1' 

BCTCTBCI-IHOrO 3a CJIO)KHbiH nepeXO,ll,HhiH npor~ecc. 

9TH 3KcrrepuMeHTbi He ocTan:am1 6e3 BHHMaHIIR KapTparrT II Jlwr.11 

By,ll,. B 1945 m,11,y onrr B KpaTKOfl: ¢opMe H3JiararoT (8] y,ll,HBIITCJlhHhll' 

pe3yJihTaTbi cnoero auamr3a ypaBHeHnH Ban-,11,ep-IloJI.H (1) npn Jt » I. 
TaK, OHII YKa3hiBaiOT ua HaJinqne ,ll,nyx copTOB IIHTepBaJIOB 3naqeaHi1 , I 
B 0Tp83KC (0, 1/3): B O,ll,HllX liHTepBaJiaX ,ll,IIHaMHKa npOCTaR, a B ,11,pymx, 

Hap5!,ll,Y C cy~eCTBOBaHHCM ,ll,BJX yCTOH'-!IIBhiX rrepiiO,ll,II'-!CCKifX ,ll,BII)Kellll i1 

C pa3HhiMH nepiiO,ll,aMH, CCTb TaK)Ke HCTpllBIIaJibHOC HC6JIY)K,ll,aiO~ee Mill> 

)K€CTBO, COCT05HI~ee M3 HeyCTOH"!I:!BhiX TpaeKTOpiiH II ,ll,OIIyCKaiO~ee 01111 

camre na R3hiKe CIIMBOJIM'IeCKOfl: ,ll,IIHaMIIKH H3 ,ll,Byx CHMBOJIOB. TeM c;1 

MbiM BUCpBbiC 6hiJIO ycTaHOBJICHO, 'ITO B TpCXM€pHhiX MO,ll;€JillX HCKOHC('J > 

BaTIIBHOI'O npOHCXG:iK,ll,eHIIH HC6Jiy)K,n;aron~ee MHO}KeCTBO MO)KeT C0,.'\<'1' 

)KaTh C'feTHOe MHO)KeCTBO nepHO,Tl,H'I€CKHX ,ll,BH)f(CHHll H KOHTHHYYM IT<' Ill' 

pno;:~;nqecKIIX TpaeKTopm1. Pa3BepHyToe H3JIO)f(CHIIe 3Tnx pe3yJihTa.T• 111 

6hiJIO, O,ll,HaKO, ,n;aHO JliiTJIBY,ll,OM TOJihKO TI03,ll,Hee, B 1957 I'O,ll,Y [16, 171 
B 1949 ro,ll,Y .Jlenuncon [15] ,ll,aJI o6'hllCHeniie 3TIIM pe3yJihTaTaM 11.1 

rrpnMepe ypaBHCHHll 

c:X + x sign(x2 
- 1) + c:x = A sin t, ("'J 

r,11,e c: « 1. IIocKOJibKY ypaBHerme (2) KyCO'UIO-JIHHefl:no, H3y'Ienne lf()J\1' 

,ll,CHHll TpaeKTOpiiH 3Ha'IHTeJihHO yrrpOCTHJIOCh H MOI'JIO 6biTb II3JI()}h< 'I'' • 
,n;ocTaTO'fHO npo3paqno. 
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lf;J;e51 TIIIIW-!HOCTH C,Jl(J)KHOI'O IIOBe/J,€HII.H TpaeK'TOpHfi ,ll,Jl.H IHIIpOKQ

iO KJiaCCa HCJII!HeliHblX ypaBHCHHll 6biJia BbiCKa3ana .JlHTJIBy)J,OM B [16] 
rrpaK'fll'!CCKH B >IBHOM BH,ll,e; 3,ll,CCh JII060IIbiTHO TaK)KC OTMCTHTh, 'iTO 

y)Ke B nepBOM pa6oTe [8] CO,ll,Cp)KaJIOCb rrpOpO'fCCKOe BhiCKa3hiBaHrre 0 

TOM, 'ITO npii 3Ha'fen:n.HX A H3 rurrepsaJrOB co c.ITOX<HbiM none,r\eHneM 

TpaeKTOpiiH, OIIHChJBaeMbiX ypaBHCHHHMH Ban;wpnoJieBCKOI'O THTia, CH

CTCMbi MoryT 6biTb TOIIOJIOI'H'feCKII 3KBHBaJieHTHbi, T. e. 06Ha,Py)f(CllHbiH 

xaoc nn,ll,eJ1C5! KapTpaiiT rr .JIHTJIBYAY KaK rpy6oe 5!B.rrenrre. IIocJie Toro 

KaK JleBHHCOH YKa3aJI Ha 3TH pe:1YJibTaTbl CMeitny, TOT o6napy)KIIJI, cno 

mm ,ll,OnycKa!O; npocTyro reoMeTpii'fecKyro rrnTepnpeTa~mo, no Kpafl:Hefl: 

Mepe Ha Ka'ICCTBeHI-IOM ypOBHe, H Ha OC.HOBC 3TOI'O aHaJitl3a IIOCTpOHJ1 B 

1961 ro,.u;y ,n:n¢¢eoMOpqm3M IIO,ll,KOBbi C HCTpHBIIaJibHbiM I'IIII€p60JIII'IC

CKUM MHO)f(CCTBOM, TOITOJIOI'Ii'-!€CKli COII,PH)KCHHbiM CXCMC BepHyJIJIII H3 

,ll,BYX CHMBOJIOB, C qero, C06CTBeHHO, II Ha'faJiaCb C0BpeMeHHa5! TeOpiiH 

,n;nuaMw.recKoro xaoca. 

B 70--80-x rOl~ax II3Y''!CHHe ypaBneHnti. BaH,ci;CpnoJieBCKOI'O Tima rrpo

,ll,O,'I)f(HJm Ocnnon [23] n .JleBII [14]. ,.U.rrR neJirruefl:nocTefl: 6.rrn3KHX K Ky

co'fno-mureiiHhiM nMn 6hiJIO rTJ;aHo rroJinoe onncam-re He6Jiy)f(,ll,aiOuvrx MIIO

)f(eCTB B OTMeqeHHb!X liHTCpBaJiaX II )\OKa3aHa HX rnnep60JIII'lHOCTb, 

B yKa3arurhiX pa6oTax paccMOTpenne ne.rroch B KOHC'-!HOM '-IIICJie cer

MCHTOB 3uaqennfl: A. OcTaBIIInecR nr-nepBaJihi B cyMMe coeraBJillJIH MHO

)f(eCTBO, Mepa KOTOpOrO CTpeMnJiaCb K HyJIIO npn fJ -t 00 (T. e. E -)- 0). 
TaKHM o6pa30M, B cnJiy cnnryJmpnoU: npnpOJJ,bi ,ll,atmofl: 3a,ll,a'IH ,ll,HHaMH

"ICCKHMH 5!BJICHHHl'vlll, npOIICXO,ll,.HI~liMH B IIHTCpBaJiaX HCI'HIIep60.7UI'IH0-

CTII, MO)f(HO, B IIpHH~Hne, II npene6pe'-lb B li8fJBOM IIOpH,ll,KC. 3aMCTIIM, 

"ITO HM8HHO B 3TIIX liHTepBaJiaX npOHCXO,ll,HT nepeXO,ll, OT rrpOCTOI'O IIO

Be,ll,eHHH K CJIQ)f(HOMy, COIIpOBO)KLJ,aiO~HHCll II05!BJI8HHCM If IIC'Ie3HOB8Hli

eM yCTOH'-!HBhiX nepHO,ll;II'feCKHX ,ll,BU)KeHHM, B03HHKHOBCHUCM Herpy6biX 

rOMOK.iiHHH'fCCKliX op6HT, BJICKYU\IIX, B CBOIO oqepe,ll,h, cy~eCTBOBaHHC 

mnepBaJIOB uerpy6oC'rn Hbroxayca, n T. ,11,. B MO/J;CJI.HX, ne co,ll,ep)f(a~nx 
MaJIOI'O napaMeTpa nprr C'I'apUiefl: npOII3BO,ll,HOH, BCe 3TO HCMC,ll;,'ICHHO Tpe-

6yeT HaCTORTCJibHOI'O aHaJIH3a. 

EcTeCTBeHHbiM rrpnMepoM 3LJ,CCb cJiy)KHT aBTOHOMnaa cncTeMa 

x = X(x,tJ), 

HaXO,ll;5l~a>J.Cll HOil, ,ll,CHCTBHCM rrepHO,ll,H"JeCKOrO B03MYIIJ,eHHR MaJIOH aM

riJIHTY,ll,bi rrop>I,IJ,Ka !J, y KOTOpofl: II,PII fJ > 0 cy~eCTByeT JC'l'OH'fHBbiH 

npe,.u;eJibHhifr ~IIKJI LJ.t, BJIHnaronJ,HH rrpii J.L ·-t 0 B roMOKJIIIHwrecKyro neT

JIIO CC,ll,JIOBOI'O COCTOHHH5I paBHOBCCIIll. IfCCJI8/J;OBaHIII0 TaKIIX CliCT8M 6biJI 

nocBRIIJ,eH ~IIKJI pa6oT A4)pafl:MOBwm n lliHJihHHKOBa [2, 3, 4]. Hu)Ke 
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H3JiaraeTca pH;:~ rroJiy'IeHHhiX pe3yJihTaTOB, HMeron.~;Hx rrpHHIJ;IIrrHaJihHOe 

3Ha'IeiiHe ;:J;JI5f TeOpiiii CHHXpOHI!3a!J;HII. 

)J,.JUI rrpocTOThi orpaHwiHMC51 cJiyqaeM ;:J;Byx ypaBHeHHii. IIpe;:J;TIOJIO

)KHM, 'ITO aBTOHOMHa51 CliCTeMa 

x =AX+ F(x, y, p,), 
y = ryy + G(x, y, p) 

HMeeT rrpii BCeX MaJibiX f.t COCT051HIIe paBHOBeCH51 0(0, 0) THTia Ce;:J;JIO, 11 

B HeM Ce;:J;JIOBa51 BeJIH'IHHa OTpiiiJ;aTeJihHa: 

a= A+ry < 0. (3) 

IIycTb TaK)Ke ce;:J;JIO IIMeeT rreTmo cenapaTpUChi rrpH p, = 0 (puc. 2, a). 

a 6 

P11c. 2. Bn<J:>ypKaiJ;mr pO)K1J:€HHH ycTOli"'nBoro rrpe,n;eJihHOro IJ;HKJia H3 ne·,·m• 

cenapaTpHCb! Ha IIJIOCKOCTH. 

KaK H3BeCTHO [5, 6], rrpii MaJibiX p II3 rreTJIH MO)KeT p01J:HTbC51 TO.nl.h" 

O;:J;HO, H rrpiiTOM ycToii'InBoe, rrepiio,r~II'IeCKoe ;:J;BH)KeHHe Lw IIycTh ~'~" 

nMeeT MeCTO rrpii p, > 0 (puc. 2, 6). B o6IIJ,eM cJiyqae rrepiiO;:J; po;:J;IIBIJJe1·w·" 

IJ;IIKJia 6y;:J;eT IIOpB;:J;Ka lln J.LI· cho pO;:J;HHT paCCMaTpHBaeMyro 3a;:J;il'IY ' 

ypasHeHII.HMII BaH;:J;eprroJieBcKoro nma, y KOTOpbrx rrpH A = 0 IICJll'"' 

peJiaKCaiJ;HOHHOrO IJ;HKJia HMeeT IIOpR;:J;OK 1/c, T. e. TaK)Ke CTpeMMT!'ll I 

6eCKOIIe'IHOCTII IIpH CTpeMJieHHH MaJIOrO rrapaMeTpa K H.YJIJ:O. 

