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Abstract

The phenomenon of the generic coexistence of infinitely many periodic
orbits with different numbers of positive Lyapunov exponents is analysed.
Bifurcations of periodic orbits near a homoclinic tangency are studied. Criteria
for the coexistence of infinitely many stable periodic orbits and for the
coexistence of infinitely many stable invariant tori are given.

Mathematics Subject Classification: 37G25, 37D45, 37G15, 37C70

Introduction

Homoclinic tangency is a tangency between stable and unstable invariant manifolds of a saddle
periodic orbit L. If the stable and unstable manifolds of L are tangent at some point, the orbit of
such a point belongs to both the manifolds, so itis homoclinic to L, and at each point of this orbit
the stable and unstable manifolds of L have a tangency. Typically, the tangency is quadratic.
This is a codimension-1 bifurcation: in a generic one-parameter unfolding, the quadratic
tangency of the stable and unstable invariant manifolds at a given point is either removed
or transformed into a pair of transverse intersections. Still, as discovered by Newhouse [1,2],
there exist open regions in the space of dynamical systems where systems with homoclinic
tangencies are dense (in the C”-topology with any r > 2); moreover these regions exist in any
neighbourhood of any two-dimensional diffeomorphism with a homoclinic tangency. If o # 1
(the saddle value o is the absolute value of the product of the multipliers of L), the Newhouse
regions exist in any one-parameter family of diffeomorphisms which unfolds the quadratic
homoclinic tangency generically [2]. These results were extended to the multidimensional
case in [3-5] (a conservative version is proven in [6,7]).

Since Newhouse regions exist near any system with a homoclinic tangency, they can be
found in the space of parameters of virtually any dynamical model demonstrating chaotic
behaviour in the absence of uniform hyperbolicity, in particular in popular examples such as
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the Hénon map, Chua circuit and Lorenz model (outside the region of existence of the Lorenz
attractor, see [8]). Moreover, as numerics shows (see, e.g., [9]), Newhouse regions can be
quite large.

The basic feature of chaotic dynamics of systems from these regions is its extreme richness.
Indeed, systems having homoclinic tangencies of arbitrarily high orders—in fact, infinitely
many coexisting homoclinic tangencies of all possible orders, are dense in the Newhouse
regions, as well as systems having arbitrarily degenerate periodic orbits [10—13]. This
means [ 14, 15] that any attempt to give a complete description of the dynamics and bifurcations
in the Newhouse regions will fail. Here, one has to restrict the analysis to some particular details
or some most general features only.

As the most important such general property of systems in the Newhouse regions, we
select the coexistence of many periodic orbits of different stability types (i.e. with different
numbers of positive/negative Lyapunov exponents). Thus, it has been known since [16] that
coexisting stable and saddle periodic orbits are born at the bifurcations of two-dimensional
maps with a quadratic homoclinic tangency to a saddle periodic orbit with o < 1. In fact, in the
case o < 1, a generic map from the Newhouse region has infinitely many stable periodic orbits
whose closure may include a non-trivial hyperbolic set with infinitely many saddle periodic
orbits within [17].

These stable periodic orbits are born at the saddle-node bifurcations which occur in any
generic one-parameter unfolding of a quadratic homoclinic tangency [16]. If o > 1, there
can be no stable periodic orbits near the homoclinic tangency, and the saddle-nodes of [16]
disintegrate into one saddle and one completely unstable periodic orbit. In this case, the
Newhouse construction gives infinitely many coexisting unstable periodic orbits (periodic
repellers). In [18] we considered two-dimensional maps having a non-transverse heteroclinic
cycle with two saddles and showed that if 0 < 1 at one saddle and o > 1 at the other
saddle, then, in the corresponding Newhouse intervals, a generic map simultaneously possesses
infinitely many periodic attractors and infinitely many periodic repellers, and the closures of
the set of attractors and the set of repellers intersect along a non-trivial hyperbolic set.

The goal of this paper is to investigate the problem of coexistence of different types of
periodic orbits near homoclinic tangencies in the multidimensional case as well as to study
main bifurcations here. We show that the cases of a saddle and a saddle-focus are pretty much
different. A saddle periodic orbit is called simply a saddle when both its stable and unstable
leading multipliers (i.e. those nearest to the unit circle) are real, but it is called a saddle-focus if
there is a pair of complex conjugate numbers among the leading multipliers®. Generically, i.e.
for the so-called simple homoclinic tangencies (see section 1.1), bifurcations near a homoclinic
tangency to a multidimensional saddle follow the same pattern as in the two-dimensional case.
However, we have here additional (non-leading) stable and unstable directions. Therefore,
instead of bifurcations of saddle-node periodic orbits, there may occur bifurcations of saddle-
saddles which give rise to a pair of saddle periodic orbits with different dimensions of unstable
manifolds. Thus, in the multidimensional case, there may exist Newhouse regions where
systems have neither stable nor completely unstable periodic orbits, but systems with infinitely
many coexisting saddles with different dimensions of unstable manifolds are dense there.
This phenomenon, also discussed in [5, 19], was used in the construction of a wild spiral
attractor in [20].

In the case of a saddle-focus we show that there can be more complicated bifurcations
than saddle-nodes and period-doublings. Indeed, in this case periodic orbits can be born with
more than one multiplier on the unit circle (theorem 1).

3 We use the term saddle periodic orbit when we do not distinguish between a saddle and a saddle-focus.
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Based on this, we show (theorem 3) that even when there are no non-leading directions
there may exist Newhouse regions where systems with infinitely many coexisting periodic
orbits with more than two different indices of instability are dense. For example, consider
a four-dimensional diffeomorphism with a homoclinic tangency to a fixed point for which
all the multipliers are complex (we call this point a saddle-focus (2,2)). Then, under
certain conditions on the multipliers, in the corresponding Newhouse regions, maps with
infinitely many coexisting sinks and saddles with one-dimensional, two-dimensional and three-
dimensional unstable manifolds are dense.

In fact, theorem 3 describes all possible types of hyperbolic periodic orbits which may
exist in systems close to a system with a simple homoclinic tangency. Here, as in [19], we
compute the so-called effective dimension of the problem, d,, which is determined by the
relations between the leading multipliers. It may take values 1, 2 or 3. We show that in
the corresponding Newhouse regions a generic system has infinitely many coexisting periodic
orbits with (d, + 1) different indices of instability.

We pay special attention to the birth of stable periodic orbits. Namely, we prove
(theorem 5) that if there are no unstable non-leading multipliers and the absolute value J
of the product of all the leading multipliers is less than 1, then generic systems from the
corresponding Newhouse regions have infinitely many coexisting sinks (for partial results, see
[4,17,21-23]). Note that if the conditions of theorem 5 are violated, namely, if J > 1 or if
there exist unstable non-leading multipliers, then no stable periodic orbits can be born at the
bifurcations of the corresponding simple homoclinic tangency at all, as follows from results
of [19] on uniform partial hyperbolicity near non-transverse heteroclinic/homoclinic cycles
(see theorem 4).

We also give conditions for the coexistence of infinitely many non-trivial attractors for
multidimensional maps from the Newhouse regions. In the case of a homoclinic tangency to a
saddle-focus with d, > 2, theorem 1 gives us periodic orbits with two or three multipliers on
the unit circle. Analysis of bifurcations of these periodic orbits allowed us to show (theorem 6)
that if d, > 2, then under conditions of theorem 5 in the corresponding Newhouse regions
generic maps have infinitely many stable invariant closed curves.

Also note that in the case d, = 3, e.g. in the above four-dimensional example with a
saddle-focus (2, 2), bifurcations of triplets of unit multipliers can lead to the birth of spiral
and Lorenz-like attractors [24-28], so one may expect here infinitely many coexisting chaotic
attractors also.

We stress the fact that we are speaking about Newhouse regions in finite-parameter families
of diffeomorphisms. The number of parameters that we need equals d, (theorem 1 gives
periodic orbits with d, unit multipliers, so the number of bifurcation parameters must not
be less than that). The first parameter, u, controls the splitting of the stable and unstable
manifolds near a point of the homoclinic tangency. Other parameters are the arguments
¢ and ¢ of complex leading multipliers at the saddle-focus. Our choice of ¢ and Y as
additional governing parameters is dictated by the fact [13,29,30] that they are invariants of
the local ©2-conjugacy* (the so-called ©2-moduli) for the systems with a homoclinic tangency
to a saddle-focus. Moreover, even when the homoclinic tangency is not split, any change in the
values of these 2-moduli leads to changes in the structure of the set of single-round periodic
orbits [29,30], so choosing the €2-moduli as bifurcation parameters is only natural.

Periodic orbits which lie in a neighbourhood U of a homoclinic orbit I'" to a saddle periodic
orbit L are called single-round if they leave a small neighbourhood Uy of L only once; after

4 Topological conjugacy on the set of non-wandering orbits lying entirely in a small neighbourhood of the given
homoclinic tangency.
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that they follow U\ Uy, return to Uy and close up. The corresponding Poincaré map is called
a first-return map;, fixed points of first-return maps correspond to single-round periodic orbits.
Note that there is an infinite sequence of the first-return maps 7 defined near the homoclinic
orbit I'. Here, the integer k runs over all sufficiently large values, and it is equal to the number
of iterations that the orbit makes within the small neighbourhood of L before it makes an
excursion along I". Obviously, large k correspond to the starting points close to the stable
manifold of L.

In the rescaling lemmas of section 1.4 we show that one can rescale the coordinates and
parameters in such a way that the first-return maps near an orbit of homoclinic tangency take
a particular form which is asymptotically, as k — +00, C"-close to a certain special quadratic
map. Essentially, lemmas 1-3 say that when the absolute value J of the product of the
leading multipliers is less than 1, the dynamics near single-round periodic orbits is described
by iterations of one of the maps below’

(i) parabola map y = M — y?>—in the case d, = 1;

(ila) Hénonmap X =y, y = M — Bx — y? or

(iib) generalized Hénonmap x =y, y = M — Bx — y*>+ Q;xy—in the case where d, = 2 and
the stable leading multipliers form a complex-conjugate pair while the unstable leading
multiplier is real and single;

(iii) Mira map ¥ = y,y = M — Cy — x>—when d, = 2 and L is a saddle-focus with a
complex-conjugate pair of unstable leading multipliers;

(iv) a three-dimensional Hénonmap X = y,y = z,7 = M — Bx — Cz — y>—when d, = 3
and both the stable and unstable leading multipliers are complex.

Essentially, M is the rescaled splitting parameter ., while B and C are rescaled deviations
of the governing parameters ¢ and ¥ from their initial values. The rescaling factors tend to
infinity as k — +00; therefore, arbitrarily small changes in u, ¢ and v cause variations of M,
B and C within an arbitrarily large range, provided k is large enough. The non-zero coefficient
Oy in the generalized Hénon map is small and depends only on k and on some invariants of
the homoclinic structure.

The fact that parabola map (i) appears as the rescaled first-return map near a quadratic
homoclinic tangency is known since the paper [31] where the two-dimensional case was
considered. Our lemma 4 shows that the same is true in the multidimensional case. However, if
d, > 2, then in certain regions of parameter values one can make a rescaling to d,-dimensional
quadratic maps (ii)—(iv).

Map (iib) (the generalized Hénon map) was constructed in [32] as the rescaled first-return
map for two-dimensional diffeomorphisms with a quadratic homoclinic tangency to a saddle
of neutral type (i.e. with ¢ = 1). The same map appears as the rescaled first-return map near
a non-transverse heteroclinic cycle [33,34]. It was also shown in [35-37] that maps (iia), (iib)
and (iii) emerge near a non-simple quadratic homoclinic tangency.

Most of the paper is occupied by the proof of rescaling lemmas. Other results are deduced
from them based on the analysis of bifurcations in maps (i)—(iv). We use here the fact [3] that
in the Newhouse regions under consideration parameter values are dense which correspond
to a simple homoclinic tangency to the same saddle periodic orbit L; hence bifurcations of
single-round periodic orbits near any such homoclinics are described by the same rescaled map.

Many of the results of this paper were announced in [38], cases without non-leading
multipliers were considered in [15, 39, 40] (see, e.g., [13]). While in this paper we restrict
ourselves mostly to the phenomenon of the coexistence of periodic orbits of different
types and to their bifurcations, other interesting effects such as high order homoclinic

5 When J > 1, the inverse to the first-return map should be considered.
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tangencies, coexistence of infinitely many strange attractors (hyperbolic, Lorenz-like),
persistent heteroclinic connections between different types of periodic orbits will be considered
in forthcoming papers.

1. Setting the problem and main results

1.1. Simple homoclinic tangency

Let f be a C"-smooth, r > 2, diffeomorphism of an (m + n)-dimensional,
m = 1,n > 1, smooth manifold. Suppose that f has a saddle periodic orbit L such
that dim W*(L) = m, dim W*(L) = n and, besides, the stable W*(L) and unstable W*(L)
invariant manifolds of L intersect non-transversely at the points of some homoclinic orbit I'y.

Let A1, ..., Am, V1, ..., ¥u be the multipliers of L ordered so that |y,| = --- > |y1| >
1 > |A1] = -+ = |An|. The multipliers inside the unit circle (i.e. A;) are called stable and
those outside the unit circle (i.e. y;) are called unstable. Denote A = ||, y = |y1]. Those
multipliers which are equal in absolute value to A or y are called leading multipliers, and
the rest are called non-leading. Denote as ny and n, the numbers of the leading stable and,
respectively, unstable multipliers and assign the type (ny, n,,) to L. Suppose that the following
condition holds.

A. The leading multipliers of L are simple, and L is of one of the four following types:

(1,1) Ay and y; arereal, and A >| Ao |,y <| ¥ |;

2,1) A2 = ret (@ £0,7m), yrisrealand A >| A3 |,y <| 2 |;

(1,2) Ayisreal, y1p = ye™V (Y #0,m)and A >| Ay [,y <| y3 |;

(2,2) Mip=2e", yip =yeV (g, Yy #0,m)and A >| A3 |,y <[ y3 |.

L is called a saddle in the first case and a saddle-focus in the other cases.
Define J = A"y, i.e. J is the absolute value of the product of the leading multipliers.
A system in the general position satisfies either of the two conditions:

B.J < 1,and Ay # lincase (2, 1) or Ay? # 1 in case (2, 2) or
B'.J > 1,and Ay # lincase (1, 2) or Azy # 1l in case (2, 2).

In fact, by considering diffeomorphism f~! instead of f, condition B is transformed to B’ and
vice versa. Therefore, it suffices to consider only the case where B holds.

The meaning of the quantity J is quite simple: if L has no non-leading multipliers, then
J is the Jacobian of the Poincaré map at L, so the volumes are contracted near L if J < 1 and
expanded if J > 1.

We will need more information about the volume-contraction properties near L. Assume
condition B holds and introduce an ‘effective dimension’ d, [19]:

d, = l—incase (1, 1) andincase (2, 1) at Ly < 1;
d, = 2—incase (2, 1) at Ay > 1,in case (1, 2), and in case (2, 2) at kyz <1;
d, = 3—in case (2,2) at Ay? > 1.

By construction, since we assume J < 1, it follows that if L has no non-leading multipliers,
then (d, + 1)-dimensional volumes are exponentially contracted near L while d,-dimensional
volumes may be expanded by the iterations of f.

Let pbeaperiodof L,i.e. Lisasetof p points {0, f(O), ..., fP~1(0)}and f7(0) = O.
Denote as Tj the restriction of the Poincare map f7 onto a small neighbourhood Uj of O. We
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call Ty the local map; O is its fixed point of 7. By putting the origin of the coordinate system
to O, the map Ty takes the following form

F=Ax+--, = A+, F=Biy+---, U=By+--, (1.1

where x € R™,y € R™,u € R" ™, ,v € R"™; the dots stand for nonlinear terms;
the eigenvalues of A; and B are, respectively, the stable and unstable leading multipliers
of O; the eigenvalues of A, and B, are, respectively, the stable and unstable non-leading
multipliers of O. Accordingly, we will say that x and y are the leading (stable and unstable,
respectively) coordinates and u and v are the non-leading ones. Note that if A, is real, then
A} = X and x is a scalar; if A; is complex, then 1| = o = ret? x = (x1, x2) and
A = A9 N)- Analogously, if y; is real, then By = y; and y is a scalar; if y; is
complex, then y; = 7, = ye*'V, y = (y1, y2) and By = ¥ (S oot)-

The intersection points of the homoclinic orbit I'y with Uy belong to W;i  and to W}’ and
converge to O at the forward or, respectively, backward iterations of Ty. Let M* € W} and
M~ € Wy be two points of I'y. Since these are points of the same orbit, there exists a positive
integer ko such that M* = ff(M™). Let IT* and IT~ be some small neighborhoods of M*
and M~ respectively. We will call the map T; = f% : TI- — II* the global map.

