
NONLINEAR WORLD 

PROCEEDINGS OF THE IV INTERNATIONAL ' 
WORKSHOP ON NONLINEAR AND TURBULENT 

PROCESSES IN PHYSICS 

VOLUME 2 



ON THE OLASSIFICATION OF SELFLOCALIZED STATES .OF 
ELECTROMAGNETIC FIELD WITHIN NONLINEAR MEDIUM 

ELeonsky V.M.,Kulagin N.E.,Turaev D.V •. and 

Shilinikov L.P. 

The problem of identifying and classifying soliton-type 

states for . nonintegrable equations is one of essen·tial problems 

in nonlinear pbysics.1'he diff:i.cul ty of its solution is explained 

by the fact that . from the mathematical point of view this problem 

is reducedtci the analysis of nonintegrable conservative systems 

(in particular, Hamiltonian ones) with two or more degrees .of 

freedom : the self10calized states are related ·to the h6moclinic 

loops of sllddie equilibrium states of dynamical systems. 
The electrodynamics' equations for nonlinear nondissipative . . . 

medium in the approximation of a high--frequency potent-1al (i.e. we 

take into account the self-action but neglect the 'ti.ll;citatioD 

by mUltiple frequences) for the flat geometry of wave-guide states 

of the field lead to the follOWing dynamical system with two 
. . . 1 

degrees of freedom : 
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) is the dielectric permittivUy; kz is a wave vector; 

k=(J /c; GJ is the frequen.cy of the ele'ctromagnetic wave of the type 

Ej(x)exp(ikzz),j=x,y,Z .The system (1) has. a first integral 
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kz-k e (W ,0) ,. 0, homoclinic loops of the singular point 
O'(~=EJf=E.3=P=O) in the phase space n4 on the level of Ute first 
integral H=O correspond to selflocalized wa.veguide staLes of the 

field for whiCh lim · E = 0, lim P = O. No'te that 0 J.s a 
• ~ ... t_ . ~ .... _ ' . . 
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saddle with lIIultiple characteristic exponents (.A , A , -.A ,- >. ) 
where ..A =(JC;-k<! £ (t.J ,0» 1/2 .For the ~lE·· and TM-type fields 

descrioed oy electr:Lcal vectors (O,Ey'O) and (E",O,E:z;)' the image 
of known 2,3 selflocalil<led $tatesis given by the four homoclinic 

loops 3 1,S2,S),S4 lying in invari.ant planes: S1 and S2 in 

(Ey,F) , and S) and S4 in (Ex,Ez ) • 2 
A nUinerical study has b.een performed for £ ::; f,+ CaE , 

where CD OJ) > 0 , £~ (4) > 0 • Simple scaling trans-

formations of the electrical vector and the independent variable 
show that the sys·tem contains the only structural parameter 

::I 2 2 · · 2 ¥ =kz/(k I D( W)} .The computations have been done. for ¥ . =2. 

Below the reflults of qualitative and numerical analysis Ej,re 

outlined. 

1) Numerically detected have been a saddle periodic motion L 

and a heteroclinic trajectory g1COnnectlng L with O. 

The presence of discrete symmetries in the . lilystem (1) show that 
the system conta.ins a second heteroclinic curve g2 connecting 0 

with L. In a.ddition, · a curve gL homoclinic t\> ~ 

haa been found.We have checked that w~ with \V~ , . 
Wb with YI~ and w~ wUh w~ intersect along, respectively 

, gl' ,g2 al1~ gL in a stable WilY. Here we assert the 
following 4,5 : within each neighboul'oood of the homoclinic contour 

LVg
1
Vg2Vg£,Vo there exists a llountable ciet of homoclintc 

loops t\> 0 be:ing tn one-to-one correspondence with the set of all 
finite words composed of symbol$ J, and gL (in a.ccordance wi th the 

prinCiples of symbolic dynamics, the symbol L stllnds for one rotation 

near the trajectory L,a.nd the s;y:mbol gI, stllnds for a passage of the 

loop ina neighbou.l"OOod of the traJ ectory gL). 
2) Nwnericll.lly found has been a serl-es of homoclinic loops 

performing a lot of rotations in the vicinity . of TE- and TM-loops; 

namely, the followlng loops halle been found : 33S282132 ' 