0THOCHTeJibHO B03MJII~eHHOH CHCTeMbi 

x = AX+ F(x, y, p) + J.Lp(x, y, t, p,), 
y = ryy + G(x, y, p) + pq(x, y, t, 11·), 

(II 

r~e pH q -- 271'-·HepiiO;:J;H'IeCKll.e tP.YHKIJ;Iill. ITO t, 6y~eM npe;:J;IIOJiaraTI., 'I' •' 

tP.YHKIW~I J\rleJibHHKOBa IIOJIO)KIITeJibHa, T. e. npu BCCX IJ;OCTaTO'lllo r,L, 

JlbiX f.t > Q y Ce;:J;JIOBOI'O nepHO~lf'ICCKOrO ,IT,Bll.)l<:eHHR, 6JII'!3K0f'O K (:r II 

y = 0), .YCTOH'IHBOe w; H HeyCTOH'IIIBOe W~ MHOroo6pa3HR He 111'1"''' 

KaiOTCR (piiC. 3). 
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P11c. 3. 0To6pa)K€HHe TiyaHKape rrepeso,n;HT ceKyru;yJO S1 B IIJIOCKOCTH x = 15 

K HeyCTOll"'llBOMY MHOroo6pa3HlO wu C€,LJ;JIOBOrO nepHO,LJ;H"'€CKOrO ,LJ;Bll)K€HH.H r 
Ha ceKyru;yiO So (B Toil: )Ke rrJIOCKocTn) K ycTou~msoMy MHoroo6pa3HIO. 

JlerKO BH;:J;eTh, 'ITO IIJIOCKOCTb X = 6 B IIpOCTpaHCTBe {X, y, t} 51BJIB

eTC51 ceKyiiJ,eii ;:J;JI51 cncTeMbi ( 4) rrpii MaJioM 6. CooTBeTCTByrom;ee oTo6-

pa)KeHIIe IIyaHKape TJl- MO)KeT 6biTh 3arrncaHo B BH;:J;e, 6JIH3KOM K cJie,a,y·· 

IOIIJ,eMy MO;:J;eJibHOM.Y OT06pa)KCHHIO: 

A 

Y = [y + /j(l + f(B))]v, 
- 1 
B = B + w- -ln[y + p,(l + j(B))], 

"( 

(5) 

r;:J;e 1/ = -;; > 1, W- HeKOTOpaR KOHCTaHTa, II p,(l -j- j(B)) - tP.YHKIJ;IIB 

MeJihHHKOBa c (j(B)) = 0. IIpaByJ:O qacTb BToporo ypamremm cJie1J;.YeT 

Bbi'IIICJI51Tb no MO;:J;.YJI!:O 271'' T. e. e - yrJIOBa.H rrepeMeHHa51. Ee MO)!UIO 

HHTeprrpeTIIpOBaTb KaK pa3HOCTb ¢a3 Me)K;:J;J BHeiiiHHM B03;:J;eHCTBIIeM II 

OTKJIIIKOM CHCTeMbii TaKIIM o6pa30M, JCTOfr~IHBbie Heii01JBII)KlfbiC TO'IKII 

3TOI'O OT06pa)KCHHH (T. e. TO'IKH, ;:J;JIB KOTOpbiX {j = 8 mod 27r) OTBe'IaiOT 

pe)KHM.Y CI:!HXpOHII3aiJ;HH. 

IIpe~eJibHOe MHO)KeCTBO OTo6pa)KeHHZI TJl- npu ;:J;OCTaTO'IHO MaJihiX 

jj Jie)Kll.T B KOJibiJ;e K,, = { 0 < X < c /LV' 0 :S e < 271'}' ;:J;JI51 HeKOTOporo 

C > 0. IIocJie 3aMeHbi y ---+ IL"'Y OTo6pa)Kenue IIyanKape rrpiiMeT BH;:J; 

y == [I + j(B)]v + ... , 
- 1 
B = B + w- -ln[l + j(B)j + ... , 

"( 
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r,n;e MHOI'OTO'IH51MH o603Ha'!CHbi 'lJ!CHbi, C'rpCM51IIWCC5I K HJ'JIIO BMCCTC 
1 

c npon3BO,JJ;HbiMH a L71 = w - - ln IL C'rpeMHTC51 K 6ecKone'lHOCTH npH , "! 
IL -+ +0, T. e. w mod 27T npmmMaeT rrpoH3BO.ITbHOe 3na•renue u3 HHTepBa

.rra [0, 27T) C'!CTHOe '!HCJIO pa3. TaKHM o6pa30M, ,u,rmaMHKa oTo6pa)KeHn51 

IJyanKape BO MHOI'OM OIIpC)J,CJ151CTC51 CBOHCTB3.MH CCMCHCTB3. OT06pa)KC-

flllH OKpy)KHOCTH 

8 = () + w + :F(B) mod 27T, 

1 
r,u,e :F(B) = --ln[1 + f(B)]. 

"! 

Ymeep;;ICaenue [2, 3]. 

1. B cny'!ae, ecn:n 

1 f' (B) 
-;y 1 + j(B) < 1' 

(7) 

(8) 

oTo6pa)Keu:ne TJL nMeeT J'C'fOH'!HByro rna,n;Kyro nnBapuannryro 3aMKHy 

TYIO KpHBYIO BH,D;a y = h(B, {t), KOTOpa.5I CO,JJ;Cp)KHT W-npe,U,CJihHOC MHO 

)KCCTBO nro6oii TpaeKTopnH B3 K w 
2. IlycTh cy~eCTByeT OTpe30K I= [B1 , B2], TaKoii, '!TO nn6o 

BCIO,U,Y Ha I H 

J1H60 

nciO,n;y Ha I B 

f'(B) < 0 

1 1 + j(B1) 
-ln- f(B ) > 27T(m + 1), m ~ 2, 
., 1 + 2 

1 f' (B) 
-;y 1 + f(B) > 2 

( !) ) 

(Ill) 

(I I I 

~ ln 
1 + f((Bz)) > 2(82 - Bt) + 27T(m + 1), rn > 2. ( L'l 

"~ 1 + J B1 

Tor,n;a npn ,n;ocTaTO'fHO MaJibiX fl· > 0 OTo6pa)KeHne TJL 6y,n;eT HMCTJ. 1 " 

nep6onwrecKoe MHO)f<CCTBO :E11 , conp>~)KCHHOe co cxeMoii Bepnynnn 11, "' 

CHMBOJIOB. • "/ 

Ta.K, B cny'!ae f(B) = AsmB, ecJJn A< ~' npn Bcex M;u11.1 
y1 +"!2 

IL aTTpaKTOpoM ZIBJI5!CTC51 BHBapnanTHa5! 3aMKHyTa..H r.rra.,n;Ka>~ Kp1m;111 • 

npn A > tanh 311'"/ HMCCT MCCTO C.J10)KH3.5! )J,BHa.MHKa.. 
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YcJIOBlU! (11) HJBl (9) o6ecne•umaiOT pa.C'l'5I:lKCHHe no e B o6JJaC'rH 

n : () E I :rr, CJIC)J,OBaTe.nhHO, rrmep60JIWUIOC1'b OT06pa)KCHJIH (5) B 31'0H 

06JiaCTH (c)KaTHC ITO nepeMeHHOH y BCCr,rr,a )J,OC'l'HraeTC5! npH )J,OCT3.TO'!HO 

MaJihiX y 3a C'leT Toro, '!TO v > 1). Kor,u,a BbiiiOJIHCHbi ycnOBH5! (12) nnu 

(10), COOTBCTCTBCHHO, o6p&"i 06JiaCTH ll nepeCCK3.CT CC KaK MHHHMYM rn 
pa3 (pnc. 4, a). TaKHM o6pa30M, Mbl TIOJIY'!3.CM KOHCTp,YKl~HIO, BTIOJIHC 

ana.nonr'!HYIO rro,u,Kone CMeii:na, n ,YTBep)K,u,enne nyHKTa 2 ,u,ocTnTaeTc5!, 

CKa)KCM, CCbiJIKOH Ha .TICMMy 0 CC)J,J10BOH HCIIOl~BH)KHOH TO'!KC B C'IBTHOM 

IIpOH3BC,ll;CHHH 6anaxOBbiX npOCTpaHCTB [26]. 

m=2 

a 6 

Puc. 4. 06pa3 o6JJaCTM II nepeceKae-r ee KaK MMHHMYM m pa3 (a). 06pa3 

KOJJblJ,a K 1, ITO,LI ,TJ,eilCTBMeM OTo6pa)Kenmi TJL He MMeeT CKJJa,n;oK ( 6). 

B cny'!ae BhiiiOJinemui ycJIOBHH (8) o6pa3 KOJih!~a ](1, no,IJ, ,IJ,eikTBHeM 

OT06pa)KeHH51 Tl' He HMCCT CKJia..!l,OK (pHC. 4, 6) TipH ,JJ;OCT3.1'0'!HO MaJlbiX 

/L, T. e. TaK)KC npe,D;CTaBJI5fCT co6oii: KOJlbJJ,O, OrpaHB'ICHHOC KpHBbiM.U BH

,n;a y = h± (B). 06pa3 aToro KOJ1h~a T3.K)Ke "'MeeT no,n;o6HhiH nn,IJ, n T. ,n;. 
B pe3yJihTaTe Mhi no.ny'!aeM nocne,n;osaTeJJbHOCTh BJIO)KCHHhiX KOJie~, H 

C)Ka.Tue no rrepeMeHnoii y o6ecrre'!unaeT nx nepece'!enne no e,n;uncTBeH

noii H rna,u,Koii 3aMKHyToii Kpnnoii. To, '!TO a·ra Kpnna.ZI nHnapHaHTHa. 

11 rrpHT51I'HBaeT nee TpaeKTOplnl:, cne,n;yeT B3 KOHCTPYK~nu; $opMa.rrh-

noe ,n;oKa3a.TeJihCTBO yTnep)K,n;eHB5! (nyHKTa 1) ,n;ocTnra.eTca CCbiJIKOH na. 

npHH~HII KOJib~a. [3] (eM. 'l'a.K)KC [27]). 
,Ll,JI5! ,D;L'TaJibHOI'O HCCJIC,JJ;OBaHH51 06J1aCTCH CHHXpOHH3a~HB Mbi orpa

HH'!BM ce65! ,n;a.nee cnyqaeM f(B) = A sin B (B npvmwme, Toquo Ta.K 

)KC MO)KHO pa.ccMOTpeTh cJJy'laii f(O) = Ag(B), r,n;e g(B) - $ynK~H5! 
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C 33.,11;3.HHbiMH CBOHCTB3.MI1). 9TO II03BOJI.HeT IIOCTpOI1Tb BeCbM3. pa3yM

HYIO 6IIcpypKaiJ,nOHHyro ,IJ,narpaMMY (pnc. 5, 6) Ha rrJIOCKOCTrr rrapaMeTpOB 

(A, -lnt-t) B o6JiaCTH 0 ::-;A< 1, 0 < ft < fto, r,11;e Ito ,IJ,OCTaTO<rHO MaJio. 