By assumption, the n-dimensional surface 77 (W) is tangent to the m-dimensional surface
W . at the point M*. We suppose that the tangency is simple in the sense that conditions C, D
and E are fulfilled. We formulate these conditions following [3,38]; in essence, they represent
a version of conditions of quasi-transversal intersection from [41]. Denote as 7;; W the tangent
space to a manifold W at the point M. We assume that

C. The surfaces T1(Wy:.) and W} have, at the point M, a unique common tangent vector, i.e.
dlm(TM+ wsn TM+(T| WlL(l)C)) =1.

D. The tangency of 71 W - and W,

loc loc

at the point M* is quadratic.

These conditions mean (see [41]) that one can introduce coordinates (z; € R, z, € R',
wy € R, w, € R™") with the origin at M*, such that the equation of W, will become
(z1 = 0, w; = 0) and the equation of 71 W}!_ will be (z; = W(z2), wp = 0) where ¥ (0) =0,
W’(0) = 0, ¥"(0) # 0. Note that the coordinates in which the manifolds W} . and T; W} . have
such a form near M* can be introduced for any close system also; moreover the conditions
W'(0) =0, ¥”(0) # 0 will hold. Then, the tangency of W} . and T3 W} _ is split if and only if
the splitting parameter u = W(0) # 0.

In the cases where the point O has no non-leading multipliers, conditions C and D are the
only conditions for a homoclinic tangency to be simple. However, if O does have non-leading
multipliers, we need one more assumption. Recall that if O has stable and unstable non-
leading multipliers, then the manifolds W;} . and W}’ contain strong-stable and strong-unstable
invariant C"-smooth submanifolds: Wi, C Wi and Wit C Wy, where dim Wi, = m — ny,
dim Wit = n —n,. When the map Ty is in form (1.1), W*(O) and W*(O) are tangent at O to
the coordinate spaces (y, v) and (x, u), respectively; the manifold W}’’. is tangent at O to the
space u = 0 and W|'! is tangent at O to the space v = 0. It is also well known (see, e.g., [42])

that on W}! _ there exists an invariant C”-smooth foliation consisting of (n — n,)-dimensional
leaves transverse to the y-subspace. This strong-unstable foliation, which we denote as F**,
is defined uniquely (by the condition of transversality to the y-subspace). Note that the leaf
of F"" that contains O is exactly W}.:. Analogously, on W} = there exists a uniquely defined
C"-smooth strong-stable invariant foliation F** consisting of (m — n)-dimensional leaves
transverse to the x-subspace; W is the leaf of /*** which contains O. Another fact we use
(see, for example, [19,41,42,44]) is that W*(O) is a part of the so-called extended unstable

manifold W*¢. Tt is an invariant (n + n,)-dimensional smooth (at least C') manifold which
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is tangent, at O, to the (x, y, v)-space. Although the manifold W"¢ is not defined uniquely,
any two such manifolds contain W and are tangent to each other at the points of W .
Analogously, W (O) lies in an (m + n,)-dimensional extended stable manifold W*¢, which
is tangent to the (x, y, u)-space at O. Again, such a manifold is not unique, but all of them
are tangent to each other at the points of W} .. Thus, at the homoclinic points M* and M~ the

tangent spaces H, = Ty+(W"¢) and H; = Ty,- (W?¢) are defined uniquely. We suppose that

loc loc

El. Ty (H,) is transverse to the leaf [** of F** which passes through M™* and
E2. Tfl (Hy) is transverse to the leaf /" of F** which passes through M ™.

Counting dimensions shows that these conditions are well posed. Since the manifolds and
foliations involved are invariant, conditions E1 and E2 are independent of the choice of the
homoclinic points M* and M~ (as well as conditions C and D).

1.2. Bifurcation parameters. Newhouse regions

Let f be a diffeomorphism with a homoclinic tangency, satisfying conditions A-E.
Diffeomorphisms which are close to f and have a non-transverse homoclinic orbit close to I
form, in the space of C”-diffeomorphisms, a smooth bifurcational surface H of codimension 1.
In this paper we consider bifurcations in parametric families f, which are transverse to H at
& = 0. The number of parameters we need is equal to the effective dimension d,. The first
parameter is the so-called splitting parameter . which measures the distance between W}
and the fold in 7; W}! . near the point M*. Formally speaking, (4 is a smooth functional defined
for any diffeomorphism close to f, and the bifurcational surface H is given by the equation
w = 0. The family f; is transverse to H if and only if %(,u( fe)) # 0 ate = 0. This condition
allows us simply to take ¢ = p in the case d, = 1 or, if the number of parameters is greater
than 1, to take w as the first component of the vector of parameters €.

It is known since [16] in the two-dimensional case and [21] in the multidimensional case
that near a simple homoclinic tangency to a saddle (1, 1) as well as to a saddle-focus (2, 1) with
Ay < 1, single-round periodic orbits can undergo only the simplest saddle-node and period-
doubling bifurcations. One parameter is enough to analyse these bifurcations, and we indeed
consider only one-parameter families f, in this case. In the remaining cases, it is necessary
to consider at least two- or three-parameter families f., because single-round periodic orbits
with two or three unit multipliers can appear (see theorem 1). This is connected with the
existence of the Q2-moduli: if two systems on H are 2-conjugate, then the values of 2-moduli
must coincide for both systems. In the case of a saddle-focus, the angular arguments ¢ and
Y of the leading multipliers A; and, respectively, y; are such Q2-moduli. By definition, any
change in the value of an 2-modulus causes bifurcations in the non-wandering set. Moreover,
as shown in [15,29,30], any change in the values of the moduli ¢ or i leads to a change in
the structure of (i.e. to the bifurcations in) the set of single-round periodic orbits®. Therefore,
in addition to the transversality to H, we require the family f, to be transverse, at ¢ = 0, to
the surface ¢ = const in cases (2, 1) with .y > 1 and (2, 2) with \y*> > 1 and to the surface
Y = const in cases (1,2) and (2, 2). We will call the families that satisfy these transversality
conditions proper.

% When we consider double- or triple-round periodic orbits, an analogous situation occurs in cases (1, 1) and (2, 1)
with Ay < 1 also. Here, any change in the value of the modulus & = —Ini/Iny leads to bifurcations of such
orbits [13,45,46]. We cannot have here more than one multiplier on the unit circle (because d, = 1), but there may
appear an additional degeneracy in the nonlinear terms. Thus, cusp bifurcations of triple-round periodic orbits were
found in [47].
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The transversality conditions allow one to choose u, ¢ — ¢o and ¥ — ¥ as bifurcation
parameters (where ¢y and v are the values of ¢ and ¥ at ¢ = 0). In other words, one may set

(1) & = win the case (1, 1), and in the case of saddle-focus (2, 1) with Ay < 1;

(2) € = (i, ¢ — @) in the case of saddle-focus (2, 1) with Ay > 1;

3) € = (u, ¥ — Yyp) in the case of saddle-focus (1, 2), as well as in the case of saddle-focus
(2, 2) with kyz < 1;

4) e = (u, ¢ — o, ¥ — Yp) in the case of saddle-focus (2, 2) with Ayz > 1.

One of the general results on the proper families f; is the existence of Newhouse regions
in their parameter space. Recall the following result from [3].

Theorem on Newhouse intervals. Let f,, be a one-parameter family of C"-smooth (r = 2)
diffeomorphisms, transverse to the bifurcational surface H of diffeomorphisms satisfying
conditions A—E’. Then, in any neighbourhood of the point . = 0 there exist Newhouse
intervals such that (1) in these intervals values of . are dense which correspond to the existence
of a simple homoclinic tangency to O; (2) the family f, is transverse to the corresponding
bifurcational surfaces.

Note that the Newhouse intervals that are constructed in this theorem depend continuously
on the family f,. Also note that in item 1 we do not speak about all homoclinic tangencies
to O and select only those which are quadratic and for which the transversality property of
item 2 holds (while other homoclinic tangencies can also be encountered [10, 48], we ignore
them). Moreover, the transversality to the bifurcational surfaces that correspond to the selected
tangencies holds uniformly for every one-parameter family close to the given family f,. Thus,
since every finite-parameter family f. transverse to H is foliated by one-parameter families
transverse to H, we obtain the following result.

Newhouse regions in finite-parameter families. In the space of parameters ¢ there exists a
sequence of open regions 8, converging to ¢ = 0, such that in §; values of € are dense which
correspond to the existence of an orbit of simple homoclinic tangency to O. Moreover, the
Sfamily f, is transverse to the corresponding bifurcational surfaces.

1.3. Main results

Our first result about the dynamics in the Newhouse regions §; is concerned with possible types
of non-hyperbolic periodic orbits. We call a set of non-zero complex numbers admissible if for
any number v from this set its complex-conjugate v* also belongs to it. The set of multipliers
of any periodic orbit of a real map is always admissible.

Theorem 1. In the Newhouse regions §;, parameter values are dense for which f. has a
periodic orbit with d, multipliers on the unit circle. Moreover, given any admissible set of d,
numbers {vi, ..., vq,}, values of & are dense in §;, for each of which a periodic orbit exists
having {v1, ..., va,} among its multipliers.

Here, d, is the effective dimension. Thus, theorem 1 says, in particular, that in the case
d, = 3 (a saddle-focus (2, 2) with Ayz > 1), for any triplet (v, vy, v3) from the set {(1, 1, 1),
(=1, =1, =1), (=1, 1, 1), (=1, =1, 1), (1, @, e7®), (—1, e, ™)} (with any w € (0, 7))
diffeomorphisms with periodic orbits having (v, v;, v3) among the multipliers are dense in the
Newhouse regions §;. In the case d, = 2 (a saddle-focus (2, 1) with Ay < 1, a saddle-focus

7 In fact, instead of condition B, we need only Ay # 1 (see [3]). Note that our condition B always includes this
requirement.
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(1, 2), a saddle-focus (2, 2) with Ay> < 1), the unit multipliers (v;, v,) may form any pair
from the set {(1, 1), (=1, —1), (—1, 1), (¢!, e"'*)}, while in the case d, = 1 (a saddle (1, 1)
and a saddle-focus (2, 1) with Ay < 1), the non-hyperbolic periodic orbits may have either a
multiplier equal to +1 or a multiplier equal to —1.

In [19], estimates were obtained for the number of unit multipliers for periodic orbits
born at homoclinic bifurcations. These estimates imply that diffeomorphisms close to a
diffeomorphism with a simple homoclinic tangency cannot have periodic orbits with more
than d, multipliers on the unit circle (see remark after theorem 3). Thus, theorem 1 shows that
the estimates of [19] are sharp in our case.

Note that when conditions B and E of the simplicity of the tangency are violated, periodic
orbits with a greater number of unit multipliers may appear. For example, in the class of
two-dimensional diffeomorphisms with J # 1 there can be no periodic orbits having two unit
multipliers, because we have either contraction (at J < 1) or expansion (at J > 1) of areas.
However, in the codimension-2 case where J = 1 at the moment of homoclinic tangency,
periodic orbits with two unit multipliers are born [32,49,50]. The same phenomenon occurs in
three-dimensional diffeomorphisms of type (1, 1) when condition E is violated at the moment
of tangency [35,36,37].

Theorem 1 is a consequence of the following theorem.

Theorem 2. For any admissible set of complex numbers vy, . . ., vy, there exists a sequence of
parameters &, — 0 such that the map f. has, at € = ¢y, a single-round periodic orbit with
(n — n,) multipliers outside the unit circle, (m +n, — d,) multipliers inside the unit circle and
d, multipliers equal exactly to vy, ..., vg,.

The proof is based on the rescaling lemmas 1 and 2 of section 1.4. We complete the proof
of theorem 2 in section 1.5. Theorem 1 is deduced from theorem 2 as follows.

Proof of theorem 1. Arbitrarily close to any ¢ from the Newhouse regions §; there are values
which correspond to homoclinic tangencies to O that satisfy conditions A—E. By theorem 2,
perturbation of any of these tangencies (within the same family f;) creates a periodic orbit
with any of the sets of multipliers claimed by theorem 1. 0

Another implication of theorem 2 is the following theorem.

Theorem 3. In the Newhouse regions §; there exists a dense (residual) subset of values of
& such that for each ¢ from this subset the corresponding diffeomorphism f. has, for any
d =0,...,d,, infinitely many hyperbolic periodic orbits with an (m + n,, — d)-dimensional
stable manifold.

Proof. Arbitrarily close to any parameter value from §; we have a value of ¢ for which the
map f, has a homoclinic tangency to O satisfying conditions A—E. Arbitrarily close to this
value, foranyd =0, ..., d,, by putting (in theorem 2) d of the multipliers vy, ..., vy, outside
the unit circle and the rest of them inside, we find a parameter value for which the system has
a periodic orbit with exactly (m + n, — d) multipliers inside the unit circle and (n — n, + d)
multipliers outside the unit circle. Itis a hyperbolic periodic orbit, so it exists in some region in
the parameter space around the found parameter value. Repeating the arguments, we may find
inside this region a smaller region which corresponds to the existence of another hyperbolic
periodic orbit with (m +n, — d) multipliers inside the unit circle, with the same d or with any
other d from the range O, . . ., d,, etc. After repeating this procedure infinitely many times for
everyd =0, ...,d,, we obtain a nested sequence of open regions such that the values of ¢ in
the intersection of these regions correspond to the coexistence of infinitely many hyperbolic
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periodic orbits with the dimension of the stable manifold equal to (m +n, — d), for all d from
0 to d,. By construction, the set of such obtained values of ¢ is an intersection of a countable
number of open and dense sets. 0

It was shown in [19] that conditions A, B and E impose some a priori restrictions on
possible types of hyperbolic periodic orbits which can be born at the bifurcation of the
homoclinic tangency. In short, the arguments of [19] are as follows. Conditions A and E
imply that I' U O (i.e. the closure of the homoclinic orbit) is a uniformly partially hyperbolic
set, i.e. every point of this set has a strongly stable leaf and a strongly unstable leaf, the leaves
depend continuously on the point, both the set of strongly stable leaves and the set of strongly
unstable leaves are invariant, the map is expanding along the strongly unstable leaves and
contracting along the strongly stable leaves and the contraction or expansion in the directions
transverse to the leaves is essentially weaker than in the directions tangential to the leaves.
In our case the strong-stable and strong-unstable leaves are, respectively, the leaves of the
foliations F** and F*". The uniform partial hyperbolicity is inherited by the set of orbits lying
(entirely) in a small neighbourhood U of I" U O and it holds for all close maps. Therefore,
every orbit which stays in U has strong-stable and strong-unstable leaves also, of the same
dimension as the leaves of ' U O, i.e. the dimension of the strongly unstable leaf is (n — n,,)
and the dimension of the strongly stable leaf is (m — ny). It follows that for the map itself, and
for every C'-close map, for any periodic orbit L from U the following estimates must hold:
dimW?*(L) > m — ny, dimW"(L) > n — n,. Now, condition B implies that in the directions
transverse to the strongly stable and strongly unstable leaves the (d, + 1)-dimensional volumes
are contracted, so we cannot have more than d, expanding directions other than directions
tangential to the strongly unstable leaf. This gives us, finally, the following estimate [19]:

n—n, <dimW"(L) <n-—n,+d,. (1.2)
Thus, theorem 3 shows that hyperbolic periodic orbits of every possible type allowed by the
a priori restriction (1.2) can indeed be born at the bifurcation of a simple homoclinic tangency;
moreover, all of them can coexist®.

In what follows we deal with the problem of the existence of stable periodic orbits and
other attractors in the vicinity of a homoclinic tangency. Let us, first, formulate the following
criterion of the absence of stable periodic orbits.