S332g21S2g22S2 .Slg11S1g12S1,S)S2g21S2SJ ,Sl S3S1g 11 S,S3' 
S1g12S1S4S2g22S2 .Here the symbols S1,32 code the parts of the 
trajectory that are close to the rJ!]-loops,and the symbols 3).34 code 
the parts close -to the 'fM-loPps.The symbolS gij denote the 

trajectory parts that, in projection to the plane (Ex,Ez )' 

are close to 34 (symbols gi 1) or to S) (symbols Bi 2) but 
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the coordinate 
to the positive side 

PROPOSlnON 5. 

E is somewhat biased from zero I tor g2'-'If .,J 
, and for g1j - to the negative side. 

tet a dynamical system X in Ii4 be symmetric 

wHh respect to transforrtlations 

(u1 ,~.vl ,v2>- (-U l ,u2 ,-v1,v2 ) , (u1.uZ,v1,v2 ) -(uf.-u2'V' ,-v2 ) 
and4ave a smoothfir.st integral H~uiv1-u2v2+." (Here 
(u,,~,V1iV2) are coordinates in R4). Suppose a saddle equilibrium ' 
state 0 with multiple characteristic exponents Uas in the level 
H~O • LetO have,in invariant planes (u1=v1=O) and (u2=v2=0), two 

homoclinic eights (S1,S2)and,resp .,(SJ,S4)' along 'lVhich w~ and w~ 
intersect transversely.Suppose also that the coefficients fJi and 

fJ~ of the terms ~vl and u1v2 in the normal form of the system 
in the saddle are different from zero. Then the bunch 

B=S1V 52 V SJ V S4 possesses two-dimensional stable and 

unstable manifoldS wi and w~ • 
As « -600"'_ (X ... -- ) all trajectories 

frolil w~ (resp. w~ ) tend to B. For 2f~ =2 in system (1), 

the rnan;ifolds W~\B and W~,\B consist of two connected 
. . u Wu s s '. u( s) componellts W l' 2 and. W,), W2 ; the motion near W 1 

and w~(s) is a repetitive passage along the loop groups 5 1S
J

5 1S4 
and 52S

J
S2S

4
, respectively. 

As « -600'" _ all the traj ecories from a small neighbourhood 

V of B that do not lie in w~ leave V along w~ •. The 
neighbourhood V evidently has no other hornoclinic loops but. Si • 
As system (1) has homoclinic loops close, in their initial 
and final parts, to the loops of 13 this makes it possible to suppose 

the existence of homoclinic to B traj ectoriesalong which the manifold.s 
{ . u s 

W~a.ndW~ intersect ina stable way: t g i1,gi2 1 ~ Wil)IVi • 

Note that 

clinic loops is 
systems. 

a homoclinic ' trajectory to a bunch of homo
a new object forthe theory of dynamical 

PROPOSITION 5. In any neighbottrhood of Ute contou.r 

B V. g .. V 0 there exists a countable set of homoclin.ic 
1, J J.J 

loops being in one-co-one correspond.ence -to the set o:\:l;he word.s 
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of the type .Here the symbol 

gj j deJlotes a passage of the loop near the traj ectory gij ; 

j!:l c: {1,2 1 • sf. and Ul are gr01.1-ps of symbols 31' 32 ,3), S 4 
dSJloting respectively q and p rotations near wf and w~, 

S{ start. with 3 1 or 32 , and Ul terminate with S3 or 

S4 ; Ps and qs are sufficiently large integers,all even except, 

pe:dltlps, for P1 and qn; qs can be taken al'bitrary, whne 

Ps-t-l is uniquely determined by qs i for each given 
i the freedom in the choice of the i +1 is restricted by 

t~e only oond]. tion that the group s S ~su~ s+ 1 cannot contain 
IS Is+1 

the follow1ng quadruplets of symbols : 8 18)828), 8 13 4828
4

, 

823)3 13) • and 32S4S18 4 • 

Slmnar problems of classifyi.ng the soliton states and 

identifytng the basic series of solitons arise for the system 

of two ooupled Shrodinger equations.Here,in particular, 

bifuroations can oeour that produce vector solitons from the 

polarized solitons. 
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