A 

-f-----------2Lrrk-------------2~rr-(k-+-I)---
-lnJl 

Pnc. 5. IlepeceKaJOIIJ,IIecH pe30HaHCHbie 30Hhi 

A 

I __ ___._.____~ 1 2rrk -lnJl 

Puc. 6. BII<J>ypKa!IIWHHbie KpiiBbie B pe3onancnoii 3one 

MO.IKHO IIOK3.33.Tb, "'TO K K3..1K,ll;OH TO 'IKe Ha OCII - ln /tO C KOOp,ll;Mll. I 

T3.Ml1 (27rk, 0) (r,IJ,e k - ,ll;OCT3.TO"'HO 60JibUJOe Il,€JIO€ '!HCJIO) rrpHMhiK<lt' I 

o6JiaCTh Dk, OTBeqaroiiJ,aJI cyiiJ,eCTBOBa.Hrrro rrapbi nenO,ll;BII)!{HbiX TO'I<'h 

OT06pa.IK€Hl1.H IlyaHKape T3.Kl1X, 'ITO B = e + 27rk; B CHCTeMe (4) llM OTI!<' 
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qaroT neprro,LJ;II'!eCKne ,LJ;BM.IKeHrrH rreprro,LJ;a 2nk. :::ha o6JiaCTb orpaHn'!eHa 

,LJ;BYMH 6rrcpypKaiJ,HOHHhiMH KpHBhiMrr B~ rr B~, ,LJ;JIH 3Ha'!eHrrn rrapaMeT

poa KOTOpbiX HeiiO,Ll;BM.IKHbie TO'!KH CJIHBaiOTC5! B O,ll;HY THIIa Ce,LJ;JIO-y3eJI. 

KpnBhre B~ npO,ll;OJI.JKaiOTCE ,11;0 rrpEMOfi A = 1, a KpHBble B~ yxo,ll;ET 

BJieBo ('ITO coOTBeTcTsyeT B03pacTa.Hnro t-t), ocTa.aa.HCh B o6Jia.CTH A< 1. 
Ilpn 3TOM Bk 6y,11;eT rrepeceKa.Tb KpHBhre B.;, n B?, rrpn m < k. 

BHyTpn o6Jia.CTH Dk O,LJ;Ha. H3 HeiiO,ll;BH.IKHbiX TO'IeK, Qk, scer,LJ;a ce,ll;

JioBa.H. ,lJ,pyraE TO'!Ka., pk, YCTOH'!HBa. B 06Jia.CTH Sk M€.1K,ll;Y KpHBbiMH 

Bk, B~ n BJ;; rrpn rrepexo,I~,e qepe3 BJ; TO'!Ka. Pk TepEeT ycTOH'!HBOCTh n 

II3 Hee p0.1K,ll;a€TCH Il,HKJI rrepHO,ll;3. ,ll;B3.. 06Jia.CTb Sk 5!BJI5!€TC.H 06JI3.CTbiO 

CHHXpOHH33.Il,HH, T3.K K3.K OTB€'!3.€T CyiiJ,eCTBOB3.HIII0 YCTOH'!HBOrO rrepn-

01(H'!eCKOrO ,Ll;BII.IK€HII.H rrepHO,ll;a 2nk. 3aM€THM, 'ITO ,IJ,.JIH JII06biX ,IJ,OCTa

TO'!HO 60JibiiiiiX IJ,eJibiX k If m rrepece'!eHne o6JiacTeti sk II Sm HerrycTO. 

Ta.KIIM o6pa30M, ,ll;JIE scex ,IJ,OCT3.TO'!HO 6oJibiiiiiX k n m nMeiOTC5! o6Jia

CTII COCyiiJ,eCTBOB3.HIIH yCTOH'!IIBbiX rrepHO,Il,II'!€CKHX TO"'€K rrepiiO,ll;OB 27rk 
n 21rm. 

B o6JiacTn Dk 3aMKHyTa5! IIHBa

piiaHTHaE Kpl!B3.5!, KOT0p3.5! CyiiJ,eCT

syeT, corJiaCHO yTsep)K,ll;eHnro ( rryHKT 

1), no Kpati.Heti Mepe rrpn 

A < ~, rrpe,ll;cTaBJI.HeT co6oti 
y 1 + ry2 

06b€,ll;HHeHIIe HeyCTOH'!HBOrO MHOrO

o6pa3H.H wu C€,ll;JIOB0ll H€ITO,ll;BH.IKHOH 

TO'!KII Q k H yCTOll"'HBOH TO"'KH pk 

(puc. 7). Ilpii rrepexo,11;e <repe3 BJ; IIH- Pk 

B3.piiaHTH3..H KpHB3..H, O"'eBII,Il,HO, pa3-

pyiii3.€TC.H (prrc. 8). 
,LI,pyroii: M€X3.HII3M pa3pyiiieHIIH 

33.MKHYTOH IIHBapnaHTHOH Kp11BOH 

CB.H33.H C !105IBJI€HH€M rOMOKJIHHII'!e-

PHc. 7. 3aMbiKaHire ueycTo:ii:

'IHBoro MHOroo6pa3II5! ce,IJ;JIOBOM 

HeiiO,ll;Blf)KHOM TO'IKH RBJIReTCH 

33MKHJTOM liiHBapHaHTHOM KpHBOM. 

CKHX K3.C3.HHH, T. e. K3.C3.HI1H HeyCTOll"'HBOrO If yCTOll"'HBOrO MHOroo6-

pa3Hll TO"'KII Q k. Ta.Kne Kacanii.H nMeroT MecTo Ha 6rrcpypKaiJ,IIOHHhiX 

KpHBhiX Bfk n B?k, Ka.JK,IJ,a.H OTBWiaeT o6pa3oBannro roMOKJIHHII'IecKoro 

K3.C3.HII.H Ha CBOeH KOMIIOHeHTe MHO.IKeCTB3. wu \ Q k (pHC. 9). 
Kprrnhre Bfk II B?k 3a.Me'Ia.TeJibHbi TeM, 'ITO or-m pa.3rpa.Hn'InsaroT 

06JI3.CTb CHHXpOHII33.Il,HII Sk Ha 06JI3.CTII C rrpOCTOll H CJIO)!{HOH )l,HH3.

MHK0ll. Hrr.JKe KpHBbiX Bfk H B?k B o6JiaCTII sk ycTOll'IHBa.H TO<rKa pk 
.HBJIHeTCH e,ll;HHCTB€HHbiM 3.TTp3.KTOpOM, K Hell CTpeM.HTCH BCe TpaeKTO

prm, KpOMe ce,I~,Jiosoii HerrO)l,BH.IKHOii: TO'IKH Q k. B o6JiaCTI1 Bhriiie Kpn

BbiX Bfk II B?k TO'!Ka Q k nMeeT rpy6yro roMOKJIHHW-IecKyro TpaeKTopnro, 
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II COOTB€TCTl3eHHO OT06pa)KeHH€ HMeeT HeTpiiBHaJibHbi€ I'HIIep60JIH'I€CKH€ 

MHmKeCTBa. (26]. 0TMeTHM, 'ITO Srn (m < k) nepeceKa.eT sk BCer)J,a BhUIIe 

Blk· il03TOMY B ,JJ;aHHOfi MO,U,eJUI B o6Jracnr sk n Srn, OTBe"'IaiOIIJ;etl: cyriJ,e

CTBOBaHHIO napbl JCTQIJqHBhiX nepHO,JJ;H~IeCKHX TpaeKTOpHll pa3.ITII"'IHbiX 

nepHO,JJ;OB 2nk II 2nm, BCer,JJ;a eCTb II CJ10:tKH3..H ,JJ;IiHaMHKa, aHaJIOI'W!Ha.H 

c;'lyqaro ypaBueun:H Bau-,JJ;ep-ilomr. 

Pnc. 8. noc.rre Y,JJ;BOCHIISI rrepH0/1;3. 

3aMbiKaHHC HCJCTOH'IHBOrO MHOroo6-

pa3HR CC/J;JIOBOR HC!IO,[IBH:iKHOH TO'!

KH J:iKC He rOMCOMOp¢HO OKpy)I<HO

CTH. 

Pnc. 9. Pa3pyrnetme 3aMKHJTOH HIJ· 

BapiiaHTHOH KpHBOH: 0,[\Ha. II3 KOMllO

I-IeHT ueyCTOH'!HBOrO MHOroo6p3.3Hll 

CC,[I.IIOBO:il HCIIO,[IBH:lKHOH TO'!KH KaCa

CTCR ee JCTOH'!IIBOrO MHOroo6pa3mJ. 

B ,JJ;eHCTBHTeJihHOCTH B o6.rracTH Bbi!lle KpHBbiX Bjk u Blk B03MO:>Klw 

COCyiiJ;eCTBOBaHHe yCTOll<riiBOll TO'!KH pk H C YCTOll"IIIBbiMII nepiiO)J,II'H' 

CKIIMH TO"IKaM!I ;~pyrnx rrepHO,JJ;OB: T3.K KaK I'OMOKJIHHII<reCKIIe KaCaHH>l, 

oTneqarom,IIe KpiiBhiM B£k u Bj;k, uenhrpo:tK,JJ;eHbi (KBa,JJ;paTJiqHbr), TO co 

I'JiaCHO [20] BbiUie 3TIIX KpHBoiX Ha IIJIOCKOCTH napaMeTpOB eCTb o6.JiaCTII 

Hbroxayca, B KOTOpbrx ,JJ;JUI UJIOTHoro MHO:tKeCTEa 3Ha'!enn:H napa.MeTpoJt 

CHCTeMa HMeeT O)J,HOBpm.WHHO C<reTHOe MH0}K€C:TBO yCTOll'IIIBbiX nepUO)~II 

qecKnx ,JJ;BH:tKeHnli. KaK cJre;~yeT II3 [21] (eM. T3.K1Ke [29] ,JJ;JUl MHOrOMI'P 

HOI'O CJiyqa_a), 3/J;eCb TaK:tKe 6y,rryT CyiiJ;eCTBOB3.Tb 06JiaCTli nmep60JIII' I 

HOCTII1 IIpii'!eM MO:tKHO IIOKa3a.Tb 1 'ITO ,JJ;JI.l'l 3H3.'!€HHll rrapaMeTpOB II3 3TIIX 

o6na.CTell JCTOll'-IIIBa..a TO"'IK3. pk 6y,JJ;eT e,JJ;IIHCTBeHHbiM aTTpa.KTOpOM. 