Theorem 4. Suppose a diffeomorphism f satisfies A, C, D and E, and one of the following
conditions holds: (1) n > n,, i.e. O has non-leading unstable multipliers; or (2) J > 1. Then,
any diffeomorphism thatis C'-close to f has no stable periodic orbits in a small neighbourhood
UofT UO.

Proof. As follows from (1.2), for every map C'-close to f,if n > n,, then dim W* > 0 for
every periodic orbit that lies in U, which obviously prevents stability. In case J > 1 volumes
are expanded in the directions transverse to the strongly stable leaves, which implies at least
one positive Lyapunov exponent for every orbit in U. 0

Thus, in theorems 5 and 6 we deal with the situation where the conditions of theorem 4
do not hold.

Theorem 5. Let f have an orbit of simple homoclinic tangency to a saddle periodic orbit
O with J < 1 (i.e. it satisfies conditions A—E). Assume that O has no unstable non-leading
multipliers (i.e.n = n). Then, in the Newhouse regions §; the values of ¢ are dense (and form
a residual set) for which f. has infinitely many coexisting stable periodic orbits.

8 Recall that we assume condition B here, i.e. J = A"y« < 1. If J > 1, then in order to determine possible types
of coexisting hyperbolic periodic orbits one should apply theorem 3 to the map fg_1 .
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Being a particular case of theorem 3, theorem 5 follows from theorem 2 in the same way as
theorem 3 does. One should just put all the multipliers vy, ..., vy, in theorem 2 inside the unit
circle and see that given any diffeomorphism fy with a simple homoclinic tangency to a saddle
periodic orbit O with no unstable non-leading multipliers and with J < 1, in the d,-parameter
family f, there exists a sequence of regions in the parameter space which accumulate at ¢ = 0
and in each of which the system has a stable single-round periodic orbit.

Note that if d, = 1 (i.e. in the case of a saddle (1,1) or a saddle-focus (2,1) with Ay < 1),
this statement gives us intervals of the existence of stable single-round periodic orbits in any
one-parameter family transverse to the bifurcational surface H. This result is known as the
existence of ‘a cascade of periodic sinks’ [4,16,17,21]. Note that one can show (see section 3.7)
that if the following condition of the general position holds: M™ ¢ W;* , M~ ¢ Wi, then the
intervals of the existence of stable single-round periodic orbits do not intersect and accumulate
on 1 = 0 monotonically: from one side if y; > 0 and from both sides if y; < 0. Thus, the
situation is completely analogous to the two-dimensional case [16]°.

In the case d, > 2, such cascades are not typical for one-parameter families f),: it is
important to have more bifurcational parameters in order to surely detect stable periodic
orbits. Indeed, single-round stable periodic orbits of large period k correspond to (stable)
fixed points of first-return maps which are given by lemma 1 in the next section. As one can
see from formulae (1.4)—(1.6), the fixed points may be stable only for bounded values of the
coefficients B and C. This corresponds to cos(k¢) and, respectively, cos(ky) tending to a
certain finite limit exponentially as k — +o0o (see (1.7)). The values of ¢y and ¥y for which
such exponentially good approximations are possible form a zero measure set. Therefore, the
existence of a cascade of single-round stable periodic orbits in the one-parameter perturbations
of a system with a simple homoclinic tangency is a ‘probability zero’ event in the case d, > 2,
while it is a generic phenomenon for the d,-parameter perturbations.

Theorem 5 is obtained by the analysis of stable periodic points of the first-return maps. The
following result about the coexistence of an infinite number of more complicated attractors
in the Newhouse regions is obtained by the analysis of bifurcations of periodic points, see
section 3.7.

Theorem 6. Let the hypothesis of theorem 5 hold, and let d, > 2. Then, in the Newhouse
regions 8; the values of parameters are dense (and form a residual set) for which f, has
infinitely many coexisting stable closed invariant curves.

Remarks.

(1) When conditions B (B) or E are violated, closed invariant curves can be born in case (1, 1)
also. Thus, bifurcations leading to closed invariant curves were studied in [32,49,50] for
the case of a homoclinic tangency with J = 1 and in [35-37] for the case of violation of
condition E.

(2) In the case of two-dimensional diffeomorphisms, bifurcations of homoclinic tangencies
with J # 1 cannot lead to closed invariant curves. However, if there is a heteroclinic cycle
containing at least two saddles, one with J < 1 and another with J > 1, both stable and
completely unstable closed invariant curves can be born. Moreover, near systems with
such heteroclinic cycles there exist Newhouse regions where diffeomorphisms that have

9 Note that cascades of periodic sinks exist in generic one-parameter families of two-dimensional diffeomorphisms
with non-transverse heteroclinic cycles [18,51]. However, the intervals of the existence of stable single-round
periodic orbits can, in this case, intersect, and, moreover, infinitely many of them can contain point © = 0, i.e.
a diffeomorphism with a non-transverse heteroclinic cycle can possess infinitely many stable single-round periodic
orbits simultaneously [51].
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simultaneously infinitely many of both stable and completely unstable closed invariant
curves are dense [13, 18,33, 34].

(3) Birth of invariant tori from heteroclinic cycles with two saddle equilibria was studied
in [19,52,53].

1.4. Rescaling lemmas

The proof of the above theorems is based on the study of bifurcations of single-round periodic
orbits near an orbit of a simple homoclinic tangency. Such an orbit intersects the small
neighbourhood IT* of the homoclinic point M* at a single point which is a fixed point of the
first-return map 7™ = T, TOI‘ for some sufficiently large k. Recall that Ty is a local Poincaré
map in the small neighbourhood U, of the periodic point O and T is a global map defined by
the orbits close to the piece of the homoclinic orbit I' which lies outside Uy. The global map
is defined in the small neighbourhood IT™ of the homoclinic point M ~. Therefore, the domain
of definition of the map 7® on IT* is o) = IT* N T, “IT~. These domains are non-empty for
all sufficiently large k, and they accumulate at W . N IT* as k — +00 (see section 2).

The following lemmas show that the first-return maps T*’ can be brought, for all large k,
to a certain standard form.

Lemma 1. Let fy be a C"-diffeomorphism (r > 2) satisfying conditions A—E, embedded into
a proper d,-parameter family f.. Assume that the saddle point O has no unstable non-leading
multipliers (i.e. n = ny,). Then, in the space of parameters there is a sequence of regions
Ay, accumulating at ¢ = 0, such that at ¢ € Ay there exists a C"-smooth transformation of
coordinates on cr,? which brings the first-return map T® : (x,u, y) — (X, i1, ¥) to one of the
following forms:

(i) in the case (1,1) and in the case (2,1) with L.y < 1—

y=M—y*+o(l), (&, i) = o(1); (1.3)
(ii) in the case (2,1) with Ay > 1—
X1 =y,
AR o (1.4)
y=M—y = Bx;+o(l), (x2, u) = o(1)
(iii) in the case (1,2) and in the case (2,2) with Ly> < 1—
{1 =2, i o (1.5)
V2=M —Cy, — yj +o(1), (x,u) = o(1);
(iv) in the case (2,2) with Ay* > 1—
i prm N v = N
_1 N Yi=M»n . o (1.6)
y2=M—Cy2—BX1 _y] +0(1), (x27 M):O(l),

where the o(l)-terms tend to zero, as k — 00, along with all the derivatives up to the
order r with respect to the coordinates and up to the order (r — 2) with respect to the
rescaled parameters M, B, C, uniformly on any bounded set of (x,y,u, M, B, C). Here,
x € R,y € R, u € R" ™", the domain of definition of the map T® in these coordinates
is an asymptotically large region which, as k — +00, covers all finite values of (x, y, u). The
rescaled parameters M, B, C are functions of € (i.e. of (i, ¢, ¥)):

M~y u+ 0 +15) B~ My costke + an(e)),
C ~ y*cos(ky + Bi(e)), (1.7)



Multidimensional diffeomorphisms from Newhouse regions 935

where ay, By are C"~2-functions of ¢, tending to a finite limit as k — +00, uniformly with all
the derivatives. When € varies within the region Ay, the parameters M, B and C run over
asymptotically large regions which, as k — +00, cover all finite values.

In the general case, when O does have unstable non-leading multipliers (i.e. whenn > n,),
we have the following result.

Lemma 2. In the space of parameters there is a sequence of regions Ay, accumulating at
& = 0, such that the map T® has, at e € Ay, a repelling (m + n,)-dimensional invariant
C"-smooth manifold M}, C O',?, and the restriction of T® onto My is written, in appropriately
chosen coordinates (x, y, u), in the form given by (1.3)—(1.6).

Recall that we formulate these lemmas for the case J = A y™ < 1; in the case J > 1
the same results hold true for the inverse maps (T%®)~!, The lemmas were announced in [38];
the proof occupies section 3 of this paper. Case (1, 1) was considered in many papers, see e.g.
[3-5,31]; for cases (2, 1), (1, 2) and (2, 2) without non-leading multipliers, see [13,15,39,40].

For a proof of theorem 6, we need a more accurate account of the asymptotically small
terms in map (1.4), which leads us to the following result (section 3.3).

Lemma 3. In case (2,1) with Ay > 1, when ¢ € Ay and when the corresponding value
of B is bounded away from zero, the map T® (if n > n,—the map T(")le) has a two-
dimensional attracting invariant C"-smooth manifold M C o). In the rescaled coordinates
of lemma 1, the manifold M is the graph of a function (x2,u) versus (xi,y) such that
(x2,u) = 0(1) as k — oo.

When r > 3, the map T®| M is written in the form

- _ 2J
%=y, y=M =y = Bxi — == (2p) iy +o(D)), (1.8)
where Ji # 0 is some constant (Jy is the Jacobian of the map T, [wpenwpe at the homoclinic

point M~ at ¢ = 0, see (3.21)).
In the case r = 2 the map T® |rt is written in the form

- - 2 2]] 2 k
X =y, y=M—y" — Bx; + 0 (y) — ?(A y) (x1y+o(l), (1.9)

where 91.(y) = o(y*) and tends to zero as k — 00.

The maps of the form (1.8) are called generalized Hénon maps. They were introduced in
[32,49] where it was shown, in particular, that they undergo a non-degenerate Andronov—Hopf
bifurcation and have a stable closed invariant curve for the values of parameters (M, B) from
some open regions (see section 3.7).

Another rescaling result (cf [3, 5]) stresses the special role of the parabola map.

Lemma 4. Let fy be a C"-diffeomorphism (r > 2) satisfying conditions A, C, D, E, embedded
into a one-parameter family f,, transverse to the bifurcational surface H of diffeomorphisms
with a homoclinic tangency. Assume that Ay < 1 at u = 0. Then, there exist a sequence
k; — o0 and a sequence of intervals Iy,, accumulating at = 0, such that at . € Iy, the
map T*) has a repelling (m + 1)-dimensional invariant C"-smooth manifold W,ﬁ‘j C U,?f , and
the restriction of T*)) onto W,’jj is written, in appropriately chosen coordinates (y, z), where
y € R', z € R™!, in the form

J=M—y +0i00(l), Z = 0ksoo(1), (1.10)
where

M~ y*(u+ 0@y ™). (L.11)
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Thus, the parabola map appears in one-parameter unfoldings of a simple homoclinic
tangency in all four cases: (1, 1), (2, 1), (1,2) and (2, 2). This was used in [3-5] in order to
extend the two-dimensional Newhouse result [2] to the multidimensional case. Note that we
do not require condition B, but the condition Ay < 1 is crucial in lemma 4. However, this
excludes the case of symplectic maps, as Ay = 1 for such maps automatically. The case where
Ay = 1 at u = 0 is also interesting by itself, without a connection to symplectic dynamics
(see [13,32,49,50]). As the following lemma shows (cf [7,32, 33, 54] for two-dimensional
maps and [55] for three-dimensional flows), the role of the parabola map is played by the
Hénon map here.

Lemma 5. Let fy be a C"-diffeomorphism (r > 2) satisfying conditions A, C, D, E, embedded
into a one-parameter family f,, transverse to the bifurcational surface H of diffeomorphisms
with a homoclinic tangency. Assume that Ay = 1 at u = 0. Then, there exist a sequence
k; — o0 and a sequence of intervals Iy,, accumulating at . = 0, such that at . € Iy, the
map T®) has a two-dimensional C"-smooth invariant ‘centre’ manifold W,fj C a,?/_ , and the

restriction of T*? onto W,ﬁj is written, in appropriately chosen coordinates (x, y), in the form

= y+oe(l), =M —y* — Bix + 0500(1), (1.12)

where M is given by (1.11), and the coefficient By, bounded away from zero and infinity, is
given by (3.44), (3.48), (3.53) and (3.55).

The proof of lemmas 4 and 5 is given in section 3.6.

1.5. Proof of theorem 2

Theorem 2 is an almost immediate consequence of lemma 2. Indeed, a single-round periodic
orbit corresponds to fixed points of the first-return map T® = T, T({‘. When O has non-
leading unstable multipliers, the map 7 *) is expanding in directions transverse to the invariant
manifold My. Hence a single-round periodic orbit starting on M; has (n — n,) multipliers
outside the unit circle. The rest of the multipliers are found by the linear analysis near the
fixed point of the corresponding map (1.3)—(1.6). Such an analysis is quite straightforward.
Thus, for any of these maps, for any admissible set vy, ..., vg, (Where d, = 1 for map (1.3),
d, = 2 for maps (1.4) and (1.5) and d, = 3 for map (1.6)) there exist values of parameters
M = My, B = B;,C = Cy bounded by a constant independent of k, such that for all
sufficiently large k the map has, at the given parameter values, a fixed point with multipliers
Vi, ..., Vg, and the rest of the multipliers are o(1) (see exact formulae in section 3.7).
According to (1.7), bounded values of parameter M correspond to © — 0, as k — +o00.
Any bounded values of B and C can be obtained by arbitrarily small changes in ¢ and .
Thus, theorem 2 indeed follows. O

2. Local and global maps

In order to study the properties of the first-return maps 7™ = T, Tg‘, we need appropriate
formulae for the maps 77 and 7. We give such formulae in the lemmas below.

One can always consider such C”-coordinates in Uy that the fixed point O, of the local
map Ty is at the origin for all small &. Moreover, we write Ty(¢) in the form (1.1), i.e. the linear
part has a block-diagonal form with the blocks A, B; and A,, B, corresponding to the leading
and non-leading coordinates. Note that in lemmas 6 and 7 we do not assume condition A,
e.g. we do not require that the leading multipliers are simple. Indeed, we prove these lemmas
under the assumption that A; is an (m; x m)-matrix whose eigenvalues, at ¢ = 0, are all
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equal to some A € (0, 1) in absolute value and By is an (n; X n;)-matrix the absolute values
of the eigenvalues of which are, at ¢ = 0, all equal to some y > 1. The absolute values of the
eigenvalues of the (m —m ) x (m —m;)-matrix A, and the (n —n;) x (n —np)-matrix B, are
assumed to be strictly less than A and, respectively, strictly greater than y. Here 1 < m; < m,
I1<ny<n,andx € R™,ue R"™,ye R",ve R"™™in(l.1).

By a C’-transformation of coordinates, one can straighten the local stable and
unstable manifolds of O, so that they acquire equations Wi  : {y = 0,v = 0} and

Wi, o {x =0, u = 0}. After that, the map T takes, locally, the form

X =Ai(e)x + pi(x,u, y,v,¢€), u=Ayeu+ palx,u,y,v,e),

_ _ 2.1
y=Bi(e)y+qi(x,u,y,v,e), U= By(e)v+q(x,u,y,v,¢),

where the nonlinearities p; > and g; » vanish at the origin along with their first derivatives, and
for all small (x, u, y, v, €) we have

p0,0,y,v,e) =0, q(x,u,0,0,e)=0. 2.2)

Bringing the local map to the form (2.1) is not enough for our purposes because the
iterations Tg‘ can deviate too much from those of the linearized map. Essentially, this means
that the right-hand side of (2.1) contains ‘too many’ non-resonant terms. Fortunately, infinitely
many of the non-resonant terms can be eliminated by means of some additional smooth
transformation of coordinates, as the following lemma shows.