3aMeTHM, <ITO B o6naCTlf CHHXpOHII3aiJ,liii sk Bbiiiie KpliBbJX Bfk II 

Bfk cnHxpoi-In3aiJ,n.a ncer,JJ;a uenOJI,'Ha.R. Bo-rrepBhrx, 3,JJ;eCh B03MO:IKHO cv 
IIJ;eCTBOBaHne, uapR;..~;y c ycTOHT-IHBhiM rrepno,JJ,rrqecr<rrM ,JJ;BII:>KemreM Lk, or 

Be<ra.IOU~IIM TO"'IKe pk, yCTOll'IHBbiX nepiiO,JJ;HqeCKIIX Tpa.eKTOpHll ,JJ;pyr11 '< 

nepno,JJ;OB. Ho ,JJ;a:tKe ecnu Tar<nx Tpaer<Toputl: HeT n Lk -- e,JJ;HHCTnemJ~>Iii 

a.TTpaKTOp, TO )J,JIR TpaeKTOpiifi H3 rnnep6omr'!eCKOI'O MHO.I:KeCTBa. Bfi.1111 

3M rpy6ofi I'OMOK.ITHHII'!eCKOfi TpaeKTOpHH K Ce,JJ;JIOBOll TOqKe Qk pa3HOCTI· 

¢a3 c ycTOll'!HBhiM rrepno;J;n"<IeCKIIM ,JJ;BII:tKeuneM Lk pacT~T acuMnTO'IIJ 

'!eCKII JIIIHeHHO, T. e. ,JJ;eCIIHXpOHH3al~IIR na6JIIO,JJ;aeTC.H IIO Kpafl:Hefi Mt'p• 

,JJ;JIR nepexo,n,Horo npoiJ,ecca. 
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Ha;w OTM€TMTh, 'ITO ,JJ;.TI:H ,JJ;ecrruxpornBau,urr nalKeH He xaoc caM no 

ce6e, a Ha.n:n<rrre rpy6oil: roMOK.JIHHH'lecKoi1 TpaeKToprru: y ce;J;na. Q k. TaK, 

B o6Jia.CTif Dk \Sk HIDKe KpHBhiX BJk rr Bl"' r,JJ;e y Qk rreT rOMOK.TIHHH'-Ie

cKHX TpaeKTOpHti, pa3HOCTb ¢a3 M€:tK,JJ;Y Jll06biMH ,'I,BJ'M:H TpaeKTOpH5IMH 

ncer,JJ;a ocTaeTC:H oepaHrrqeHHoil:, T. e. MmKuo eonopHTb o6 omnoc~trne./l,b

'ttaii CU'IiXpOHU3a'IJ,UU. flpH 3TOM ,JJ;HHaMHKa MO:tK€T 6biTb xaOTH"'I€CKOM: 

TaK, B 06JJaCTll Bbiiii€ KpHBOM Bfk TO<rKa pk, KOTOpa.H y:tKe IIOTep.ana 

yCTOH<rllBOCTb H CTaJia. C€,JJ;JIOBOM, HM€€T rpy6yro rOMOKJIHHII<reCKYIO Tpa

€KTOpHIO. Ha KpHnoi1 B?k TO"<IKa Pk HMeeT TpaeKTOpmo roMOKJIHHwre

CKoro Kaca.HH.H (puc. 10), rrpH"<IeM 3TO Kaemme TpeThero Knacca, rroaToMy 

cno:tKHa.H ,JJ;HHaMHKa nMeeT MeCTO n un:tKe Kpnnotl: B?k [10]. 

Pnc. 10. roMOKJIHHH'!CCKHe Kacamur Me:a<:ll;y ueycTOR'!HBblM H ycToii'!IIBb!M 

MHOr006pa3H>IMH TO'IKII pk. 

TaKrrM o6pa30M, B o6nacTn Dk> OTBe"<IaiOIIJ;efi cyiiJ;eCTBOBa.un:ro rre

pno,JJ;H<recr<oro /~BH:IKeHH.H rrepHO)J,a 2nk, Mhi Bhi/J;eJIIIJIH 06J1aCTII IIO.ITI.!Oll, 

HeiiOJIHOll. II OTHOCHTeJihHOfi CIIHXpOHII3a.IJ,III-!. Pe:IKIIM )J,eCUHXpOHII3ai~IIH, 

a Ta.K:IK€ HeiTOJIHOll CHHXpOHH3aiJ;IIH, T. e. COCyiiJ;eCTBOBaHHe rrepHO,JJ;II'!eC

KHX TpaeKTOpHfi pa3JIII'UlhiX "'IIICeJI Bpa.IIJ;eHIIR, ,JJ;JIR 3Ha'!eHIIfi na.paMeT

pOB H3 o6nacTH Dk Bcer,JJ;a. B.rre"<IeT cno:tKnym ,JJ;IIIIa.MIIKy. KpoMe Toro, 

B 06JI3.CTH OTHOCHTeJihHOfi CIIHXpOHII33.Il,HII IIMeeT MeCTO TaK/Ke II ,JJ;py

I'Ofi, <<HeBpaiiJ;aTeJibHbiH>> THI1 xaOTII"'I€CKOrO ITOBe,JJ;eHH.H. l'viO:IKHO IIOKa.-

33.Tb, '!TO TaKa..H :tKe KapTnHa none,JJ;ennR B pe3o.E-Ia.Hcnoii: o6JracTn Dk 
IIMeeT MeCTO He TOJibKO ,JJ;JIR j(B) = A sin 8, HO H B 06IIJ;eM CJly'Ia.e, ,JJ;JI5! 

npOII3BOJ1hHOfi cPYHKil,IIH f. 
Bo3HIIKaeT Borrpoc: ~no npo:ucxO,JJ;IIT rrpu BbiXO,JJ;e II3 30Hhi cunxpo

HII3a.IJ,HH sk -qepe3 rpauney B~ HJIH Bf' T. e. npu HCT!e3HOBCHIIH ce,JJ;JIO

Y3Jia? 0TBeT CJIIl,eCTBeHHO 3aBIICHT OT IIOBe,JJ;€HII5! neyCTOfiqiiBOI'O MHOrO

o6pa3H5! Ce,JJ;JIO-y3Jia. y,y;ru. Bbiiiie TO"'IeK Jv[k H J..![i, B KOTOpbiX 3a.KaHqii

B3.IOTC5! KpHBhte BJk u Bfk, OTBe<Jarom;ue rroRBnennro roMoKnnun•recKnx 
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TpaeKTOpHH, HeyCTOH'If!BO€ MHOroo6pa3HC Ce)J;JIO-y3Jia wu IIMeeT TO'IKII 

TpaHcsepcanbHOro rrepece<JeHII.H c ero CIIJibHO ycTOH'IHBhiM MHOroo6pa-

3IIeM wss (puc. 11). 
KaK rroKa3aHO B [18], s6JIII3II ro

MOKJIHHH'IeCKOii: TpaeKTOpiiH, OTBe

qafOIIJ;eH 3TOMY nepeceqemrro, ne:l:KHT 

HeTpHBIIaJibHOe I'HHep60JIII'IeCKOe 

MHO:l:KeCTBO, TaKoe IKe, KaK B6JIII3II 

TpaHCBepCaJibHOH I'OMOKJIHHH'IeCKOH 

TpaeKTOpiiH K rpy6oMy ce~J;ny. Ilpn 

nepexo)J;e suyTpb o6nacTn Dk ce~J;JIO

y3en pa3B3J1HBaeTC5! Ha ycTOH'iliBbiH 

y3eJI n ce)J;JIO, rrpn 3TOM ce)J;JIO HaCJre-

~J;yeT I'OMOKJIHHIIqCCKyiO TpaeKTOpHID 

Pnc. 11. roMOKJIHHH'I€CKOe rrepe- H rnrrep6omrqeCKOe MHOIKCCTBO CO-· 

C€"'€HH€ H€JCTOH"'HBOrO H CHJibHO xpaH.HCTC5!. ilpii BbiXO)J;C H3 06JiaCTil 

ycToii"'HBoro Mr-roroo6pa3nii ce,zvro- D k ce)J;JIO-y 3en IIC'Ie3aer, HO 6oJibiiia}l 

Y3Jia. 'faCTb I'IIIIep60JIII'ICCKOI'O MHOIKCCTBa 

coxpaHHeTca: [18], T. e. rrpii nepexo~J;e qepe3 rpaniiiJ;bi Bz IIJIII Bt Bbnuc 

TO'IeK Mt II Mf Mhi rrorra)J;aeM B o6.rraCTb )J;eciiuxpoHu3ar~nii ( <<Bpau~a 
TeJibHOro» xaoca). 

a 6 

Pnc. 12. roMOKJU!HH"'€CKOe KacaHne M€1K,LJ;Y H€JCTOH"'llBblM ll CHJihHO JC'I'Oil 

"'HBhrM MHOroo6pa3HHMH ce,n;Jio-y3Jia (a). CKJia)J;KH Ha HeycTOH"'HBOM MJH>I'<> 

o6pa3HH C€)J;JIO-y3Jia COXpaHHRYI'CH H IIOCJI€ HC"'€3HOB€HHH rOMOKJIHHM'I€CIW11t 

KaCaHHH ( 6). 

To'IKII Jv!f M Mf OTBe'l:aiOT KacaHmo MHoroo6pa3IIH wu II 11· 
TIO uerpy6oii. I'OMOKJII1HII'I€CKOH TpaeKTOpiiii (piiC. 12, a). llpH :nm• 
eAHHCTBeHHOM rrpe)J;eJihHOH TO'IKOM TpaeKTOpiiH II3 wu CJIY)IniT caM ct ·q 

Jio-y3eJr II wu roMeoMop¢Ho OKPYIKHOCTII. HII:l:Ke 3Tnx To~reK Milo I" 

o6pa3IIe wu scer)J;a B03Bparu;aeTCH K ce~J;JIO-y3ny II Jie)KII'l' rrpn :1T"'" 
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B J3.TIOBOH 06JiaCTH. 0HO no-rrpe)I(HeMy I'OMeOMOpqmo OKpyiKHOCTH. 

ITpn aToM rrpn 3Ha'IeHnax rrapaMeTpOB s6JIH3M TO'l:eK Mt u Mf CKJia)J;KH 

Ha wu coxpamnoTca (puc. 12, 6), T. e. OHO He 6y,LJ;eT rna)J;KHM MHoroo6pa-

3neM (KaCaTeJihHbiH BeKTOp K Wu IIpM IJO)J;XO)J;e K Ce,I~JIO-y3JIY CO CTOpOHbi 

Y3JIOBOH 06JiaCTH OCIJ;H.TI.TIHpywr H He HMeeT rrpe)J;eJJa). cho BCer)J;a TaK, 

IJOKa wu KaCaeTC5! CHJ!bHO YCTOH'IHBOI'O HHBapHaHTHOI'O CJIOeHH5! pss 
B KaKoil-Hn6y~J;b TO'!Ke y3nosoil o6nacTn [22, 28]. Ecnn IKe wu nepe

ceKaeT CJIOefiHe pss TpaHCBepCaJihHO, TO OHO rrpHMbiKaeT K Ce)J;JIO-y3.IIY 

yiKe rna)J;KIIM o6pa30M. TaKaJI cnTyau;na IIMeeT MCCTO rrpn )J;OCTaTO'IHO 

MaJibiX A: 3)J;eCb e)J;HHCTBCHHbiM aTTpaKTOpoM CJIYIKIIT rna,LJ;Kaa HHBa-

B l 2 
piiaHTHaH 3aMKHyTa5! KpiiBaH, If Ha JIIIHIIHX k' OHa COBIJa)J;aeT C wu. 
06o3Ha'IHM qepe3 A1j; 1 n Mj;2 

TaKne TO'IKII Ha KpiiBhiX Bt u B~ cooT

seTcTBeHno, 'ITO HID:Ke 3TIIX TO'feK wu rrpiiMbiKaeT K Ce)J;JIO-y3Jiy rJia)J;KO, 

a Bbiiiie - Herna)J;KO. 

IJoKaiKeM, 'ITO IIpii BbiXO)J;e II3 30Hbl IJOJIHOH CHtiXpOHII3aiJ;I:III qepe3 

KpiiBbre Bt mm B~ HIIIKe TO'IeK Mj; 1 n MZ 2 cooTBeTCTBeHHO ycTonqn

BaH r.Tia)J;KaH nnsapnaHTHaH 3aMKHyTaH KpiiBaH coxpaHHeTCH. Ha neil 

6y,LJ;eT cyru;eCTBOBaTb JIH60 IJJIOTHaH KBa3IIITepiiO)J;lPieCKa5! TpaeKTOpHH 

rrpu upparwoHa.TibHbiX qucnax sparu;eHnH, mr6o rrepiiO)J;H'IeCKne TpaeK

Topuu O'IeHb 60JibiiiHX rrepHO)J;OB IIpH paiJ;IIOHaJibHhiX 'IHCJiaX Bparu;eHII.H. 

C npaKTH'IeCKOH TO'IKH 3peHH5! 3TO 03HaqaeT, 'l'I'O Mbi 6y)J;eM IIMeTh 3/];eCb 

)J;BYX'IaCTOTHhiH pe:l:KHM, TO eCTb 6neHH.H. Ilpn BbiXO)J;e H3 30Hbi CHHXp0-

HH3a[\HH no mo6oMy rryTn, rrepeceKafOIJ:\CMY rpaHHIJ;hi Bt IIJIH B~ Bhillle 

ToqeK Nli. 1 
n Mj; 2

, Mhi nn6o cpa3y rrorra,LJ;aeM B 30HY xaoTWICCKoii: )J;IIHa

MHKH, nn6o HHTepsaJibi 3Ha<JeHnii: napaMeTpa, OTBe<Jaroru;ne KaK xaocy, 

TaK ll IIpOCTOH )J;HHaMHKe, 6y)J;yT 'Iepe)J;OBaTbCH. llpn 3TOM nepBbiH CJiy

<Jan BCer)J;a HMeeT MCCTO B6JIH3H TO'ICK Mi' 2 
(B TOM 'IHCJie ll HII:l:Ke 3THX 

TO'IeK), a BTopoil s6mi3II TO'IeK M;/ II Mj;2 (Bbiiiie nx). 

2. lfcqe3HoBen:ne ce,n;.rro-y3Jia 

3a)J;a'Iy 0 I'JI06aJibHhiX 6w¢ypKai~II.IiX IIpM HC'I€3HOBeHIIM Ce)J;JIO-y3Jia 

6y)J;eM paCCMaTpiiBaTb 3/];eCb He B paMKaX OT06pa1K€HIIH, a )J;.II.H CMCTeM 

B Heiipepb!BHOM BpeMeHM. ,IJ:eJIO B TOM, 'ITO B CJiy'fae CHCTeM, He )J;OllyC

KaiOIIJ;IIX I'JI06aJihHOH ceKyru;eii:, 3)J;€Cb B03HMKaiOT HOBbie He06hi'IHhie HB

JieHIIH, rrpe)J;CTaBJIHIOIIJ,IIe HeCOMHeHHbiH MHTepec )J;JI.Ii MHOI'IIX rrpo6neM 

II€JIMHeHHOH )J;HHaMMKII. 

PaccMoTpiiM O)J;HorrapaMeTpiiqecKoe ceMeii:cTBO C2-rna)J;KMX (n + 2)
MepHbiX )J;HHaMM'IeCKMX CIICTeM, rJia)J;KO 3aBMC5!IIJ;I1X OT napaMeTpa fl>, r)J;e 

fl E (-~to, Po). llpe)J;IJOJIO:l:KIIM, 'ITO BhiiiOJIHeHbi cne)J;yiOru;He ycJIOBIIH: 
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1. ilpn J.1- = 0 CHCTeMa nMeeT Herpy6oe nepno,n;wiecKoe ,ll;BIDKemm Lo 
THI1a C€)J;JIO-y3eJI. 9TO 03Ha'!aeT, '!TO BCe MYJihTHIIJIHK3.TOpbi, KpOMe O,ll;HO

ro, paBHoro 1, Jie.JKaT BHYTPH e,n;n:Hn:'!noro Kpyra H nepBaH JIHIIYHOBCKa.H 

BeJIH'!HHa He paBHa HYJIIO. 

2. Bee TpaeKTOpHH neycTOH'In:Boro MHoroo6pa3H5I wu TpaeKTOpnu 

Lo cTpeMRTCR K L0 npH t -+ oo, npH'!'l,M wu n wss = 0, T. e. vvu, Kor,n;a 

B03BpauraeTCH K L0 , u:eJin:KoM Jie.JKHT B y3JIOBo:i1 o6Jia.CTH. 

3. PaccMaTpHBaeMoe ceMeHCTBO TpaHcBepcaJihHO 6mpypKau;rroHHO

MY MHO.JK8CTBY CHCTeM C Herpy6hiM nepHO)J;H'!eCKHM ,ll;BH.JK8HHeM THII<t 

C8,ll;JIO-y3eJI. 9TO 03H3.'!3.8T, B '!aCTHOCTH, '!TO rrpH H3M8H8HMU jJ, Ce,ll;JIO

y3eJI 6mpypu;HpyeT: pa3BaJIMB3.8TC.H Ha C8,ll;JIO H y3eJI IIpH, CKa.JKeM, jJ, < () 
H HC'!e3aeT npn J.1- > 0. 

CorJiacno [34], MO.JKHO BBeCTH Koop,n;HHaThi B MaJioti OKpecTHOCTII 

TpaeKTOpHH Lo TaK, '-ITO cHcTeMa 6y,n;eT 3anHChiBaThCH B BH,ll;e 

x = J.1- + x2 [1 + p(x,B,lt)], 
iJ = [A(p) + q(x, e, y, J.1-)]y, 
iJ = 1, 

r,n;e co6cTnennhre qnc.na MaTpHU:hi A nee Jie.JKaT cTporo cJieBa OT MHHl\H •ii 

OCH. 3,n;eCb () -- IJ,FIKJill'!eCK3..H nepeMCHHa.H, orrpe,n;eJieHH3.5I ITO MO,ll;YJIIO I , 

rrpii 3TOM TO'!Ka (X, y, (} ::= 0) I10,ll;KJICHB3.€TCH K TO'!Ke (X, uy, () = 1), 1',11<. 

u- HeKoTopa.H HHBOJIIOU:HH B Rn (eM. [27]). TaKHM o6pa30M, p ·- ¢Y"" 
U:H.H nepno.n,a 1 no en q- ¢YHKU:HR rrepno,n;a 2. llpn 3TOM p(O, e, 0) =::()II 

q(O, (), O) = 0. KpoMe ·roro, ,n;annhre Koop.n,FinaTbi BBO,ll,RTCH Ta.K, '-ITO J1 '~~' 
3aBHCIIT OT () rrpFI fl = 0 (T. e. OT06paJKeHII€ fiyanKape Ha IJ;8HTpaJihllur;~ 
MHOroo6pa.3Hlf BJIO.JKCHO B 3.BTOHOMHhiH TIOTOK [30]). 

Ce.n,.rro-y3JIOBa.H nepuo,n;n'-IeCKa.H Tpa.eKTOpH.H Lo 3a,D,a'l,TC.H ypaB•w 

nneM x = O,y = 0 npn p = 0. Ee CHJihHo-ycTOH'IHBOe Mnoroo6pa"" 

wss JIOKa.JihHO 3a,n;a.eTcH ypanueuneM x = 0. Ouo pa3.n,eJmeT OKJH'c 1 

HOCTb Tpa.eKTOpHH L 0 na y3JIOByro H ce.n,Jionyro o6JiacTn, x < 0 H :r II 

COOTBCTCTBCHHO. MHoroo6pa3He y = 0 IIHBapHaHTHO, 3TO !ICHTpaJIIoll<" 

MHOroo6pa.3H€. fipH jJ, < 0 B HeM JIC.JK3.T ,[!;Be nepHO,ll;ll'!CCKFI8 TpaeKT0)'11 11 

L 1 rr L 2 , o,n;na. ycTOH'-IHBa.a, a ,n;pyra.a ce,n;JioBa.H, KOTOpbie CJIHBaiO'I''" ,, 

o,n;Hy TpaeKTOpniO L 0 nprr p = 0. ilpn p > 0 rrepn:o.n,wieCKHX TpaeKToJ •111\ 

H€T If BCe TpaCKI'OpHH IIOKH,ll;3.IOT OKpCCTHOCTb. 

fipn jJ, = 0 KOOp,ll;HHaTa X MOHOTOHHO B03pacTaeT. fipH 3TOM x(l) ' 11 

B 06JiaCTII X < Q I1pH t -7 +oo, IIpii'!eM Me,ll;JieHHO, KaK "" 1/t. fiOCKOIII.l ; 

KOOp,ll,HHaTa y 3KCI10HeHIJ;IIaJibHO y6biB3.eT, TO llOJiy'!aeM, 'ITO BCe Tp.l<' 

Topnrr n Y3Jiono:H o6Jiac·rn cTpeMHTCH K L 0 npH t -+ +oo, Kacmin. I'" 
mm,n;pa y = 0. B CCf\JIOBOH o6Jia.CTH x(t) -+ 0 y:tKe rrpn t -+ -oo, 11 '" 

KaK y 3KCIIOHeHIJ;HaJibHO B03pa.CTaeT C y6biB3.HHCM t, TO MH0)K8CTIII' 'I' ' 
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eKTOpHti, KOTOphie C'rpeM.HTC.H K ce,TJ;JIO-y3JIY L 0 npH t -+ -oo, T. e. ero 

HeyCTOll'!lfBOe MHOr006pa'3He vVu HMeeT BH,ll; {y = 0, X ;?: 0}. 
C pOCTOM t TpaCKTOpiiH H3 Wu\Lo IIOKH,ll;aiOT OKpCCTHOCTh C8)J;JIO

Y3JI3., HO B CHJiy npe.n;rrO.'JO.JKCHIUI 2 BCe OHH B03BpaiiJ;3.IOTC5I B y3.1IOBYIO 

o6JiaCTb npn t -+ +oo, T. e. CTpeMHTCH K L 0 , KacaRCh u:n.rmn,n;pa y = 0. 
ilo3TOMy MO)KHO YKa3aTb TaKoe Ma.n:oe d > 0, 'ITO wu 6y,n;eT nepeceKaTh 

C8KYHrYIO So : {X = -d}. 0'--leBH,ll;HO, 'ITO r = r-vu n So ecTh 33.MKHyTaR 

KprmaH. O,n;HaKo OHa MO.JKeT 6biTb BJIO.JKeHa B So pa'3JIH'IHhiM o6pa'3oM. 

By.n,eM C'IHTa.Th, 'ITO cpe,ll;HR.H J1HIUI.H l0 : {y = 0} ceKyru:e:ti So opHennrpo

Ba.Ha B CTOpOHY B03p3.CT3.HH.H 0, TaK )Ke KaK ll Cpe,ll;HfiH JIHHH5I h : {y = 0} 
ceKyureii: sl : {X = +d}. Ta.K Ka.K ll = vvu n Sr, TO KpHBaH [ HBJHICTCH 

o6pa.30M KpiWOH h IIO/r )J;eHCTBHCM OT06pa:rKCHFI5! IIO Tp3.CKTOpHHM CH

CTCMbi, rro3TOMy oprreHTau.mr Ha h orrpe,n;e.JIHeT opnenTaJJ,HIO Ha f. TaKHM 

o6pa.3oM, c y'IeTOM opiWHTau;nn KpnnaR [ roMOTOrrHa mlo, r,n;e rn E Z. 
B c.rryqae n = 1, T. e. Kor,n;a cncTeMa 3a.,n;ana n R 3 n So - ,n;ByMepHoe 