Lemma 6. At all sufficiently small ¢, there exists a local C"-transformation of coordinates
after which the map Ty(¢) keeps its form (2.1) and (2.2) while the functions p and q now
satisfy additional identities

pi(x,u,0,0,8) =0, q1(0,0,y,v,e) =0, (2.3)
0 0
P0,0,y,0,6)=0,  “L(x,u,0,0,8) =0. 2.4)
dx ay

Proof. See the appendix. 0

Remarks.

(1) Atfinite r, the coordinate transformation is only C”~2 with respect to &; more precisely, its
second derivative with respect to (x, y, u, v) is C"~2 with respect to (x, y, u, v, ). When
r = 400 Or r = w, We can guarantee, in general, only arbitrarily large finite smoothness
with respect to €. However, if the absolute values of the eigenvalues of the matrix A;(¢)
stay, at all small ¢, equal to each other and the same holds true for the matrix B (¢) (this
is always true when condition A is fulfilled), then the transformation is C*° with respect
to the parameters.
(2) When identities (2.3) are fulfilled the non-leading manifolds are straightened: W} :
{(y,v) =0,x =0}, Wt : {(x,u) = 0,y = 0}. The invariant foliations F** on W}
and F** on W are also straightened and have the form {x = const, (y,v) = 0} and
{y = const, (x,u) = 0}, respectively. Concerning the extended stable and unstable
manifolds W*¢ and W"¢ (see condition E), note that the tangents to Wi? at the points of
W, form an invariant (with respect to the derivative of the map Tp) continuous family
of (n — ny)-dimensional spaces which is a unique such family transverse to Wt at O.
One can easily see that the second of the identities (2.4) implies that the space {v = 0}
is invariant with respect to the derivative of the map (2.1) at any point of W . By

uniqueness, it follows that the spaces {v = 0} form the family of tangents to W;. In
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particular, H; = T+ W% = {v = 0}. Analogously, H, = 7y- W** = {u = 0} due to the
first of the identities (2.4) (see [19,42]).

When the map 7y (¢) is written in the form (2.1) with p, ¢ satisfying identities (2.2), (2.3)
and (2.4), we will say that it is in the main normal form. It occurs that when Ty is brought to this
normal form, the iterations Té‘ : Uy — Uy of the local map do not differ essentially from the
iterations of the linearized map at all large k. Namely, let (x, ug, yi, v¢) = Té‘ (x0, 1o, Yo, Vg)-
It has been known since [57] (see also [58, 59]) that (xi, ux, yo, vo) are uniquely defined
functions of (x, uo, Yk, vx) for any k > 0.

Lemma 7. When the local map Ty is brought to the main normal form, the following relations
hold for all small € and all large k:

xi — AK(e)xo = A& (xo, uo. i, k. ©), ur = A& (xo, o, Vi, vk ), 25
yo — By* (&) vk = P ni(xo, uo, ye, vk, €, vo = P i (xo, U0, Yk, ks €),

where ). and ¥ are some constants such that 0 < A< A, y > vy, and the functions &, ny, ék, Nk
are uniformly bounded for all k, along with the derivatives up to the order (r — 2). For the
derivatives of order (r — 1) the following estimates hold as k — +00:

0" (x — A1(e)*x0, ur)
= =o(lAi@®]),
9(x0, U0, Yk, Uk, €) 2.6)
0" (yo = Bi(e) " yk. v0) - '
|| = eUlBT @I,
9 (xo, U0, Yk, Vk, €)
while the derivatives of order r are estimated as follows:
lxk, Uk, Yo, Vollr = 0(1)k—ocs 2.7

these estimates do not include derivatives with more than (r — 2) differentiations with respect
to € (such may not exist, see remark 1 to lemma 6).

See the proof in appendix. Lemmas 6 and 7 strengthen similar results in [23, 42,43, 46,
56,60]; in particular, we achieve maximal possible smoothness here.

Concerning the global map 7 (¢), in the local coordinates of lemma 6, we may also find
a convenient form for it, using conditions A, C, D, E. Also recall that the transversality of the
family f, to the bifurcational surface H means that among the parameters ¢ we can distinguish
the parameter © which measures the splitting of the invariant manifolds of O near the chosen
homoclinic point M*.

Lemma 8. The homoclinic points M*, M~ and the system of coordinates in U for which
the local map Ty is kept in the main normal form can be chosen in such a way that at all
small €, in cases (1,1) and (2,1) (i.e. at y € R'), the v-coordinates of any point M from a
small neighbourhood of M~ are uniquely defined by the (x, u, y)-coordinates of M and by the
v-coordinates of the point M(x, u, y,v) = Ty M. Moreover,

3%y
dy?
and there exists such y~ (&), tending to the y-coordinate of the homoclinic point M~ as ;. — 0,
that at the point (x =0, u =0,y = y~(¢), v = 0) we have

ax ay
Mo, 2o, £0, (2.8)
dy ax

9y 0%
Yo, y=pu and, in case (2, 1), 22 =0 (2.9)
ay dy

(recall that w is the splitting parameter, and x = (x1, x») € R? in case (2,1)).
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In cases (1,2) and (2,2) (here y € R?) the (y,, v)-coordinates of M are uniquely defined
by the (x, u, y;)-coordinates and by the (y,, v)-coordinates of M. Moreover,

9x 0y 9%y
— #0, — #0, — #0, 2.10
7 L T (2.10)
and, for an appropriately chosen y, (¢), at (x,u, y>,v) =0, y; = y; (¢), we have
ay ay X
n =0, 4 =0, y=u, and, in case (2, 2), e =0. (2.11)
Ay 9y2 a1

This lemma says that we can write the map 77 : (x,u,y,v) — (x,y,u,v) in the
cross form, i.e. as the correspondence (x, u, y,v) — (x,u,y,v) in the case y € R' and
(x,u, y1, y2,0) — (X, u, y1, y2, v) inthe case y € RZ%. Moreover, we have the following.

Corollary 1. The Taylor expansion for the cross formof Ty at (x =0, u =0,y =y~ (), v =
0) or, respectively, at (x =0,u =0, y; = y, (&), y2, v = 0) is as follows:

Case (1,1)
X—x"=ax+by(y —y ) +aiu+pio+---,

)7=pL+cx+D0(y—y_)2+v|u+,0117+'~,

V—vT =Cx+d(y—y )+ vu+ -, 12)
A—ut=ax+b(y—y ) +aau+pob+---;

Case (2,1)
)E—x+=ax+<lz)0) Y=y ) +au+pio+---,
J=p+cixy+cxa+Do(y —y )V +viu+pro+---, (2.13)
Vv = +d(y —y ) U+ -,
A—ut=ax+b(y—y ) +aau+pob+---

(here x = (x1, x3) € R?);

Case (1,2)
X—xt=ax+by(y1 —y )+ +au+ o+,
¥ =+ cox + Do(yr — y;) > +viu+pn+- -
2=y, =di(y1 =y ) tdayatcix tvpu+ ppvt--, (2.14)
v—1v~ =Ex+c§1(y1 —yf)+&2)72+v2u+p2f)+~-~,
i —ut =ax+bi(n —yl_)+l;2§2+a2u+,325+-~-;

Case (2,2)
. bo _ _ _
X —x :ax+<O)(y1—y1)+b1y2+a1u+,31v+-~-,
F1 = W+ corxy + copxa + Do(y1 — Y2 +viu+ prv+- -, 215

Y2 =y, =di(y1 —y;) +dayr +c1x +vpu+ ppv+ -,
U—U7=5X+d~1(y1 —yl_)+c?2)72+v2u+,02f)+-~-,

i —ut = ax+bi(yi — y) +bair+au+ o+
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where by # 0, co # 0, Dy # 0, d» # 0 and detp, # 0. All the coefficients in (2.12)—(2.15)
depend on ¢ (at least C"~2-smoothly).

Proof of lemma 8. Let M* e WS and M~ € Wy be a pair of homoclinic

points at © = 0. In the coordinates of lemma 6 the manifolds W  and Wy are
straightened, so the (y, v)-coordinates of M* and the (x, u)-coordinates of M~ are zero.
Let M* = M*(x*,u*,0,0)and M~ = M~ (0,0, y~,v™). Since 1M~ = M* at e = 0, the

map 7 (¢) may be written in the following form at small ¢:
F—xtE@) =aix+au+b(y—y )+ —v )+,

d—u(e) =tox+Gu+b(y —y )+ —v)+---,
‘ (&) Az Az Az(y yo) :32( ) 2.16)
=y +ex+du+di(y —y )+p(v—v )+,
v

=vt@E) +éax + U+ (y —y )+ (v —v ) H -,

where the dots stand for nonlinear terms, all the coefficients depend on & and
y*(0) =0, v*(0) = 0.

By condition E2, the space Tl_l (Hy) is transverse to ["* at the point M ~. The leaf [** of
the foliation F*" through the point M~ is given by equations {x = 0,u = 0,y = y~}, and
the tangent plane H; to the extended stable manifold W*¢ at M* is v = 0 (see remark 2 to
lemma 6). Hence, the condition of transversality of Tfl(HS) and F"" reads as det p, # 0. It
follows that the last equation of (2.16) can be resolved with respectto (v—v~),i.e. (v—v~) can
be understood as a function of (x, u, y — y~, v). Thus, (2.16) may be recast in the cross form:

X—x"=ax+ou+b(y—y ) +pio+---,

y=y"+cx+viu+d(y—y )+po+---,
y=y 1 fy y)+p (2.17)
V=V =cx+wvu+d(y—y )+ ppv+---,

i—u"=ax+ou+bly —y )+ +---

with some new e-dependent coefficients x*, u*, y*,v=,a, b, ....

By condition E.1 (see remark 2 to lemma 6), the following manifolds are transverse at
e = 0: the leaf I** = {x = x*, y = 0, v = 0} of the strong-stable foliation F** through the
point M* and the image T (H,,) of the space u = 0 (the tangent space to W*¢ at the point M ™).
This transversality condition means that

(€
det #0. (2.18)
c d

Now, according to condition C, the manifold 7; W% _ has, at the point M*, exactly one
common tangent vector with W} at & = 0. Since W}!  and W} are, respectively, given by
the equations (x = 0, # = 0) and (y = 0, v = 0), it follows from (2.17) that the intersection
of the tangent spaces to Ty W} and W, . at M* is one-dimensional if and only if the equation
d(y — y~) = 0 has a one-parameter family of solutions at ¢ = 0. Hence, in cases (1,1) and
(2,1) where y € R' and d is a scalar, we have

d=0 at e=0. (2.19)

Note that (2.18) and (2.19) imply b # 0 and ¢ # 0.
In cases (1,2) and (2,2), y € R? and d is a (2 x 2)-matrix, so condition C reads as

detd =0 and rankd =1 ate=0. (2.20)
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Let us now focus on the case y € R'. By (2.19), the second equation in (2.17) may be
written in the following form at ¢ = 0:

J=cx+viu+piv+Do(y —y )+, (2.21)
Condition D of the quadraticity of the homoclinic tangency simply means that

9=
Dy = g—“; # 0. (2.22)
y (x=0,u=0,y=y~,v=0,6=0)

Indeed, we must show (see comments after condition D) that one can introduce such coordinates
(z1, 22, wi, wy) near the point M* that, at ¢ = 0, the manifold W, would have the equation
(z1 = 0, w; = 0) and the piece of the unstable manifold 7} W}!_ would acquire the equation
(z1 = ¥(z2), wp = 0) with a function W such that ¥(0) = 0, ¥'(0) = 0 and that " (0) # 0
if and only if Dy # 0. Let us check this. By (2.17) and (2.21) the equation of 77 W}; _ is given,
ate =0, by

X=x"=by—y )+pio+--,

F=po+Do(y—y )+, (2.23)

i—ut=bly—y )+l +---.
It follows from (2.18) and (2.19) that b # O here. If x = (x;,x») is a vector, then at
least one component of the vector b must be non-zero, so we assume that it is the first
component, by. Then, if we denote 70 = ¥ — x* in the case x € R' and 7z, = % — X7
in the case x € R?, (y — y~) can be expressed by the first equation of (2.23), as a function
of zp and v: y — y~ = z2/by — Bi/bov + .... Now, the second equation of (2.23) takes
the form y = p;v + Doz3 /b + - - -, so one can see that we may indeed introduce a variable
71 =y — p1v+- - such that 7y Wj: _near M* would take the form z; = W (z) with W (0) = 0,
W'(0) = 0. Here, U"(0) = Dy/bj, so the quadraticity of the tangency of 7y W}, with W} _ is
given by (2.22) indeed.

By (2.22), we may choose y~ = 1y~ (¢) in such a way that dy/dy = 0 at
(x=0,u=0,y=y (¢),v=0) at all small ¢. Then, at small ¢ the third equation of (2.17)
may be written in the form y = y*(e) + cx + viu + p10 + Do(y — y~(¢))*> + - - -. Thus, y*(¢)
indeed is equal to the splitting parameter jt.

We have almost proved the lemma in the case y € R!. The only remaining claim is that in
case (2,1) the coordinate system can be chosen such that the second component of the vector
b in (2.17) will be zero. It is obvious that this can indeed be achieved by a linear rotation of
the coordinates (x|, x;) and that such rotations keep the local map 7 in the main normal form
and do not change the form of the second equation in (2.13).

It remains to prove the lemma in the case y € R? (i.e. cases (1,2) and (2, 2)). Equations
for y in (2.17) are written as follows:

Vi=y () +cox+di(yi —y;)+dia(y2—y;)) +viu+piv+---, 224
=y @) +cx+dan(yi —y; ) +dn(yr —y;) + ViU + pal+ -

Note that rotations of the (y;, y,)-coordinates do not change the form of equations (2.24). At
& = 0, since detd = 0, one can make a rotation of the y-coordinates so that

dy; =0, dip = 0. (2.25)
Since rankd = 1, it follows then that at least one of the coefficients d»; or dy; must be
non-zero. If dy = 0, we consider another homoclinic point, To_l(M 7), as a new point

M~ For the new global map (Tmew = T1Tp) the matrix d will have the following form (see
lemma 6) dnew =d- (2?:$ _cg;nw(p)' By (225)s dnew = (dZI cos<p9—d22 sing  —d; sin (p0+d22 C()S(p)'
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Thus, if dy, = 0, then dyue, # 0 (since dr; # 0 and sing > 0). Hence, we may always
assume dy, # 0.
Taking into account quadratic terms, we write the first equation of (2.24) as

Ji=cx +vpu+pno+ D — ¥ + Doy — ¥ — yy) + D3(ya — yy )2+

(2.26)
at ¢ = 0. Since dy; # 0, the second equation in (2.24) can be written as
_ I _  dy _ _
=y, =—»n——O1—y)tox+voutppvt---, (2.27)
dy dy
with some new coefficients y, , ¢z, vi2, p12. Plugging (2.27) into (2.26), we obtain
i =cix +vnu+puv+ Doy — y7)* + Da(yr — y7)ia+ D3y +--- (2.28)

at e = 0, where Dy = D; — Dz% + D3%. Absolutely analogously to the case y € R', one
can now check that condition D reads as 212)0 # 0. It follows from these conditions that one
may always choose y; (¢) and make an additional rotation of the y-coordinates on the angle of
order &, so that the coefficients d;;(¢) and d;»(¢) in the equation for y; will vanish identically
at all small . Then, again as we did in the case y € R', one can check that the value y*(¢) of
yiat(x =0,u =0,y = y; (¢), y» =0, v = 0) is the splitting parameter (.

Plugging (2.27) into (2.17), we arrive, after an obvious adaptation of notation, at the
desired equations (2.14) and (2.15); to obtain formulae (2.15) one also needs an additional
rotation of the x-coordinates as was done above for case (2,1). ]

3. Rescaled first-return maps. Proof of lemmas 1-5

In this section we study the first-return maps T®(s) = T|T, 0" at sufficiently large k,
k=k,k+1,...,and small &. The domain of the map 7% is the strip o0 = T, *(IT") N IT*.
Denote (xi, ug, yi, vx) = T(f (xo0, uo, Yo, vo) and take (xo, ug, Y, vx) as the new coordinates on
a,?—this can indeed be done, according to lemma 7. The relation between these coordinates
and the standard coordinates (xg, ug, Yo, Vo) is given by (2.5). If the neighborhoods I1~ and
IT* are chosen as the boxes ||x —x*, u —u*, y,v|| < € and ||x,u, y—y~,v—v" | < ¢ with
sufficiently small positive €y and €, then in the coordinates (xo, uo, Yk, vx) the strip oy is the
box [lxo — x*, up — u™|| < €0, lye =y~ vk —v7| < €.