KOJibi~o, B03MOJKHhi TOJibKO ,n;na Co'ly'Ia.JI: m. = 0 n m = + 1. B CJryqae :tKe 

n :?: 2 .n,onycTHMbi .ni06bre JJ,e.Jihre m. lloneJ!.enue vvu B CJiyY.ae m = 0 M3o6-

pa)Keno Ha pHC. 13, a. B cJiy'Ia.e rn = 1 Mnoroo6pa3ne J.Yu roMeOMopcj;nm 

Topy (puc. 13, b), a B cJry~ra.e rn = --1 -- 6yThi.rrKe KJiefina (pnc. 13, c). 
B cJiy'Iae lml ?. 2 MHWKeCTBO TVu 5!B.ITReTc.H j·ml-neTBJrerrhrM Mnoroo6-

pa.3FieM (K KaFK,r~orr TO'IKe TpaeKTopnn L 0 co cTopmrhr y3JIOBofi o6JracTH 

I10ll,KJICHl:laiOTC5! lml KyTKOB MHOJKCCTBa ~f/"). 3aMeTHM T3.KJKe, 'ITO B :1a

,ll;a'Ie 0 B03)J;efiCTBHH nepHO!!.IFieCKOfi BH€lliH€H CIJJ1bi Ha aBTOKOJIC6a.TeJ!h

HY!O CIICTCMy, KaK, HaiipHMep, B CHCT8l\1e , MO.JKeT peaJU130BbiB11TbCif 

TOJibKO C.IIJTfa.H m, = 1, HC3cU3HCHMO OT pa3MCpHOCTIL 

Iby'Ierme rroBe,'l;eHH.H TpaeKTopn:rr B oKpecrnocTn MHO)KCC'I'Ba TV'" 
rrpe,ZJ;CT3.BJIReT HHTepec TO.IIbKO rrpn jJ. (J /1 ::'~ 0 OHO Trmfllll),JibHO 

IJpn jJ. > 0 3Ta 3a.n,a"!a CBO,ll;HTCH K IBy~remno OTOOpa:l!<eH~U! 
T : sl -> sl, KOTOpoe 6y,n;eM C'I'pOIITb B BH,Il,(:; cynepn03lHJ,HH ,ll;BJ'X OTOO

pa,)KeHHH: Tl : sl -+ So H 1'o : So --~ S]. 
KaK I10Ka3a.no B [34j, KOI',[\3. CHC'l'eMa npHBC,ll;ena K BH,Ll;J' H 

u:n.a p ne 3aBIICHT OT B npn p = 0, OTo6pa)KeHMe To : (Yo, Oo) E 
(Yl' Or) E sl IIMeeT nn;~ 

Y1 c-= a(yo, 
B1 = Oo + v + 

r,n;e lJ(t<) -- BpeMa rrepexo,J.a c ua 8 1 . TlpH tt -~ +0 BpeMH nepexo,r~a 1.1 
MOHOTOHHO erpeMHTCii K 6eCKOHC"!HOC'I'U: ll "'-' lj,f(i; npH 9TOM cb1VHlKU'rlk1 

a If fJ paBHOMepHO CTp8MRTCZ K H)'JIK) BMeCTe CO BCE'MH CJi30IIMH I1p0tUfl0,[~· 
HbiMI-1. TaKIIM o6paclOM, o6pa3 CeKym,eli So no;:~; rr<:>ii<t"O'RfJlPM 

T0 c:rKnMaeTez K cpe.n,ue:H miHIHI h rrpu Jt -} +0. 
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(a) m=O (b) m=l 

{c) m=-1 (d) m=2 

Puc. 13. CJryqau m = 0- «KaTaCTpo<iJa roJiy6oro ne6a» (a). CJiy'IaH rn = I 
H m = --1 (3aMbiKaHHC neyCTOH'l.HBOI'O MHOI'006pa3Hlf Ce,IJ;.IIO-J3JJOBOH nepHO,I\11 

qecKOH TpaeKTopu:u:) HBJIHJOTCH ,n;ByMepHhiM TopoM (b) HJIH 6yTbiJIKOH IC'Ieful'> 

(c) COOTBeTCTBefHIO. CJiy'iai! m = 2 -·- UOJIHOTOpHH sl pacnrnmaeTCH B ,1\l!;l 

pa3a B HanpaBJieHHH yrJIOBOH nepeMeiHl.OH, C)l01!VIaeTCH B nonepe'IHOM H31JjJ<JII 

JieHHH H BK.rra,n;hiBaeTCH caM B ce6a, o6pa3Jll B rrpe,n;eJie coJieHon:,n; BueTOP"'" 

- Baa ,[(anu;nra (d). 

0To6pa)I(CHHe Tl : s1 -t So - 3TO OT06pa)KCHHe ITO TpaeKTOIJII\IOI 

3 a KOHC'!HOC Bp8M5l, CJIC,LJ;OBaTCJlbHO, 3TO I'Jia,LJ;KOe OT06pa)f(8HH€, Oll]H'.' 1•1' 

.rreHnoe rrpH Beex Ma.rri.rx p. Ouo 3annchmaerc.H B Bn,n;e 

Yo = G(y1, Ot, J.L), 
Oo = F(Yt, 01, p). 

Q6pa3 JIHHHH ft 6y,n;eT, CJ1C~OBaTCJihHO, I1M€Th BH)l, 

( 1: I I 

( 11. 1 

Ha BTOpOe ypaBH€HHC MOLKHO CMOTpCTb KaK na OT06pa)l(e!II1e O;~noii '' 1 
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pyxmocTH B ,n;pyryro. Ero MO)I(HO 3anHcaTh n BH,n;e 

(17) 

r,n;e j(())- rrepMO,LI;H'·IeCKa.II ¢YHKD;H.II nepMO,n;a 1, a CTCIICHh 0T06pa)I(8HH.II 

m CCTb KaK pa3 TO CaMOe IJ;CJIOC '!HCJIO, 0 KOTOpOM I'OBOpHJIOCh Bhillie. 

B CMJIY (14)' (15)' (17) O'l'06paX(8HHe llyauKape T = ToT1 : sl -t sl 
3aTIHCbiBaCTC.II B BM,LI;C 

Y = 91 (y, B, v), 
B = rnB + v + j(B) + fr (y, B, v), 

(18) 

r,n;e ¢yHKl1HH fr H 91 CTpCM.HTC.H K HyJIIO llpH l/ -t +oo BMCCTe CO BCCMH 

npOM3Bo;~HhiMH. TaKHM o6pa30M, Mhi BH,LJ;HM, 'ITO ecmr Mhi 3a¢HKcupyeM 

,n;po6nyiO '!aCTh l/, TO IIpH CTpCMJICHliH IJ;CJIOH 'IaCTH l/ K 6eCKOHCTIHOCTH 

oTo6pa)KeHne T BbipO)K,Lt;aeTcR B OTo6pa)KeHHe OKPY)KHOCTH T: 

B = mO + f(B) + v mod 1. (19) 

llOH.IITHO, '!TO BO MI-IOI'Ol>,1 ,LJ;HHaMIIKa OT06pa)I(8HH5I (18) orrpe,n;eJI.H€TC.II 

CBOi{CTBaMH OT06pa)KCHH5I (19). 3Ha'!CHH5IM l/ C O,LJ;HHaKOBOH ,n;po6HOH 

'!aCTbiO OTBC'!aCT O,LJ;HO II TO )K€ OT06pa)KCHHC T. TeM CaMbiM 06JiaCTh H3-

M8HCHII5I Ma.JIOf'O napaMeTpa f.l > 0 IIpC,LJ;CTaBJI5I€TC5I B Bli,Lt;C 06'bC,LJ;HHCHH5I 

C'-ICTHOIT ITOCJIC,LJ;OBaTCJibHOCTH 0Tp83KOB Jk = [f.lk+l, f.lk) (r,n;e v(pk) = k) 
TaKHX, '-ITO noBe,n;enne oTo6pa)KeHHR T aa Ka)I(,LJ;OM :n3 OTpe3KOB Jk B 

118JIOM O,LJ;HHaKOBO. 

llpC)K,LJ;C BC8I'O OCTaHOBHMCR na ,LJ;BJX 3aMCTfaT8JibHbiX CJIJ'Ia.HX 

m = 0 li lml 2: 2, paCCMOTp8HHbiX B [32, 33, 34, 28]. 

TeopeMa [32, 34]. llpH m = 0, ecJin: lf'(B)i < 1 npn BCex B, TO OT06-

pa)KeHIIe T npn Bcex ,n;ocTa'I.'O'!HO MaJihrx p 6y,n;eT HM8TI. e,n;nucTBennyro, 

rrpHTOM JCTOH'IIIBYIO, li€ITO,LJ;BII)f(HJIO TO'!KJ. 

ITocJie TOro KaK OTo6pa)KeHIIe T npMne,n,eno K BM,LJ;y (18), YTBep)K,n;e

uwe TeopeMhi nerrocpe,n;cTneuno c;'Ie,n;yeT H3 npiiHllHrra C)I(U:Maroru;nx O'ro6-

pa)KeHHli. Ib TeopeMhi cJie,n;yeT, '!TO rrpu IIC'!e3HOB€HHH L 0 B 3'l'OM cJiyqae 

ITO.IIBJIH8TC5I C,n;I1HeTB€HHa5l H yeTOll'!HBa5l nepHO,LI;H'!8CKa5I TpaeKTOpH.H, 

,LJ;.TIHHa H IICpHO,LJ; KOTOpOH CTpCM.HTC.H K 6eCKOH€'!HOCTli npii f.l -t +0 -
KaK roBop.HT, nMeeT MCCTO <<KaTaC'rpo¢a rOJiy6oro ne6a>>. Bonpoc o B03-

MO)I(HOCTM H€OrpaHH'!€HHOI'O YB€JIH'i€HH.H ,LJ;JIHHbi nepHO~H'iCCKOH TpaeK

TOpllH Dpll I1pH6JIH"£KCHHH K MOMCHTY 6n¢ypKaD;MH 6I.IJI UOCTaBJI€H B [24]; 
rrepnhrit npmvrep (6ecKOHe'IHOH Kopa3MepuocTII) 6bm nocTpoen B [19]. Ha

nra KOHCTpyKIJ;H.H ,n;aeT «KaTaCTpo¢y roJiy6oro He6a>> IIpM 6n¢ypKallMH 

KOpa3MCpHOCTH 1. 0TM8TMM TaK)f(C, '!TO, KaK flOKa3aHO B [28, 25], uam 

BapnaHT «KaTaC1'p0<j_)bi ro.ny6oro He6a» OTIMCbiBaeT TIOBe~eHH€, THIIWIHOe 
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,ll,Jl5l CHHI'YJI5lpHO-B03MYIJJ;eHHhiX CHCT€M C KaK MHHHMYM /WJMSI 6biCTpbi

MM rrepeMeHHbiMH. IIpnMep CHCTeM:nr c 5lBHO BbHIHCaHHhiMH rrpannrJvJH "Ia

CT>IMH, B KOTOpOH peaJIH3J€TC51 CUTJaU,H51 ,liCLHHOH TeOp8Mhi, 6hiJI BI1€pBbie 

nocTpoeu B [11]. IIpHJIO)Ke:mre Hameti KOHCTPYKJJ;IIH K KOHKpeTHbiM MO

,l(O.JUIM nefipommti .zrrmaMHKH npnne.zreno B [38]. 

TeopeMa [32, 33]. llycTb lml ~ 2 H lm + f'(B)I > 1 npH neex 8. 
Tor.zra npH ncex .zrocTaTO"!HO Ma.i'IhiX Jk > 0 OTo6paJKenMe T 6y.zreT HMeTh 

nmep6oJin"!eCKHti aTTpaKTOp CMetina -·- BnnMrMca. 

B 3THX ycJIOBH5lX oTo6pa)Kemre T .zreii:cTnyeT TaKHM )Ke o6pa3oM, KaK 

H n KOHCTPYKJJ;HH ClvietiJra- BnJib5IMCa. I1MeHno noJmoTopnit So oTo6pa· 

JKaeTCR caM B ce6R TaK (eM. pnc. 13, d), qTo npe.zren I:= nk;:oTkSo HBJI5l·· 

eTCJJ cmrenOI1,liOM BHeTopiica ---- Ban )J;anu;Hra, .710KaJibHO roMem.wpcj:mhiM 

np5!MOMY npon:1ne.zreuuro KaHTOponcKoro MHOJKeCTBa Ha OTpe3oK. Ycno

mm TeopeMbi rapaHTHpyiOT p<1BIIOM€pHOe paCT5DK€lni8 TIO 8 H OKaTW~ 

IIO y, T. e. CLTTpaKTOp L --- paBHOM8pHO-nmep60.Hl1"!8CK08 MHO)KCCTBO, II 

6o.rree Toro, TaK KaK OTo6pa}Kenne Tlr: TOITOJIOnPIPCKH corrp>n:KeHo npE/\C 

.ny o6paTnoro cneKTpa ,ll;J:L>I paCTl'!rnnarouwro ooro6pa)K€HJ1H OKPY)KHOCTJI 

(crerreHH lml), TO BCe 'l'O"'KH L ·-- ne6JIJ:>K,JJ;3.!0I1IHC, T. e. Mbi rTJ;CHCTBHTCJIL 

HO HMeeM 3,li€Cb rnnep60.TIH"I8CKHH aTTp<1KTOp [ 32, 33]. 
KaK Mbi y:>Ke OTMC"!aJrH, B CJiy"!ae m = ±1 rroBepxnocTh wu. Il]'l' 

Jk = 0 MO)l<eT rrpi1MhiKaTb K ce.zrJro-y3JIY L 0 KaK rna.zrKHM, TaK 11 rren1a.''· 

KHM o6pa:30M, B 3aBHCHMOCTH OT TOI'O, K<1K ~Vtt nepeCeKaeT CHJlbHO yr:Toil 

'!HBOe HHBapnaHTHOe cnoenne pss B y3JIOBOil o6JJaC'l'FL Kor')J;a CHCTI'~l" 

npHB€f~CHa K BH,ll;y (13), CJIOH 3TOI'O CJlOflHlUI HMeiOT BH.I\ {x = COII::I 

fJ :::::: const}, 1.'. e. m1 ceKyrrr,efi 80 c.n:cm pss H!vieiOT BH,ll; { 00 = I i • 
peeeY:CHHe vY"' fl - 3TO KpvmaR (16). CJI€,1J;OB3.T€JibHO Bbipa/K<'IIIl• 

]1lf1t IIJHIMhiK3.CT K r,TI3.J~KO TOI',.TJ;a H TOJihKO TOI'.J~a~ KOI',D.,a 

rn+f'(O)f-0 (''tl. 

Hpltl BCCX 0. 9TO JC:.TIOBIIC aKBHBa.llCH'l'HO TOM}', 'fTO npe,n;e.TlhHOE: O'l""l'i'' 

:>KeHl.1C f' (19) -·-· ,lJ;Iicp¢eOMOIJcPH3M OKpJ:>KHOCTH I!pH BCCX V 

TeopeMa [1]. EcJm T- ;J;Hq)cj:JeoMOp(!Jll3M, TO npu BCex ~\OCTaT• ''"'' 
iVla.JIMX Jk > 0 OT06pa)KGHHC (18) 6y,ll;eT IIM(;Tb 3<1MKHJ'I'Y!O '1111., ,. 

r.Tia;J,KyiO HHBapiiCLHTHYIO KpfiBJW, K KOTOpOH 11p!1T.l-1I'HBaiOTC.H BC:• "I I • '' I 

TOpHH. 

,Il,oKa3aTeJihCTBO TeopeMbi .I\OCTHraeTcR ccbmKoll: Ha npHHIJ.Hit ~>""' " · 
[3, 2'1]. 3aMeTHM, "'TO l'Jia.,L\KOM 33.MKHyToil mmapttaHTHOil. • · 1 • "· 

pa:iKCHIIR 1' OTBe'-U1CT B C.llY'·J:aC 1n = 1 
""·A'-',1.1':1.'-'H cucTeTv!hi, a np:n rn. = --1 HHB:lpii."''" · • 
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B cny'me, KOI'f\3. oTo6pa)KCHHe T ne 5!Bm-JCTCR ,rvr¢¢eoMopcj:JH:1MOM, 

CHTJai~IU! IIaMHOI'O CJIO:>KH€€. J'vlbJ OCTaBHM O!J'ciaM m := -1 B CTOpOne, a 

OCHOBHOe BHJ1M3.HHC o6paTHM Ham = 1. I1M€HHO 3TOT CJiy"'a.H, Ka.K Mbl 

OTMC'JaJIII, xapaKTepen ,liJUr 3a.zra'IH CHHxpomnan;nn. 

Ta.KHM o6:ea3oM, Mbr npe.zrnoJraraeM, "'TO m = 1 n "'ITO npe.zr.eJrhHoe 

OTo6paJKeHIIe T HMeeT KpHTH"'eCKHe TO'IKH. OcHOBHbie pe3yJfhTaTbi ,ll;JI>r 

3Toro CJIY'Ja>r co.zrep)KaTCH B Tpex Teopervmx HH)Ke. 

BBe,rJ;eM BeJJwnmy 6, onpe.zreJIReMy!O KaK 

Q"'eBn,n;uo, "'TO 6 = 0 Tor,TJ,a n TOJibKO Tor,TJ;a, Kor.zra oTo6pa)Kenne 

T --- roMeoMopcj:Jr::3M npii Bcex v, T. e. KOr,lJ;a ero rpaqmK -- Hey6hmarorrr,a>r 

¢zuKI!H>~. Ecmr o > 0, To 3To oTo6pa:>Kenne o6R3aTeJrbno HMeeor rro Kpail

ue~ Mepe ~,liHJ T0
7

·IKy MaK~liMJM3 H O,liHJ TO"'KJ MHHHMyMa; no CJUWCTB.Y, 

0 HJMepRC ~ pa3M3.X KOJie6aHH5I MC)!(,liJ MHHHMi:&JibHhiM 3H3.'l:CHH€M npaBOH 

"'3.CTH OTObpaX<CHIH! (l'f) H npe,Z~illCC'l'BJIOill,HM PM}' M3.KCHMaJibHbiM 3 Ha

'I€flUeM (puc. 14). HecJIO)KHO no,npurTaTb, 'ITO n c.nyqac j = A sin 21rf) 

na.rrpnMep, o(A) == 2_ (V4r.2A2 -=1- arctany''4;2A2 __ 1) ' 
rr , 4 

• 

PHc. 14. Bum~•uma. a panna MO,):(y.mo pamwcni MC:lK,LW RCKOTOp:t.IIYJ Ml'!UHMa.!Ih

Hb!M 3H:1'JCHHeM rrpanofl: '-laCTH 

M<.1JlbHbiM 3na••enneM 

~ c.:ry'-rae J ~ 1 Y Ka.IK,ll;Oro 3Ha•-reRnR. 0 eCTh no KpaitHe.il rvrepe Tpa 

fiJ.lOOOpiX3a OTHOCHTeJibHO OT06p<1)K€HHH (17). fj T8pMHHaX HCXO,i\HOft. CH

CTCMbt .11Cf'KO BH,li8Tb, 'ITO Mh! HMCCM 0 > 0 'l'OI')~a H TOJihKO TOI',I\a K(}· 

!'f\a CJ10H CJIOCHH.H pss liMCCT 6o•rep 0'\H'WO caM OM '~e"" no " ........ (- -- '~ ·' . ,_t 1 ...,....., , .. !J.c 1 

Depeew-n:mrm c neycTofl.'U!BbiM 

ce,IJ;.llO-y:.Ma /1· :::..-: 0, l! /5 ~ 1 TOI",'J,I.l. H TOJlhKO TOI'jJ,a, KOY',lJ,fl. VV 11 

IIepeCeKalcoT Ki.t)K,ll;bU~! CJ!OH CJlO€HH5I }1'88 HO 
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3arrMCTBY51 TepMllHOJIOrlliO ll3 [1], 6y,IJ,eM Ha3biBaTh CJiy-qaif J > 1 

cny-qaeM 6oJihiiiOii rreTJirr. 

TeopeMa [31]. B cny-qae 6oJibiiiOi1 rreTJirr oTo6pa:tKeHrre T rrMeeT 

CJIO:tKHyiO )J,ITHaMHKY rrprr BCeX )J,OCTaTO"'-IHO MaJibiX fL > 0. 
flO,IJ, CJIQ)KHOi:J: )J,HHaMHKOH CJie,IJ,yeT IIOHHMaTb Ha.JIM"'-IMe rpy6oii rOMO

KJIMHH"'-IeCKOH TpaeKTOpllH K rpy6oMy nepHO)J,ll"'-IeCKOMY )J,BH:tKeHHIO. 9TO 

BJieqeT cyrn;eCTBOBaHrre rnrrep60JIM"'-IeCKOrO MHO:tKeCTBa, T. e. B MaJIOH 

oKpeCTHOCTM roMOKJIITHH"'-IecKoii CTPYKTYPbi Bee TpaeKToprrrr (nx KOHTrr

HYYM), BKJIIO"'-Ia51 C'IeTHOe MHO:tKeCTBO nepno,lJ,M"'-IecKrrx ,IJ,Brr:tKeHrril:, 5IBJIR

IOTCZI Ce,Il,JIOBbiMH ll )J,OIIYCKaiOT IIOJIHOe CHMBOJillqeCKOe OTIHCaHHe Ha 5!3bl

Ke TOTIOJIOrnqecKOH MapKOBCKOH rrenrr. 

XoTR TaKaR CTPYKTypa rr rpy6aR, T. e. nmep6oJIH"'-IeCKoe MHO:tKeCTBO 

COXpaHReTC51 IIpH MaJibiX 113MeHeHH5IX fl, Mbi He MO:tKeM, B006rn;e rOBOp5!, 

O:tKH,IJ,aTh, '-ITO O)J,HO H TO :tKe rHnep60JIH"'-IeCKOe MHOJKeCTBO 6y,IJ,eT COXpa

H5!TbC5! IIpH BCeX fL, T. e. CJie,Il,yeT HMeTb B BH,IJ,y, '-ITO pa3.JIH"'-IHbiM llHTepBa

JiaM 3Haqemrli 11 B TeopeMe MoryT OTBe'IaTh pa3JirrqHhre rrrnep6onw-IeCKHe 

MHO:tKeema. 

TeopeMa [31]. Ecnn o > 0 B OTo6pa:tKennn (19) n Bee KpHTII"'-IeCKHe 

TO"'-IKII OT06pa)KCHH5! HMCIOT KOH8"'-IHbii:J: II0p5I,IJ,OK, TO CKOJih yrO,Il,HO 6JIII3KO 

K fL = 0 HM8IOTC5! IIHT€pBaJibl 3Ha'I8HHi:J: f-1·, rrpH KOTOpbiX OT06pafKeHH€ T 
HM88T CJIO:tKHYIO ,lJ,IIHaMIIKy. 

TeopeMa [31]. Ecnn 2Jmaxe !"(8) < 1, TO CKOJih yro,IJ,HO 6nn3KO K 

fl. = 0 IIMCIOTC.H IIHT8pBaJibi 3Ha"'-I€IIHi1 fL, IIpH KOTOpbiX OT06pa:tK8HH8 T 
HMeCT IIpOCTYIO ,Il,IIHaMIIKy: BC8 TpaeKTOpHII CTp€M5ITC5I K H8IIp8pbiBHOH 

IIHBapnaHTHOi:J: KpHBOi:J:, I'OM80MOpcpHOi:J: OKpy:tKHOCTH, Ha KOTOpOfi IIM8C'r

C5! KOH8'IHOe qllCJIO HCIIO)J,Bll:tKHbiX TO"'-ICK (nOJIOBHHa II3 HHX YCTOH'-IMBhi, 

TIOJIOBHHa - CC)J,JIOBbi€). 