3.1. First-return maps in case (1,1)

Here the leading coordinates x and y are one-dimensional and, respectively, A; = Aj,
B; = y;. By plugging (2.5) into (2.12), we obtain the following formula for the first-return
map T® = Ty Ty : (xo, uo, ye, vi) +> (Ko, o, Ve, De):

To — x" = a(fxo + A*Ee(xo. o, Vi, vk, ) +bo(y — y7) + Ok — y)?)

+ o & (x0. 1o, Vi, vk, €) + B17 T Ak (Ko, o, Ik, B €) + O ((AF|xo

+ A 11E Eell + P A ID Ly — ¥ 1+ 270G + R (€ Sl + 7 1A,
Vi S = =P F R, dlo, Tk, Brs €) + 1+ c(xork + A¥E (x0, w0, Vi, Vi, €))

+Do(yx — y ) +0(( — y7)?) + iak& (xo, uo, yi, vi, €)

+ 17 i (o, o, e, Uk. &) + O (WX |xo] + AX|IE, &ll + 7 F el lye — 7

2% .2, Y2k 212, a=2kn 2
AT+ AT NE E T+ Y T Il
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v — v =Mexg+d( —y )+ Ok — v+ A xol lyk — v
+ 2703 + W16 &l + 77 DD
itg — ut = Maxo+ by — y7) + O (e — y ) + M [xollye — ¥
+ 2703 + WK 16, &l + 77 IADD. 3.1)

Note that the right-hand sides of (3.1) are also functions of (xo, 1o, yx, vx) and
(Xo, ito, . k). They are of class C” with respect to the variables and C"~2 with respect
to the parameters (see remark 1 to lemma 6). Below, in order to simplify notation, we denote
as O unspecified, uniformly bounded terms, linear with respect to (x, u, y, v, X, u, y, v), and
Oy, will denote terms of the second order and higher with respect to (x, u, y, v, X, u, y, v),
uniformly bounded along with all derivatives.

Recall that Ay < 1 according to condition B (recall that A = |X{|, ¥ = |y]). Therefore,
we may assume Ay < 1 also; hence

Mgyt y™ (3.2)
at large k. Now, one can rewrite (3.1) as

Xo—xT=bo(yk —y )+ 0 —y )+ 0F ™),

Y=+ Doy — y ) + ok — y )+ 075,

ve—v =du —y )+ 0 —y)H+0F ),

itg—ut =b(y —y )+ 0 —y )N+ 0@ ).

The terms denoted here as O (7 %) include functions &, ny, ék, nk. Therefore, while their
C"2-norms are of order p %, the norms of the derivatives of the order (+ — 1) and r are
estimated as o(y‘k) and o(1), respectively, see lemma 7.

(3.3)

Shift the origin:
X=x0—x"(&)+--, y=y—y (&) +---,
34
u=ug—u"(e)+---, v=uv—v (&) + -,

in order to nullify the constant terms (i.e. terms depending only on parameters) in the first,
third and fourth equations of (3.3) and the linear in y term in the second equation. It is easy to
see that this indeed can be done, with small corrections to (x*, u™, y~, v™) (that are denoted
by the dots in (3.4)) being of order O (7 ~%). As a result, system (3.3) is recast as

(X, i, v) = 0(y) +o(y MO + 0,...(1)Oay,

¥ =i M+ Doy{y’ + v o(y*) +v* - (0(y )01 + 0, ()01, 4
where
My =pu—yFy (L+ ) +edbxr @+, (3.6)
Let us now introduce rescaled coordinates (X, U, Y, V) by the rule
x =y X/8, y = —Dioy;kY, u=y U/, v=y"*V/§, 3.7
where §; tends sufficiently slowly to zero as k — oco. System (3.5) takes the form
(X,U,V)=o0(), Y=M-Y*+o(l), (3.8)

where M = —Doy* My = —Doy* [ — yl—"y*(l +o) ekt ().
Recall that, by our construction, the o0y (l)-terms in (3.8) are functions of

(X,U,Y,V, X,Y,U,V, ¢). It is obvious, however, that for any bounded region of values
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of M one can resolve (3.8) so that the resulting expressions for (X,Y,U, V) as functions of
(X,Y,U, V, M) will still be given by equations of exactly the form (3.8).

Note that for any bounded region of values of M and on any finite size ball in the
(X,U,Y, V)-space, the first-return map T® which we have brought to the form (3.8) is
strongly expanding in V for all sufficiently large k. Obviously, one can continue the map onto
the whole R™*" without losing this property. More precisely, given any R, one can modify
the right-hand sides of (3.8) in the region || X, U, Y, 1% || = R in such a way that formula (3.8)
would, for every (X, U, Y, V), define a smooth correspondence (X, U, Y, V) — (X, U, Y, V)
such that % tends uniformly to zero as k — +00 and % is uniformly bounded.
This means that at all sufficiently large k, conditions of theorem 4.4 of [42] hold for the inverse
of the map T®). Thus, applying that theorem, we obtain the existence of a normally hyperbolic
repelling invariant smooth manifold Mj of the form V = ¢y (X, U, Y) where ¢ = o(1) in
the C”-norm (and in the C"~2-norm with respect to the parameters). By (3.8), the map 7® on
this manifold has the form (1.3), which proves lemmas 1 and 2 in case (1,1).

3.2. The first-return maps in case (2,1)

Here, the leading coordinates are x = (x;,x) € R? and y € R' and, respectively,
A= A(COS‘” ~Sin V’), B| = y,. By virtue of (2.5) and (2.13) the first-return map 7% = T\ T

sin ¢ cos ¢
can be written in the following form for all sufficiently large £ and all small &:

Xo1 — X7 = AXA 1 (k@) xor + M A (k@) + bo(ye — )
+ 0 — y )7+ AlIxolllye — ¥~ 1 + AR, &l + 1xoll®) + 7 F 17D,
Xoo — x5 = M A1 (k@)xor + A Aga (k) xon
+0((yk =y + AlIxolllye — 71+ A4l Eell + lxol®) + 7 F 17D,
y‘kyk =u+ Ak[(cl coske + ¢y sinkg)xor + (cacoske — ¢y sinkg)xgp] + Do (v — y‘)2
+0((y — y )P + O xolllye — y~ 1 + A4 l&e, &l + I1xoll®) + 7~ e Al
ve— v =d(ye — y7) + O — ¥y + M xol + A1, Ecll + P17,

o —u* = by = y7) + 0k =y + Mol + 24118k, &l + 71k, (3.9)
where

Aq1(kp) = ay coske — ayp sinke, A (k) = ajp coske + ayy sinke,

Az (kp) = az coske + ax sinkg, A (k) = ax coske — ar; sinkg. G-10)

If .y < 1, then PR OIS 7% « y~* at large k. Then, (3.9) is recast as

- + bo - —\2 ~_k

Xo—x" = (O>-(yk—y )+ 0k =y ))+0H ),
ik = 1+ Dolye = y7)? + ol =y ) + 07, 3.11)
u—v =dOor—y )+ 0=y ))+0F™H,
o —u* = by —y)+ 0 =y )+ 0@ ™.

This system is completely analogous to (3.3), so bringing it to the form (1.3) is done in this

case in the same way as in case (1,1). This completes the proof of lemmas 1 and 2 for the case
(2,1) with Ay < 1.
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Consider now the case Ay > 1. We have here 7 % « y % « AF « ¥ at large k. In the
third equation of (3.9), replace the arguments x, u of the functions 7y, 7, and the argument v
of &, ék by their expressions in terms of x, u, y, y, v which are obtained from the first, second
and fourth equations. After that, we shift the origin:

X1 = Xo1 —xf'(s)+0(kk), X =x02—x2+(s)+0(kk), y=yi —y (e) + O(\),
u=ug—u(e)+0nh, v=uv; —v (&) + 01N,

in order to nullify the linear in y term in the third equation of (3.9) and all constant (independent
of the coordinates) terms in the other equations.
System (3.9) takes the following form:

%1 = M Ankg)x) + 2 Ap(kp)xs +boy + O y) + 0O + Oy,
% = M Ay (k@)xt + M A (kp)xa + O(WFy) + 00501 + Oy,
F+501Y + 5120 = yi My + Doy y” + v o(y?) + 2 y{ [x1(c1 cos kg + ¢y sinkg)
+x2(cacoske — ¢ cosk) + sp3x + Spaut)] + Akyk02+,
v—dy =20, + O, i =by+10, +0,,, (3.12)
where

My =p— yl_ky’(l +0)+ )Lk(cos(kgo)(cl)cfr + cx3) + sin(k) (coxf — c1x3) + - ).
(3.13)

Here, the coefficients s;; in (3.12) tend to zero as k — oo (the corresponding terms came from
linearization of the functions ny, My, &, & ).

Introduce new coordinates Upew = U — b%x" Upew = U — d y. Map (3.12) takes the
following form:

B = M AN (kp)xt + 2 A (k@) xz +boy + O(Ly) +0(A)O) + Oss,
%y = M Ag (kp)xy + M A (kp)x, + O y) +0(A) Oy + O,
J+ 803 +s02b = yEMy + Doyl y* + yFo(y?) + Ayl xi (c) cos kg + ¢y sinkg + §i31)
+X2(cr cos kg — ¢ cos kg + 5k30) + spau)] + Ay * O,
v =10+ 0y, i =201 + Oy (3.14)

As A%y < 1, we may choose a positive p such that A%y (1 + p) < 1. Recall that Ay > 1
here; hence y % « A% « (1 + p)~* at large k. Rescale coordinates as follows:

xi = —boDy'y X1, xy = —bo Dy y A1+ p)F X, y=-Dy'y 'Y,

u =y K1+ p)lu, v=y V. (3.15)
In the rescaled coordinates, map (3.14) is written as

X, =Y+00h, Xo=(14p) Ay (kg) X1 +0((1+p) "),

Y+o, (1)V=M—Y>*+0,.(Y)+bor*y [ X, (cicoskg+cysinkg+o, (1))

() +o(r (1+p)HU)+0 (Y,
V=05, U=0((1+p)7", (3.16)

+25(1+p)* X5 (crcoskg — ¢y coskg+o

k—o00
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where ¥4 (y)=0(y*) and tends to zero as k— oo; and M =—Dyy*M,. By (3.13), the
rescaled parameter M can take arbitrary finite values when w varies near ukzyl_k yo—
1 (cos(kg) (c1x] +c2x3) +sin(ke) (c2xf —c1x3)). Denote

B =—boA*yf (cicoskp+cysinkp+o, (1)) (3.17)

(the coefficient of X; in (3.16)). It is not small (since Ay > 1) and may assume arbitrary finite
values (for large k) when ¢ varies near those values at which ¢ coskg+c;sinkg =0, i.e. near
o= —%arctan L+ %, J €Z (recall that C% +c§ #0 by lemma 8). Obviously, these values of
the angle ¢ fill densely in the interval (0, ).

For any bounded region of values of M and B and on any finite size ball in the (X, U, Y, V)-

space, map (3.16) is strongly expanding in V for all sufficiently large k: —2Y—— = O (1%)

A(X,UY,V)
tends uniformly to zero as k — +0o and % is uniformly bounded. Like in case (1,1),
by virtue of theorem 4.4 of [42], this impliés, for all sufficiently large k, the existence of a
normally hyperbolic repelling invariant smooth manifold MY of the form V =A¥¢ (X, U,Y)
where ¢y is uniformly bounded with all the derivatives. On this manifold, map (3.16) takes

the form

Xi=Y+00"), Xo=(1+p) *Asi (k@) X1+0((1+p) "), U=0((1+p)7"),
Y=M—Y*+9(Y)— BX,+boA* yf (1+p)* [ X, (cacoskp —ccoskg+o, (1))
+o,.  (HUI+0 5. (3.18)

This map has form (1.4), i.e. we have proved lemmas 1 and 2 in case (2,1) with Ay > 1.

3.3. Proof of lemma 3

Let us suppose that B#0 in (3.18). Since AZkylk(l +p)¥— 0 as k— oo, one can introduce a
new variable

1
Xipew=X| — E{bokzky{‘(l +p) [ X2(crcoskg —cicoskp+o, (1)) +o,_(DUI}.

Then, system (3.18) is rewritten as

- boAs (k
X1=Y—- M(c‘gcoskgo —cy sinkw)AZky{‘Xl +o()»2kyk), (3.19)
Y=M—-Y*+%.(Y)—BX,+0(\"), (X2, 0)=0((1+p)7").

This map is strongly contracting with respect to (X», U), with the contraction coefficient

tending to zero as k — co. At the same time, H gg—i?; “ ! remains bounded, since B is bounded
away from zero. Thus, by virtue of theorem 4.4 of [42], map (3.19) possesses, at every
sufficiently large k, an invariant manifold M of the form (X,,U)=(1+ ) ¥ (X1,Y), where
¢ 1s uniformly bounded along with all the derivatives. On M, the map has the following form:

boAsi (kg)

X, =Y— (czcosktp—clsinkw)k2ky{‘X1+0(k2kyk),

(3.20)
Y=M—-Y>+9,(Y)—BX,+O0(\).

For bounded values of B, we have c|coskg+cysinkg=0 (L% y~*) (see (3.17)). As

Ay >1, at such ¢ we have czcoskfp—c1sinkgo::l:,/c%+c§+0(k’ky’k) and Ajj(kp)=

azlcosk¢+azzsink¢=i‘%+0()Fky"‘). Thus, we have byA;(kg)(cycoskg—

1763

c1sinkg) =bg(az cy —axncy)+ O_()Fky’k). As easily seen from (2.13), the value
Ji=bo(azic2—ancy) 32D
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is the Jacobian of the global map T restricted to the leading coordinates (x1, x», y), i.e. restricted
to the manifold Wi "W at the homoclinic point (x,u)=0,(y,v)=(y~,v") at e¢=0. By
(2.18), J1 #£0.

Denote J, = J 1% ylk. Map (3.20) is written as follows:

_ J _
X1:Y—EkX1+0(Jk), Y=M—-Y>—BX,+9(Y)+O0(\b). (3.22)

Introduce Yo =Y — %Xl +o(Jy) = X;. Map (3.22) becomes

Ji

_ 2J
X =Y, Y:M—Yz—BXl—EY—?leY+19k(Y)+o(]k). (3.23)

By the additional shift of the coordinate Y and the parameter M: Ype =Y+ zj—g +o(Jy),
Mpew =M +0(J;), we bring map (3.23) to the form (1.9). This proves lemma 3 in case r =2.
If r >3, the term yko(yz) in the third equation of (3.14) is, in fact, yk 0(y3). Therefore, after
the rescaling (3.15), this term becomes O(y ") and is absorbed by the O (\%)-term, i.e. the
function ¥ (Y) does not appear in (3.16) and further. Thus, map (1.9) transforms into (1.8).
This proves lemma 3 in the case r > 3.

3.4. The first-return maps in the case (1,2)
Here the leading coordinates are x € R' and y=(y1,y)€ R? and, respectively, A=A, Bi =
y(§f§$ ’cf,isnw‘”). By virtue of (2.5) and (2.14), the first-return map 7% =T, T, for every
sufficiently large k and all small €, can be written as
Xo—x*=ar{xo+bo(y1 — Y1) +biy ™  (Fracoskyy — i sinkyp)

+O (O =12+l =7 |- GE xol +y 15D +A5 18k, Sl +7 i A ),
¥ * (k1 coskyr + Frasinkyr) = p+cort xo+ Do (v — yy)?