TaKHM o6pa30M, B npoTHBOIIOJIO:tKHOCTb cny"'-IaiO 6onhiiiOH neTJIII rrpn 

MaJihiX J > 0 HHTepBaJibi npocTo:ll n CJIO:tKHOll. ,IJ,IIHaMIIKH -qepe,lJ,yroTCR rrpn 

fL---+ 0. 

3. 3aKJIIOqeHHe 

KaK Mhi BH,IJ,HM, Knaccn-qecKMe 3a,IJ,a"'-Iu crrHxpoHn3arrrm CBOA.HTC.H K 

ll3Y"'-I8HHIO C€M8HCTB OT06pa:FK€HMi:J: KOJihi~a BH,Il,a 

x = G(x, (), f.L), 
iJ = () + w + Aj(B) + F(x, 8, f.L) mod 1, 

(21) 

r,Il,e j, F H G -- rrepnO,IJ,ll'IeCKne no () cpyHKI1HII c nepHO,IJ,OM 1, rrpHqeM 

cpynKrrnu F n G paBHOMepHo CTpeMRTCR K Hynm BMecTe co BCeMn CBOHM 11 
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npmi3BO,IJ,HhiMrr nprr fL --* 0. EcTeCTBeHHo, qTo ,IJ,HHaMrrKa oTo6pa:tKeHHR 

(21) CB5!3aHa C IIOB8,Il,8Hll8M OT06pa:tK8HH5! OKppKHOCTH 

iJ = 8 + w + A_f(()) mod 1. (22) 

Tiprr MaJibiX A 3TO OTo6pa:tKeHrre HBJIHeTcR ,IJ,HcpcpeoMopcj:m3MOM, HO c 

poCTOM A y Hero II05!BJI5!IOTC5! KpHTH"'-IeCKrre TO"'-IKrr, onpe,IJ,eJIR8Mhre rr3 

ypaBH8HH5! 

1 + Af'(e) = o. 
TiycTb A = A* OTBeqaeT II05!BJieHHIO nepBoil KpHTrrqecKoii TO"'-IKH 

( TO"'-IKIT rreperrr6a) n A > A** > A* OTBeqaeT BbiiiOJIHeHrrm ycnoBrril: 

6oJibiiiOil neTJIH. KaK Mbi Brr,IJ,enrr, nprr A < A* oT06pa:tKeHHe (21) 6y,IJ,eT 

nprr Bcex w MMeTb rna,Il,Kym MHBaprraHTHYIO KprrByru, a rrp11 A > A** OHO 

nprr BCeX W 6y,Il,eT HMeTb C.JIO:tKHYIO ,lJ,HHaMrrKy. 

Tiprr A* < A < A** Mbi MO:tKeM rapaHTnpoBaTh CJIO:tKHYIO ,IJ,IIHaMH

KY TOJibKO B Orrpe,IJ,eJieUHbiX HHTepBaJiaX 3naqenrri1: W, II 3TII HHTepBaJibi 

MoryT -qepe,1J,OBaTbC5! c rrruepBaJiaMrr npocToil ,Il,IIHaMIIKII. Bo BCHKOM cny

-qae, TaKoe 'Iepe,lJ,OBaHrre IIMeeT MeCTO, KOr,IJ,a A - A* ,Il,OCTaTo'Ino Mano. 

3aMeTrrM, qTo rrprr A = A* OTo6pa:rKeHrre (21), xoTR rr rrMeeT TO'I

Krr neperu6a, 51BJI5!8TC5! I'OM80MOpcpH3MOM OKpy)KHOCTH, T. e. ,L~JI5I Hero 

orrpe,IJ,eneno 'IIICJIO BparrrenrrR TiyauKape r(w). KaK npaBrrno, ,IJ,JIR Ta

KIIX OT06pa)KeHIIH (B IIpOTHBOTIOJIO:tKHOCTb ,IJ,IIcpcpeOMOpcJ:m3MaM OKpy)K

HOCTII) MHO:tKeC'rBO 3Ha"'-Iei-!Hll W, OTBe'!aiOIIJ;IIX Hppall,IIOHaJibHbiM '!HCJiaM 

BparrreHrra, o6pa3yeT MHO:tKeCTBO Mephr ny.rrh. TaKrrM o6pa30M, TMnrrqnhiM 

o6pa30M rrepexo,Il, H3 o6nacTrr A < A* B o6naCTh A > A* ocyii1eCTBJI5IeTc5! 

BHYTPII KaKoil-Hrr6y,Il,h pe3onancHoil 30Hhr, OTBe'Imon~e:ll parrrronaJihHOMy 

"'-IIICJIY Bpaii18HII5!. BHyTprr TaKoil 30Hhr rrprr A = A* Mhi rrMeeM ua oKpy:tK

HOCTII KOH8'IH08 'IITC.ITO II8pHO/-~II<I8CKIIX TO<IeK (rrOJIOBIII-Ia yCTOH'-!IIBhiX, 

no.nomma neycToii'IIIBhrx). 5lcHo, 'ITO 3Ta CTPYKTypa coxpaH.HeTCR rrpn 

MaJibiX fL II rrpii Bcex 6JIII3KIIX 3Ha'Iemurx An w, T. e. BHyTprr pe3onaHcnoi1: 

30Hbl O'l'06pa:tK8Hll8 (21) ,IJ,eHCTBHTe.JibHO 6y,IJ,eT HMeTh IIpOCTYIO )J,IIHaMH

KY rrpn A, 6JIH3KHX K A*. OcHOBI-Ihre 6ncpypKarrnn, KOTOphre rrponcxo,IJ,.HT 

B pe30HaiiCHOH3one c yBeJm"'-IenneM A, TaKne :tKe, KaK onncaHo B pa3,Il,ene 

1: 6rrcpypi<a1IHOHHhi8 KpHBbie, OTB8'IaiOIJJ,H8 rOMOKJIHHW-ICCKIIM KaCaHHRM 

M Y,Il,B08HIIIO nepno,IJ,a, pa36HBaiOT pe30HaHCHyiO 30HY Ha o6.naCTH CIIHXp0-

HH3ai~HH (noJIHOH, qacTH"'-IHOH, OTHOCHT8JibHOi1) H BpaiiiaTCJibHOrO xaoca 

(eM. pnc. 6). 
fpaHHIIbl pe30HaHCHOH 30Hbl OTB€'-IaiOT 6ncpypKaiil1Ff Ce,Il,JIO-y3Jia. 

KaK cne,IJ,yeT H3 pe3yJihTaTOB rrpe,IJ,hi,Il,YII1ero pa3,Il,ena, BhiXO,Il,R u3 pe3o

I-mncnoi1: 30Hhi B o6nacTn A > A*, Bcer,IJ,a MO:tKHO rronacTb B nnTepBaJibi 

CJIO:tKHOR )J,HHaMHKII. 0TCIO,IJ,a, B qaCTHOCTH, BbiT8KaeT, qTO Ha llJIOCKO

CTH rrapaMeTpOB (A, w) npn A > A* B nm6oii OKpecTHOCTH nm6on TO'IKH 
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(A*, w) c nppar.J_HOHa.i1hHbiM :r (tv) Hl\!CIOTCR KaK o6nac-rn rrpocToli, TaK u 
o6.naCTII CJIO.IKHOH ,IJ,HHaMHKH 1 B OTJUI'IHC OT CJiyqa5I paLJ,HOHaJibHOrO :r(w). 

Ha,n;o OTMCTHTh, qTo R cny'l.ae, Kor,rr.a ¢YHKLI,IHI F II G B oTo6pa.IKe

HHH (21) ne Ma.Jihi, a oco6eHHO KOr,IJ,a OTo6pa.IKeHII5I (21) y)Ke ne C.IKIIMaeT 

IIJIOIJJ,ap,n, T. e. 3a,IJ,a'-!a CTaHOBHTC5I 60JICC MHOI'OMCpHOrr ITO CyiJJ,eCTBj', CH

Tj'aLI,HR 3na•nrTeJihHO ycJIO.IKUHeTcH. B •racTHOCTn, KpoMe 6.n¢ypKar~nt! 

CC,ll;JIO-y3Jia H yp;BOCHHR nepnO;J,a 3,lJ;CCb MO)KCT BCTpe'-.!aTbC.H 6n¢ypKaUlf)l 

rrepHO,ll,H'l.CCKOfi TpaCKTOpHII e rrapoii: KOMITJICKCHO COI1p5I.IKCHHbiX MYJib 

THITJIMKaTopon na e,IJ,HHI-I'IHOH OKPY.IKHOCTH. Bonee Toro, KOr,IJ,a COOTBCT

CTByroiJJ,aR 6n¢ypKaLI,HOHHa5I KpHBaR BbiXO,IJ,HT Ha rpannu;y o6naCTH CHII

XpOHH3aLI,HH, Mbi TIOJiyTJ:aCM rrepHO,ll,ll'IeCKYIO TpaCKTOpHIO C MYJib'l'HHJIH 

KaTopa!Vm (1, e±i"'). IbBecTHO, "'TO JioKa.nbHbie 6n¢ypKar~n:n: TaKofi. Tpa 

CKTOplHI ( aHaJJOI'H'IHbiC 6Hq)ypKaLI,H}1M COCTO>lHH}.{ paBHOBCCHR C xapaK 

TCpHCTH'ICCKHMII l10Ka3aTCJI1lMH (0, ±icv) [9, 121) oqCHb HCTIJHBIIaJibllJ.I 

Bonee Toro, na rpamn.\e o6.rracTH crmxpmunau;n:n ,IJ,anHaH nepno,IJ,H"leeKa:l 

TpaCKTOpH>l ,ll,OJI.IKHa HM€Th rOMOKJ!HRHK}', TaiUIM o6pa:30M, HC06XO,I~HMI\ 

H3yY.aTb TaK/1.(€ H rJI06aJ!bHbiC 6n¢ypKaD,Hl! TaKOH TpaCKTOpr:m. 3a.MI' 
THM 1 '--ITO 3Ta 3a,n;a"Ia paCCM3.TpHBaJI3.Ch B CB5!3II C rrpHMCpOM <<KaTaCT]lO 

¢Lr rOJry6oro ne6a>> B [11]; B CBR3n c 3a.r1a·'Jeii CHHxponn3aiJ,HH no,IJ,Oflll, "· 

5IBJl€HHC 6biJIO 33MC'ICHO B [37]. 0•1eBH,U,H0 1 "ITO /l,pyrn:e CJI)"IaH K0p3.3i\11"i> 

HOCTH,IJ,Ba--- (±1, ±1), (-1, e±i'P) ··-- C rOMOK.i1HHJFICCKHMH TpaeKTOplU!rdll 

TaK.IKe HY)K,IJ,aiOTCH B ,IJ,OHOJIHHTCJlbHOM a:aaJin3e. 

9m pa6oTa Y:acrwmo nO,IV\Cp.IKana rpaHTOM CRDF RU-J'vf1-2[),':."1 
l\10-04, rpaHTOM P<DQ?H Ng 02-01-00273, nayLmot:r nporpaMMOli «Pocc11i1 
CKH€ ymmepcnTCThi», npoeKT UR 03.01.015. JL n. IliHJlbHHKOE '{';U< d.• 

cpOH;':l, A. 
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