+0((yer = y)D+0 Uy = y1 |- O xol+y FUFc I +A 15, &l 47 llmes Al
Yo=Yy =ciMxo+di (i —yy) +doy F (Fracoskyr — i sinkyp)

+O (k1 =y v =7 |- G Lxol + 1T +A5 18k, 8l +9 i e ).
ve—v" =k xo+d (v — y)) +doy TF (Fracosky — i sink )

+0 (i =y + v =y |- O+ 15D +25 18, 8D
o —u* =arixo+by (v =y ) +bay ™ (Fracoskyy — J sinky)

+O0 (1 — 7))+ ver — v |- W8 xol +y K115 D) + GF1E Ell+P e, Al
(3.24)

We replace the arguments X and i of the functions 7, 7j; by their expressions given by the
first and the fifth equations of (3.24). After that, we shift the origin:

x=xg—x*(e)+0(y "), yi=ya—y; ()+0(y), =y —y; (©)+0(y ™),
u=ug—u*(e)+0(y ), v=u—v (8)+0(y ),
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in order to nullify the constant terms in the first, third, fourth and fifth equations of (3.24) and
the linear in y; term in the second equation. System (3.24) is rewritten as

(&,)=(bo,b1)y1 +y 01+ 0ny,
¥ H(coskiy +511) 31+ (SInk v +512) Yo +5430) = M +coAl x + Doyi +o(yD) +y ™ Oss,
2= (di+p)y1 =doy " {(cOSkY +514) 32 — (SINkY +515) 1 +516 0} #2101 + Oy,
v—dyi = O(x|+[ul)+y ™ O(lly, 7,51)+On., (3.25)
where 53 =0r- o0 (1) and py = O(y_k) are certain coefficients, and

My =p—y *(y; coskir+y; sinkiy+---)+crk (x+--). (3.26)

Introduce new coordinates y and v as follows:

Yinew = (COSKY +5k4) y2 — (SInk Y +5¢5) y1 ‘fsk6v» (3.27)

Yanew = Y2 — (d1+ pr) y1, Unew =V —d 1.

This coordinate transformation is non-degenerate for all large k such that so=s0(k{)=
djcoskyr —sinky is bounded away from zero.
After the transformation, system (3.25) takes the following form:

&) =0(yl+lv)+y *01+0x,

1
—{(coskyr+d; sinkyr +511) 1 — (1+512) Yo +8130} =y My +corky*x
S0

Dy
+S—2yky%+yk0(|y1|<|yz|+||v||>+y§+||v||2)+o(y"y%>+c92+,

0

N=dy " H AN 0140 v=250(x |+ ul)+y T Oy, 5. 51D +On. (3.28)

Now, we rescale the coordinates by the rule

- dyso d?sy
(x,u)=y 2k(1+,0)k(X,U), yi=—y 2kY1, Yo = 2 y *y,.,
DO D()

s
v=—y 2V,

5

where p is a small positive constant such that Ay?(1+p) <1, and §; tends sufficiently slowly
to zero as k — oo. In the rescaled coordinates, system (3.28) is recast as

(X,U,V):Okﬁm(l)’ YZZ)_,I +0k*>oc(1)v
k
d);_SO(COSkw+d] sinkt//+§k1))_/1 _Y_vzz_M+O(Allcka(1+P)k)X+Y12+0]HOC(1), (3.29)

where M = —y4k%M1 (see (3.20)).
S o)

As y* — o0, the coefficient C(ky) = % (coskyr +d, sinkyr +5;1) can take arbitrary finite
values (negative and positive) when coski +d;sinkyr is close to zero, i.e. at ¥ close to
%arctan(—dil)ﬂri, j€Z. Note, that at such v the coefficient so is non-zero: s3=1+d}.
This ensures that the coordinate transformation (3.27) is non-degenerate, as required. Note
also, that these values of ¥ fill densely in (0,7). Therefore, for any finite Q >0, for every
sufficiently large k, in any neighbourhood of any point ¥ € (0, ) there exist intervals of size
~Qy ¥ such that the coefficient C (k) runs over all values from [—Q, Q] when v varies in
any of these intervals.
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When C and M are finite, for finite values of the rescaled coordinates, possible expansion
along (X, Y, U)-directions is finite, while expansion along the V -directions is strong (|| % |—0
as k— o00). Thus, exactly like in cases (1,1) and (2,1), map (3.29) has an invariant manifold
My of the form V =¢ (X, Y,U) where ¢, — 0 (along with all derivatives) as k — oo. On this
manifold, map (3.29) takes the desired form (1.5).

3.5. The first-return maps in the case (2,2)

Here, the leading coordinates x =(x,x;) and y=(y,y,) are both two-dimensional and,
respectively, Aj=A(She ;;L‘:f), Bi=y (§?§$ ‘CE;L",,,‘/’). By virtue of (2.5) and (2.15), the first-
return map T® =T, Tok, at every sufficiently large k£ and all small e, can be written in the
following form:

Fo—x* =2 [(a) coskg+arsinkg)xo + (azcoskg —ay sinkg)xg, ]
bO _ —\2 k= - .
+ 0 k1 =y )+ O (k1 =y ) ) +b1y ™" (Yk2coskyr — Yy sinkr)

+O vk — 1 | WK o |+ 7 150D + 25 18 Ecll+9 e, A ).
y’k (V1 coskr + Yo sinkyr) = M+Ak[(c01 cosk+copsink@)xo; + (copcoskp — cop sink@)xp; |
+Do (Y1 — 1) +0((k1 = Y1)+ Oy — yy |- WX [Ixoll+y 15 1)
+ 05118 Ecll+9 e A,
Yio— Y, =M [(c11coskg+ciasinkg)xor +(crocoskg — cpy sinkg) x|
+di (ye1 — y1) + O (k1 — y7 ) +doy ™ (Fracoskyy — Jir sinkyp)
+0(yer — vy |- WE lxol+y N5 ) +25 160 Ell+9 7 e e ).
ve—v” =A5(& cosk@+Cysinkg)xgy + (¢ coskg — ¢y sinkg) xoz |
+dy (yi1 — Y1)+ O (k1 — y))H) +day ™ (Fracosky — vy sinkyr)
+O(lyer —yy |- WK lxoll+y 15D +35 18 &),
o —ut=A[(a coskg+assinkg)xg +(a;coskg —a; sinkg)xg, ]
+b1 (yk1 — y1 )+ O (1 — y1)2) +bay * (Fracoskyy — ey sinkyr)
+O(ye1 — 1 |- WF xoll+y 7 1500 + G 18 Ecll+9 i A ). (3.30)

Recall that 1y < 1 by assumption, therefore A* =o(y ~%).
Replace the arguments X, » and i of the functions ny, 7j; by their expressions given by the
first and the fifth equations of (3.30). After that, shift the origin:

x=xo—x"()+0(y "), yi=ya—y; (©)+0(y "), =ye—y; ()+0(y ),

u=ug—u*(e)+0(y"), v=u—v (8)+0(y ),
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in order to nullify the constant terms in the first, third, fourth and fifth equations of (3.24) and
the linear in y; term in the second equation. System (3.24) is recast as

@)= (bo.b)y1+y 01402, =y FO1+0,
¥ H{(coski +511) 31+ (Sinkr +s12) Yo +5330} = M1 + Doy +o(y7)

+15[(cor coske +coasinkg+qi1)x1 + (copcoskp — cor sinkg+qa) x2]+y Oy,
Y2 —(dy+pi)y1 =day TH{(Coskyy +s14) J2 — (Sinky +515) 1 + 5160} + 25 O1 + s,
v—dy; =X 0(x|+]ul)+y*O(lly.5.5])+Ox.. (3.31)
where ¢/, gij = 0k o0 (1) and py = O (y ) are certain coefficients, and
M, =/L—y*k(yl_coskW+y2_sink1p+---)

+ A [(corx} +coax3) coskp+(corx] —corx3) sinkg+---]. (3.32)

Introduce new coordinates y, u and v as follows:

iy .
=Uu-—— , =V — s

Upnew =U boxl Unew Y1 (3.33)

Yinew = (COSkY +Sk4) y2 — (SINk Y +5k5) Y1 +Sk6V, Yonew =Y2 — (di+pi)yi.

This coordinate transformation is non-degenerate for all large k such that so=so(ky)=
dicoskyr —sinkyr is bounded away from zero. In the new coordinates, map (3.31) takes
the form

X1=boyi+O (2l +llvID+y *O1+0s4, (%2,i0) =y *O1+ 04,

1 . U A nm A - Dy
S—{(COSklﬁ +dysinky +85.1) Y1 — (1+82) Yo+ 8130} =y My + S—zykyf
0 0

+(Ay)k[(001 coskg+copsinkg+qy)x1 + (copcoske — cop sinkg +qi2)x2]

+y Oy l(y2l+llvID+y3 + vl +o(y* yD) +Oas,

ya=doy 51 +25 01+ Oy, v=20(Ix|+lulD+y *Oly. 5,0l +Oos. (3.39)
Rescale the coordinates
1 _ d2S0 _ dzso _
('x2auav)=_y 3k(X27U9V)7 (x19)71)=_3/ 2k(bOX1aY1)s )’222_7/ 3kY2a
Sk Dy Dy

where §; tends sufficiently slowly to zero as k — co. Map (3.34) takes the form

X, =Y1+o,_ (1), Y,=Y+o,_ (1),
k

dy—s(coskw +d Sinky +§) Y1 — Y, = —M+Y12+b0sokky2k(c11coskg0+clz sing+qx1) X
250

+0 <l(ky)k) Xs+0,. (1),
Sk

(X2,U0,V)=0, (1), (3.36)
where M = —y % g—ng (see (3.32)).

Since Ay <1, the coefficient O(i(ky)k) of X, in the third equation tends to zero as
k— 0o. Note also that if Ayz < 1, then the coefficient of X in the same equation also tends
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to zero. Moreover, after an additional rescaling X; — X (1+p)f with some small p >0 we
obtain X; =o0(1) and system (3.36) will be recast as

Y,=Yi+o,_ (1), (X1,X2,U,V)=o0, (1),

k
y—(COSkW+d1 Sil’lklﬁ+§k1)Y1 —Y2:—M+Y12
sz()

+bosor y (14 p)* (c11 coskg+cipsing+@i) X1 +o,__(1). (3.37)
Thus, when Ay? < 1, the map takes a form completely analogous to (3.29), and the rest of the
arguments go in this case exactly in the same way as in case (1,2).

It remains to consider the case Ay2>1 (still Ay <1). Denote C= #ﬁo(coskl/ﬁ
disinkyr+5¢1), B=—boso A y*(ci1coskp+crpsing+gi;) in (3.36). As yF— oo and
AFy 2k — o0, the coefficients B and C may, for sufficiently large k, take arbitrary finite values
when ¢ and, respectively, ¥ vary. As in the case (1,2), bounded values of C correspond to
non-zero sy (where s3 = 1+d; +---), i.e. transformation (3.33) is non-degenerate, as required.

As in the other cases, for bounded values of the rescaled parameters M, B, C and the
rescaled variables (X,U,Y,V) the first-return map 7® in the form (3.36) has an invariant
manifold My of the form V =¢,(X,Y,U), where ¢ tends to zero along with all derivatives

as k— oo. Obviously, on such a manifold, map (3.36) takes the form (1.6). This completes
the proof of lemmas 1 and 2.

3.6. Proof of lemmas 4 and 5

We prove lemmas 4 and 5 simultaneously. In the case Ay < 1, we obviously have (Ay)f — 0
as k—+oo. If Ay =1 at ©u=0, then (Ay)k=(1+0(u))k at all small u. We will consider
only the values of y of order O (A¥+y %) (that corresponds to a finite range of values of M in
(1.12), see (1.11)), hence, in this case,

Ay =1+0ky ™). (3.38)

Case (1,1). Let us write formula (3.1) for the first-return map 7% in the form
To—x*=bo( =y )+ 0~y )H+0( ™),
Vi Ske= A Do —y ") +exohi +o((ye—y D) +o(y ™),
n—v =dr—y)+0((—y)HH+0(™h),
o —u"=b(i—y ) +O0 (e =y I+ 0y ™).

This is analogous to (3.3); we, however, take into account that Ay now is not necessarily strictly

less than 1; hence we have to replace O(ﬁ’k) by O (y’k) (by (3.38) =0 (y’k) in any case).
Now, shifting the origin as in (3.4), we obtain

X=boy+0 () +0(y ")O01+0, . (1)Oy,
=M1+ Doy y +yfo(y) +erlyfx+yf - [o(y )01 4o, (1) O], (3.40)
i=0()+0(y 0 +o, _(1)Ox, v=0+0(y “O1+o,  (1)Oy,

with the constant term M, given by (3.6).
The rescaled coordinates (X, U, Y, V) are introduced as follows:
by 1

x=——y "X, y=——y"Y, u=y *U/8, v=y*V/5, (3.41)
Dy Dy

(3.39)
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where §; tends sufficiently slowly to zero as k — oco. It is quite similar to (3.7), but we have a
weaker scaling factor for x now. After the rescaling, map (3.40) is recast as

X=Y+o, (D),

Y=M-Y*—bocriy{ X +o, (1), (U, V)=o, (1),
where M is given by (1.11). At finite values of M, the expansion in the V variables is much
stronger than a possible expansion in (X, Y, U) (by (3.38) the coefficient )Jf ylk is bounded at

bounded M even if Ly =1 at w=0). Therefore, as in the proof of lemma 2, by theorem 4.4
of [42], we obtain the existence of the invariant manifold WW;' on which map T® has the form

(3.42)

X=Y+o,_ (1), U=o, (1),
i k2~ - k (3.43)
Y=M-—Y*—bocAjy; X+o,__(1).

If Ay <1, this gives lemma 4 immediately. If .y =1 at © =0, then, by (3.38), A1 ()" y1 ()" =
(sign Aysign YD) +0(1)k 400 at finite M. Since byc #£0 (by lemma 8), the coefficient boc)\ll‘ ylk
is bounded away from zero; hence the contraction in (X,Y) variables is much weaker than
the contraction in U. Then the existence of an attracting invariant two-dimensional C”-
manifold for map (3.43) follows immediately, and the map takes the required form (1.12)
on this manifold, with

By :boc(signklsignyl)k. (3.44)

Case (2,1) Like in the previous case, after a shift of the coordinate origin, we may rewrite
formula (3.9) for the first-return map T in the following form:

_ [bo 5 i
=\ y+O()+0(y ")O1+o,_ (1)Osy,

yl_k)"z =M, +D0y2+Ak[(clcosk<p+cz sinkg)x; +(cacoskp —cysinkg)x;]
+o(yH)+lo(y )01 +o,_ (DO,

v=0(y)+0(y*k)(91+0Hﬂ(1)02+, zZ:O(y)+0(y*k)(91+0k9x(1)(’)2+, (3.45)
where x=x0—x*+0 (), y=y—y +0(y M), u=ug—u*+0(y ", v=v,—v"+0(y %)
and
Mi=p— yfky_(l +~-~)+)»k(cos(k(p)(cl)cf+czx;)+sin(kg0)(02)cfr —Cc1x3)+-).
The rescaling (x,u,y,v)— (X,U,Y,V) is analogous to (3.41):

by 1

—k —k —k —k
=20 kx, =5y kX, =ty —yU/s,,
X D0V1 1 Xo=68y "X> y Doyl u=y U/

v=y"*V /8, (3.46)
where &, tends sufficiently slowly to zero as k — oo. In the rescaled coordinates, system (3.45)
takes the following form:

Xi=Y+o_. (1),  (X2.U0.V)=0, (1),

Y=M-— Y2+b0(c1coskg0+czsink<p)kky1]‘X1 +o,_..(1).
This is absolutely analogous to (3.42), so lemma 4 now follows immediately, and we obtain
lemma 5 provided the sequence of values of k is chosen such that ¢jcoskg+c;,sinkg stays
bounded away from zero as k — +00; we may always do it because ¢ € (0,7) and cf+c§ #0
by lemma 8. The coefficient By in (1.12) is

(3.47)

By =by(cy cosk(p+C2sink<p)(signy1)k. (3.48)
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Case (1, 2). Consider the first-return map 7® in the form (3.25) (using (3.38), one can check
that (3.25) remains valid if Ay <1 at £ =0). Introduce new u-coordinates by the rule upey, =
u—(l;l/bo)x. Then, the first equation of (3.25) is recast as (x,u) = (by,0)y; +y KO0+ 0y,
The form of the other equations in (3.25) does not change. As in the proof of lemma 2, we
make the transformation (3.27) and bring the map to the following form (cf (3.28)):

b b
="y — Zcoskiryr+ 0 () +y *O +0,,, i=y *01+0,,
S0 S0

Y—{(COSklﬁ +d1 sinkw +§k1))_’1 — (1 +§k2))_72 +§k3l_)} = )/le +C())»]fj/kx
30

Dy
+ T Oyl D+ + 017 +0 (/YD +Oa,
0
ya=dyy 5142501+ 0y, v=250 (x| +lul)+y* Oy, y,0])+On. (3.49)
Now, we rescale the coordinates in (3.49) as follows:
x:y’kX, ylzy’le, u:y’kSkU, yzzy’k(SkYz, v:y’kSkV,
(3.50)
where §; tends to zero sufficiently slowly. Map (3.49) takes the form
_ b _
X="Yi+o_ (1),  (U.Y2,V)=o, (D),
50

1 . Do 3.51)
— (cosk+dysinky) Yy =y My+codiy X+ Y{+o,_ (D),
S0 50

where, recall, so=d; coskiyr —sinkyr (see (3.27)). Denote gy =coskyr+d;sinkyr. Choose a

sequence of values of kK — oo such that both g and s stay bounded away from zero (we can

always do it as d; #0, see lemma 8). For such &, we introduce

bo 0

Xnew:_ X, Ylnew:_ , (U7Y27V)new=(U7Y27V)- (352)
qoDo qoDo
Then, map (3.51) is recast as
X=Yi+o_. (1), (U, Y2,V)=o,_ (1),
- b
Fr=M+ 200k kX —y2 b0, (1),
q0

where M =—Dyy* M, and M, is given by (3.26). This is absolutely analogous to (3.42), so
lemmas 4 and 5 follow immediately, with Bj given by
b
B—__ Lo
coskyr+d; sinkyr
Case (2, 2). We start with formula (3.34) for the first-return map T®  where we assume, again,
that values of k — oo are such that both go =cosky +d; sinkyr and so =d) cosky —sinkys stay
bounded away from zero. We introduce rescaled coordinates (X,U,Y,V) by the following
formulae (analogous to (3.50) and (3.52)):

(signip)k. (3.53)

_« bo & S0 —k
xXp=- X1, yi=- Yy, (x2,u,y2,0V) =y "8 (X2,U, Y2, V),
qoDo qoDy
where §; tends to zero sufficiently slowly. After that, map (3.34) takes the form
Xi=Yi+o,_ (1), (X2.U.Y2,V)=0,_ (1),

_ b ) (3.54)
Y= M+—0(cllcosk<p+c1251n<p)kkka1 — Y12+0kﬁw(1),
q0
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where M = —Dyy* M, with M, given by (3.32). This map is absolutely analogous to (3.42),
so lemmas 4 and 5 follow, with By given by

bo(CnCOSk(/)+C12 SngD)
coskyr+d; sinkyr

Bi= (3.55)

3.7. Bifurcations in the first-return maps

According to lemmas 1-5 the first-return maps 7'®) (when restricted to an invariant manifold, if
necessary) are close to one of the five ‘truncated” maps: parabola map (3.56), Hénon map (3.57),
generalized Hénon map (3.60), Mira map (3.58) or three-dimensional Hénon map (3.59). Let
us consider bifurcations in these maps.

Parabola map. Consider the following one-dimensional map
F=M—y*. (3.56)

Let v; be the multiplier of some fixed point. The coordinate y of this fixed point satisfies
equations M = y+y? and 2y = —v;. Thus, the parabola map has a fixed point with the multiplier

vy at M =VT‘2—%. In particular, M =—1/4 corresponds to the saddle-node bifurcation
and M =3/4 corresponds to period-doubling. It is well known that these bifurcations are
non-degenerate in this map (the first Lyapunov values are non-zero). Accordingly, at all
k large enough, the saddle-node bifurcation in the corresponding first-return map 7® is
non-degenerate at r >2 and the period-doubling is non-degenerate at r >3 (see case (i) of

lemmas 1, 2 and 4).

Hénon map. Consider a Hénon map (the limit map for (1.4)):
i=y, j=M —Bx —y>. (3.57)

Let v, and v, be the multipliers of some fixed point (they are either both real or they comprise
a complex-conjugate pair). The coordinates x =y of the fixed point satisfy the equation
M =y(1+B)+y>. The characteristic equation is v>+2yv+B=0. It is easy to find that
B, v)=vivy, M(v,1n) = “‘T”z (vi+v, —2v1v, —2), 1.e. for every admissible v; and v, there
exist B and M for which map (3.57) has a fixed point with the multipliers v; and v,.

In particular, the curve M = —}T(I+B)2 corresponds to a saddle-node bifurcation (one
multiplier equal to +1), the curve M = f—‘(B2 —1) corresponds to a period-doubling (one
multiplier equal to (—1)) and the curve {B =1, M € (—1,3)} corresponds to a pair of multipliers
Vi =e%®. The codimension-2 points (B=1,M=—1), (B=1,M=3) and (B=—1,M =0)
correspond to (vi,v2)=(1,1), (—1,—1) and (1, —1), respectively (see figure 1(a)).

The saddle-node and period-doubling bifurcations in the Hénon map are non-degenerate.
However, the bifurcations corresponding to a fixed point with two multipliers on the unit circle
(i.e. at | B| = 1) are degenerate. Indeed, in the generic case, crossing the curve corresponding to
Vip= et should lead to the birth of a closed invariant curve, but the Hénon map cannot have
closed invariant curves at | B| # 1, as the Jacobian of the map is constant (it equals B). Similar
reasoning gives us the degeneracy of the point (B =—1, M =0) that corresponds to v; , ==1.

Mira map. Consider the map (limit for (1.5))
1=y, Y2=M—Cy,—yi. (3.58)

Let v; and v, be the multipliers of some fixed point (again, the multipliers are either both real
or they comprise a complex-conjugate pair). The coordinates y; =y, =y of the fixed point
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Figure 1. Bifurcation curves for fixed points of () the Hénon map (3.57) and (b) the Mird map
(3.58). Bifurcation curves L*, L~ and L¥ correspond to multipliers +1, —1 and e*®, respectively;
codimension-2 points B**, B*~ and B~ correspond to pairs of multipliers (+1,+1), (+1,—1) and
(—1,—1), respectively.

satisfy the equation M = y(1+C)+y?; the characteristic equation is v2+Cv+2y=0. One can
easily find C=—(v;+v2), M="52(1 +C)+%. We thus obtain three bifurcation curves
(see figure 1(b)): {M = —%(C+ 1)2,C+#0,C#-2} corresponds to a non-degenerate saddle-
node bifurcation, {M = %(C —1)(3C+1),C#0,C #2} to a non-degenerate period-doubling
and {M = }1(3 +2C),|C| <2} to v=e*®. By [61], the latter bifurcation is non-degenerate and
the first Lyapunov value is equal to L; = —%(C +3)/(2+C). As |C|=2]|cosw| <2, it follows

that L; <0, i.e. a stable closed invariant curve is born from the fixed point when the bifurcation
curve is crossed.

Three-dimensional Hénon map. Consider the following map (limit for (1.6)):
I=y,  Bi=y,  H=M-Bx—Cy-yi. (3.59)

Let vy, v, v3 be the multipliers of some fixed point (either all three of them are real or one
multiplier is real and the other two comprise a complex-conjugate pair). The coordinates
x =y =y, of the fixed point satisfy the equation M =x(1+B+C)+x?, and the characteristic
equation is —v3—Cv?—2xv—B=0. It follows that B=—vjvv3, C=—(v;+v3+13),
M= %(1)11)2+1)11)3+U21)3)(1 +B+C)+i(\)1\)2+l)1 U3+l)2|)3)2. These formulae giVC us the
following equations for codimension-1 bifurcation surfaces (see figure 2): M = — % (B+C+1)?
corresponds to a non-degenerate saddle-node, M = }T(B +C—1)(3B+3C+1) corresponds to a
non-degenerate period-doubling, M = %(1 +B(C—B))(3+2(C+B)+B(C — B)) corresponds
to a pair of multipliers e (the third multiplier is equal to —B in this case). Note that map
(3.59) degenerates into Mira map (3.58) at B=0, and one can check that the first Lyapunov
value L, for the fixed point with the multipliers e* is close, at small B, to that for the Mira
map. So, L; <0 at small B. Hence, there exists an open region of parameter values for which
map (3.59) has a stable closed invariant curve.

Generalized Hénon map. As we have seen, the analysis of the Hénon map is not sufficient
for the study of bifurcations of the birth of closed invariant curves in the first-return maps 7'
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Figure 2. Bifurcation diagrams for different values of B =const for the three-dimensional Hénon
map (3.59). The diagram for B =0 is shown in figure 1(b).

in case (2,1) with Ay > 1 (case (ii) of lemmas | and 2). In this case, according to lemma 3,
the map T® (restricted to an invariant manifold) is close to the generalized Hénon map:

=y, y=M—y’—Bx— Quxy, (3.60)

where Q)= % (A’y)* =0 as k—+o0o. This map undergoes a non-degenerate saddle-
(1+B)?

R 4(1+0x)°
bifurcation at M = WM (see [32]). The bifurcation curve that corresponds to v; , =e

is given by (B—1— 0= Q,%(1+M), |B—1|< 1-1(%’;‘/2 In contrast to the Hénon map, this

bifurcation in the generalized Hénon map is non-degenerate (at Q; #0): the first Lyapunov

node bifurcation of the fixed point at M =— and a non-degenerate period-doubling

+iw

coefficient of the fixed point with the multipliers e\ equals
O
Li=———+ 3.61
1= 1601 —cosa) o(Qx) (3.61)

(see [32]). It means that a closed invariant curve is born from the fixed point when the
bifurcation curve is crossed. The invariant curve is born stable if Q; >0 and unstable if
QO <0. The first Lyapunov coefficient is a function of the coefficients of the Taylor expansion
of the map at the fixed point up to the terms of the third order. Therefore, for every map that is
0(Qy)-close to (3.60) in C3-topology, the first Lyapunov value is still given by (3.61), i.e. it is
negative at Q; <0 and positive at Q; > 0. It means that the corresponding bifurcation remains
non-degenerate. Thus, by lemma 3, if r >3, the first-return map T® has, in some region of
parameter values, a stable closed invariant curve, provided J; > 0.
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In case J; <0, the existence of a stable closed invariant curve in the truncated map (3.60)
follows from the analysis of a fixed point with the pair of multipliers (—1, —1) which was done
in [32]. Applying the results of [32], one can show the existence of a stable closed invariant
curve in any map which is o(Qy)-close to (3.60) in C3-topology. Since we want to consider
the C2-case also, we will consider below another mechanism of the birth of closed invariant
curves.

Recall that if a C2-map of a plane has a parabolic periodic point, then the map in a
neighbourhood of this point can be brought to the following normal form:

x=y, J=—x+2y+ay’+bxy+o(x>+y?). (3.62)

The point is non-degenerate if ab #0. For a non-degenerate point, any generic two-parameter
unfolding of class C? can be written in the form

xX=y, J=e1+(=1+e)x+2y+ay’ +bxy+o(x*+y?),
where a, b depend continuously on the governing parameters & . If
ab>0, (3.63)

then there exists an open region in the plane of parameters (g1, ;) which corresponds to the
existence of a stable closed invariant curve. If ab <0, then an unstable closed invariant curve
is born.

By lemma 3, the first-return map 7®) in case (2, 1) with Ay > 1 has the form

=y, F=M—y*—Bx+0;(y) — Qxxy+0(Qp), (3.64)

where Q) = 2—;‘ (A2y)F and ¥ =0(1)i—+00. Map (3.64) has a non-degenerate parabolic fixed
point at B=—1+0(1)j—+00, M =—1/4+0(1)i—+00: the coefficients @ and b are given by
a=—1+0(1)i— 400, b=—0r+0(Q}). Thus, if J; >0, we have the existence of a stable closed
invariant curve in the case r =2 also (see (3.63)).

In order to show the existence of stable closed invariant curves in the case J; <0, we
will study parabolic points of period three. In the Hénon map (3.57) such a point exists at
M = B =1; itis the point (0,0). The third iteration of the Hénon map at M = B =1 has the form

=1-y—( —x—y2)2:2x—y—x2+2y2+0(x2+y2),

=

(3.65)

y=x+y2 — (;)2 =x —4x2+4xy+0(x2+y2).
In order to bring this map to the normal form (3.62), we introduce the new coordinates
u=y,v=x+y>—(x)2. Map (3.65) takes the form

u=v, 17:—u+2v—v2+4uv—2u2+0(u2+v2).

2, w=v—1v? the map takes the form

After one more transformation z=u —u
I=w, W=—z+2w+w>+o(>+w?).

Since map (3.64) is at least C2-close to the Hénon map as k — +00, it also has a parabolic
point of period three and the normal form is close to that of the Hénon map, i.e. the normal
form is

=w, W=—z+2w+(1+0(1)so0) W+ Rezw+0(* +w?), (3.66)

where R, is a certain coefficient that tends to zero as k— +oo. Let us show that R, =
—Qr+0(Qr). Indeed, it is easy to see that the Jacobian of the third iteration of map (3.64)
equals

T = (B+01y)(B+0i5)(B+0;Y)+0(Qu) = B>+ Qi (x +o(|x| +]y) +0(Qp). (3.67)



958 S V Gonchenko et al

Let us move the origin of the coordinate system to that point of the period three orbit which
is close to zero (recall that for the Hénon map the corresponding point is exactly (0,0)).
Obviously, the Jacobian will keep its form (3.67).

At large k, the linear part of the third iteration (T ®)3 of (3.64) at the period three point
will be close to the linear part of the third iteration of the Hénon map (see (3.65)), i.e. (T ®))3
has the form

x x
_|=D +o(|x|+]y]), (3.68)
y y

where D = (% _Ol)+0(l) r—+00- Recall that the periodic point is parabolic, which means that

tr D=2 and det D=1. Therefore, by an o(1);_, +c-close to identity linear transformation we
may bring this matrix to the form

p=(* ! 3.69
“\1 o) 5.69)

Note that this transformation does not change the form (3.67) of the Jacobian.

Next we make nonlinear normalizing transformations that bring the map to the form (3.66).
These are coordinate transformations with the linear part equal to identity. It is easy to see that
the derivative %+'§—j at (x,y)=0 is an invariant of such transformations (for maps whose
linear part is given by (3.69)). Since this derivative for the normal form (3.66) is equal to
— Ry, we immediately find from (3.67) that Ry = — QO +0(Qx). The closed invariant curve that
is born at the perturbation of map (3.66) is stable when R; >0 (see (3.63)). Therefore, map
(3.64) has a period-3 stable closed invariant curve at Q; <0, i.e. at J; <0. As we see, the
first-return map T® of the form (1.9) has a stable closed invariant curve (either of period one
or of period three) for both cases of the sign of J;.

Infinitely many coexisting stable closed invariant curves

Proof of theorem 6. As we have just shown, in all cases with d, >2 (case (2,1) with Ay > 1,
case (1,2) and case (2,2)) the rescaled first-return map 7 ® has, in some region of parameters
(M,B), (M,C) or (M,C, B), a stable closed invariant curve. Thus, in the Newhouse regions
with d, > 2, the required genericity of maps with infinitely many coexisting stable invariant
curves follows exactly in the same way as in theorem 3.
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Appendix

Proof of lemma 6. First, we make coordinate transformations after which identities (2.3) will
hold. Let

X"V =x+h|(x,u,8), V¥ =y+hy(y,v,¢) (A.1)

(v and v remain unchanged). We require that 5h;,(0,0,e)=0, 3?)2'11)(0,0,8):(),
3/’[2

W(O’ 0,¢) =0, so that identities (2.2) will persist in the new coordinates. In order to make
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the first of conditions (2.3) fulfilled in the new coordinates we have to achieve x™" = A x"" at
(y,v)=0. This gives us (see (2.1)) 0=x"" — A x"V =x+h(x,u,e)— A x—A1h;(x,u,e)=
p1(x,u,0,0,8)+h;(x,u,e)—A1h;(x,u,¢), which leads to the following equation for A;:

h](291298)=A](8)hl(xau78)_p](x7u707078)5 (A'Z)
where
x=A1(&)x+p(x,u,0,0,¢), u=AE)u+py(x,u,0,0,¢) (A.3)

(this is just the restriction of 7j onto the stable manifold).
The fulfilment of the second of conditions (2.3) in the new coordinates means
YV =A;y"¥ at (x,u)=0. This gives us the following equation for /,:

ha(y,v,8)=Bi(e)ha(y,v,8) —q1(0,0,y,v,¢), (A4)
where
y=B1(e)y+q:(0,0,y,v,¢), v=DB1(e)v+q2(0,0,y,v,¢) (A.5)

(the restriction of T}y onto the unstable manifold).
It is easy to see that the following functions &, /i, solve (A.2) and, respectively (A.4):
oo oo
hGuwe)=Y A7 N e)pi(xj,u;.0.0.8),  ha(yv.e)=—Y B/ '()q1(0,0.y;,v;.).
j=0 j=1
(A.6)

Here the points {(x;,u ;)} are the forward orbit of (x,u) = (xo, uo) by map (A.3): (x41,Uj41) =
(Tolwy,)(xj,u;), and the points {(y;,v;)} are the backward orbit of (y,v)=(yo,vo) by map
(AS): (yj,vj)= (To|wlgc)(yj+1, Vj+1). As the maps Tolw, and TO*1 lwy, are contractions, it
follows that (x;,u;)—0, (y;,v;)— 0.

Let us show that series (A.6) is convergent. Indeed, for any small § >0, we can choose a

norm in the (x,u)-space such that [| Ay | A(1+8/2). Then [lx;,u; [l +[| 552 || < K3/ (1+8))
for all small (x,u,e) and for some constant K. Recall that all the eigenvalues of A;(0)
are equal to A in absolute values, so ||Af1|| <A1 (1+8) for the same choice of the norm
in the x-space. As p;=0, (p1),=0 and (p;), =0 at (x,u)=0, we have p;(x,u,0,0,&)=

O(xIP+ul?), 5225 (x,u,0,0,6)=O(|x[|+]|u]). Thus, 1AT " (&) p1(xj.u;,0,0,8) | =

O (1+8)¥), A7 (e) 3225 (x;.17,0.0,8) 55 | = O (3 (1+6)*); hence the first series
in (A.6) converges uniformly, along with the first derivatives with respect to (x,u), i.e. it defines
a C! function h,. Similarly, the second series defines a C! function h,. It follows directly
from (A.6) that 4 and /'’ vanish at zero, as required.

Let us show that h;, have continuous derivatives up to the order r, with a possible
exception for the rth and (r — 1)th derivatives with respect to €. Indeed, note that the derivatives

o h . .
& (x,u,e)= B(xl,lu) (x,u,e) and & (y,v, &)= a(y,2u> (y,v,¢) satisfy the equations

0 0
AP 0,00 Phx,u,0,0)
0x u

R api
E(x,u)=| A& (x,u)— (x,u,0,0)i| ,
9 9
L o(x.u) 920,00 Avt P2 (x,1,0.0)
0x ou
9 9 -1
i} , Bl+%(0,0,y,v) %(0,0,y,v)
£5.0)=| Biga(y,v) — —1 (o,o,y,v>} Y y
L a(y,v)

0
220,0,y.0) By —2(0,0,y,v)
dy ou
(A.7)
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(see (A.6), (A.3) and (A.5)). The first of these formulae can be read as the condition of the
invariance of the manifold W : z=§;(x,u, ) with respect to the map

x=A1(e)x+p1(x,u,0,0,¢), u=Az(e)u+pa(x,u,0,0,¢),
9 i) -
o, A](8)+%(x,u,0,0,8) %(X,M,O,()?S)
EZI:A](E)Z_ (X,M,0,0,S)} * g
3(x,u) p> p2
—(x,u,0,0,¢) Ax(e)+——(x,u,0,0,¢)
ax du

(A.8)

(z is an m x m-matrix). The second of formulae (A.7) is the condition of the invariance of the
manifold W5 : w=§&(y,v,¢) with respect to the map

y=B1(e)y+4q1(0,0,y,v,¢), v="DB5(e)v+42(0,0,y,v,¢),
9 9 -1
, Bl(s>+%<o,0,y,v,s) %(o,o,y,v,s)
w:[Bl(e)w— cl (0,0,y,v,e):| y Y
a(y,v)

9 9
292.0,0,y,v,¢) Ba(e)+22(0,0,y,v,6)
dy du

(A.9)

(w is an n; x n-matrix). Thus, we may estimate the smoothness of the functions &, (that
is the smoothness of the manifolds W, ) by using known facts from the theory of local
invariant manifolds. Let us start with map (A.8). It has a fixed point at (z=0,x=0,u=0).
The spectrum of the linear part of the map is the union of the spectra of the following three
operators: 7+ Az (%‘ 22)71 , X Ax, ut> Au. Itis well known from the theory of matrices
that the spectrum of the operator z+> Lz K consists of the products of the eigenvalues of L
to the eigenvalues of K. Hence, the spectrum of the multipliers of the fixed point (0,0,0) of
map (A.8) consists of all possible ratios of the eigenvalues of A; to the eigenvalues of A; and
A,, and, besides, of the eigenvalues of A; and A,. Recall that at ¢ =0 all the eigenvalues of
Aj have the same absolute value A < 1, while the absolute values of the eigenvalues of A, are
strictly less than A. Thus, the zero fixed point has, at e =0, m% multipliers on the unit circle,
mm, multipliers strictly outside the unit circle and m eigenvalues strictly smaller than 1 in
absolute value (the eigenvalues of A; and A»).

It is known (see, e.g., [44] or [42]) that such a fixed point lies in a uniquely defined
m-dimensional strong-stable invariant manifold which is tangent at the fixed point to the
eigenspace of the linear part that corresponds to the multipliers strictly inside the unit circle: in
our case it means that the strong-stable manifold is a graph of a smooth function (x, y) — z. By
uniqueness, it is the invariant manifold ;. Analogously, the manifold WV, with &, satisfying
the second equation of (A.7) is the uniquely defined strong-unstable manifold (the manifold
tangent to the eigenspace that corresponds to the multipliers strictly outside the unit circle) of
the zero fixed point of (A.9).

The strong-stable and strong-unstable manifolds have the same smoothness as the map
itself. Therefore, as the right-hand sides of (A.8) and (A.9) are C"~!, the functions &, are
C7~ ! with respect to (x,u) or, respectively, (v,v). As &= % and & = %, this gives us
the required C"-smoothness of 7 ;.

When a map depends on parameters, the field of tangents to the strong-stable or strong-
unstable manifold has the same smoothness with respect to variables and parameters as the
first derivative of the map with respect to the phase variables [42]. Since the first derivatives of
the right-hand sides of (A.8) and (A.9) with respect to (x,u, z) and, respectively, (y,v,w) are
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C"2, it follows that the derivatives 5 fﬁ‘u) and 5 ?jzv) are C”~2 with respect to all variables and
¢. This gives us the required smoothness of /| , with respect to ¢ (see remark 1 to the lemma).

In cases r =00, w, only finite smoothness with respect to ¢ can be expected for the strong-
stable manifold in general [42]. More precisely, we know that given any p, the strong-stable
manifoldis C” withrespectto ¢ at|e| < £(p) where €(p) may tend to zero as p — +00. However,
this implies that at e =0 there exist infinitely many derivatives with respect to €. In other words,
there exist infinitely many derivatives at any value of ¢ for which all the multipliers of the fixed
point which are not bounded away from the unit circle lie exactly on the unit circle or outside

it. In our case, it follows that i} is C* with respect to ¢ if at every ¢ the spectrum of the

~1 . . L .
operator z+> A (e)z(%‘ /92) lies on the unit circle or outside it, i.e. for any & for which all

the eigenvalues of A;(¢) are equal to each other in absolute value. Analogously, 4, € C* with
respect to ¢ if all the eigenvalues of Bj(¢) are equal to each other in absolute value for every
small ¢.

We see that the coordinate transformation (A.1) has exactly the same smoothness as
described in remark 1. Also note that the new functions p, ¢ enjoy the same smoothness as
the functions /4 do.

After the map is brought to the form in which identities (2.3) hold, we make the coordinate
transformation:

x"V=x+g11(x,y,v,8), U™ =u+gp(x,y,v,¢),

(A.10)
Y =y+ga(x,u,y,e), VY =v+gn(x,u,y,e),
where g;; vanish identically both at (x,u#) =0 and at (y,v)=0. Thus, this transformation is
identical on the stable and unstable manifolds, e.g. it does not destroy identities (2.2) and
(2.3). Denote

ag1; 0go;
mj(y,v,s)za—;(O,y,v,s), nzj(x,u,e)za—)zjj(x,u,o,e). (A.11)

It is easy to see that identities (2.4) will be fulfilled after transformation (A.10) if n;; satisfy
the following equations:

_ ap; ap;
N (y,v)= Aﬂ’llj(yav)—E(O’O’y,v)*'g((),(),y,v)mz()’,v)
ap] Bpl -
X Al+_(05anvv)__(Oyoyyvv)UIZ(y’v) 5 (Alz)
0x ou

where (y,v)— (y,v) is given by (A.5), and

— dq, dq,
nzj(x7u)_ BJWZJ(X»“)_E(X’M’O’O)"'E(xau,O,O)UZZ(x»M)

9 9 -
s B+ S (x,10,0,0) — 2L (o, u,0,00mn (x10) ) (A.13)
dy Jdv

where (x,u)+— (x,u) is given by (A.3).
Formula (A.12) can be viewed as the condition of the invariance of the manifold
Wi {zi=n11(y,v,8),22=n12(y,v, &)} with respect to the map

_ ap; op;
Zj:(Aj(e)zj—%(O,O,y,v,e)+%(0,0,y,v,8)z2>
—1
Bpl 3]71 .
X Al(s)+a—(0,0,y,v,s)—B—(O,O,y,v,e)ZZ (j=1,2), (A.14)
X u

y=B1(e)y+41(0,0,y,v,¢), v=B1()v+42(0,0,y,v,¢),
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with z; € R™>"™ | 7z, e R"=m0xmi  Similarly, formula (A.13) represents the conditions of
the invariance of the manifold Wy: {w;=mn2(x,u,&),wr=n23(x,u,e)} with respect to the
following map (here, w; € R"*"™" , w, € RO=m)xnry.

i =(B.©w — Y (x.1.0.0.6)+ U (x.1.0.0. £ w5
J J J ay 8U

P 3 !
X <Bl(8)+%(x,u,0,0,€)—%(x,u,O,O,e)wz> (j=1,2), (A.15)
y v

x=A1(e)x+p1(x,u,0,0,¢), u=As(&)u+pr(x,u,0,0,¢).

Map (A.14) has a fixed point at (z; =0,z =0, y=0,v=0). The multipliers of this point
are the eigenvalues of the linearized map

82
2 Ay(e)zi A () — ——L1(0,0,0,0,e) - (v, v) A1 ()",
9xd(y,v)
-1 9% pa -
22> Ay(8)22A1(8) T — ———(0,0,0,0,8)-(y,v)A1(e) ",
9x9(y,v)
vy Bi(e)y, v Br(e)v.

The spectrum of this operator is the union of the spectra of the four operators z; +— Az Al_l,
> AzzzAl_l, y+ By, v~ Byv. Since at ¢ =0 all the eigenvalues of A; have the same
absolute value A < 1, while the absolute values of the eigenvalues of A, are less than A, and the
eigenvalues of By and B, lie outside the unit circle, it follows that the zero fixed point of the
map (A.14) has, at e =0, m% multipliers on the unit circle, mm, multipliers strictly inside the
unit circle and n eigenvalues outside the unit circle. Such a fixed point lies in a uniquely defined
n-dimensional strong-unstable invariant manifold which is the manifold JV. This proves the
existence of smooth functions 7;;, 11, that satisfy equations (A.12) and vanish at (y,v) =0.

Analogously, the zero fixed point of map (A.15) has a uniquely defined m-dimensional
strong-stable invariant manifold WW,. This gives us the existence of smooth functions 1,1, 72>
that satisfy (A.13) and vanish at (x,u)=0.

The first derivatives of the right-hand sides of maps (A.14) and (A.15) with respect to
(y,v) or (x,u), respectively, are C =2 with respect to the variables and e. Therefore, the
field of tangents to the strong-unstable and, respectively, strong-stable manifolds of the zero
fixed point of these maps enjoys the same smoothness [42]. Thus, we have established that
the first derivatives of the functions 7, 71, with respect to (y,v) and the first derivatives of
the functions 1,1, 12y with respect to (x,u) are C"? with respect to (y,v,¢) and (x,u,¢€),
respectively. In cases r =00,w, as we explained above, these functions may have any finite
smoothness with respect to €, and if for every ¢ all the eigenvalues of A (¢) are equal to each
other in absolute value and all the eigenvalues of B;(g) are equal to each other in absolute
value, then the functions n;; are C* with respect to ¢.

One can now take any functions g;; that vanish both at (x,u)=0 and (y,v)=0 and
that satisfy (A.11). By construction, the coordinate transformation (A.10) with such defined
functions g;; will bring the map Ty to the desired form (it will make identities (2.4) fulfilled,
while identities (2.3) were achieved in the previous step). As 7;; are derivatives of the functions
gij» we may choose the functions g;; to be C" with respect to (x,u, y,v); the smoothness with
respect to & remains C” 2, O

Proof of lemma 7. Introduce positive constants Ao < 1, yp> 1, A and 7 such that
A1 (&)1l <o, IBi(e) Il <vy " ho>i> [l Ax (@), vo ' =77 > 1Bae)”|
(A.16)
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for all small ¢. Since the spectra of the matrices A;(0) and A,(0), as well as of B;(0) and
B5(0), are separated, such constants always exist for an appropriate choice of bases in the x-,
u-, y- and v-spaces. We will also assume that

h>domax(ho.yy ). P <yomin(y.hg). (A.17)

Let Mj(x;,u;,yi,v;) (j=0,...,k) be a sequence of points in Uy such that ToM; =M,
i.e these are the points of the trajectory of My (xo,uo, yo,vo). By (2.1), we have the following
equations for {(x;,u;,y;,v;)}(j=0,...,k) (see [59]):

Jj—1 J-1

j j—s—1 J J—s—1
xj=A1xo+E Ay pr(xg,ug, s, 05, 6), u,-=A2uo+E Ay " pa(Xs, i, s, Vs, €),
s=0 s=0
k—1 k—1
j—k j—s—1 j—k j—s—1
ysz] Yk — E B] Cll(xsyus»)’s,vsﬁ), szBz Vg — E Bz q2(xsvusvysvvs’8)~
s=j s=j

(A.18)
By lemma 3.1 of [59], for all sufficiently small § >0, if max{||xoll, l|lzoll, | V& ll, lvell} <8/2,
system (A.18) has a unique solution [(x}‘,uj‘.,yjf,v;f)]’;:(), where ||x;‘||<8, ||u;||<5,
IyilI<d, llvill<é. This follows from the fact [57, 59] that at small é the operator
d: [(xjvujvyjsvj)]l;z()'_)[(-)Ej,ﬁj,yj,l_)j)]lj-zo defined by

j—1 j—1
c = Al pds1 T oA Ads1
X;=Ajxo+ 1 P g, Vs, U5, ), U= Ajup+ 5 P2, Uy, Y5, Vs, ),
5s=0 s=0
k—1 k—1
- Jj—k Jj—s—1 = Jj—k Z Jj—s—1
yszl Yk — E Bl q1(xs»us»yx»vxa8)v ijBz Uk — Bz q2(xmumymvs’8)’
s=j s=j

(A.19)

is contracting. The fixed point [(x}*, u;f,y;f‘, v;‘f)]lj‘.:o is the sought solution of (A.18).
In order to prove the lemma, we must show, first, that the functions &, = Ak (xf — A’fxo),
ék :)Afkuz, Nk :ﬁk(y(’)‘ - Bl_kyk) and 7y :)?kv:)‘ are uniformly bounded for all k. In fact, we

show that [(x;f,ujf,yj,vj)]’]‘.zo belongs to the set R of the sequences [(xj,uj,y‘,-,v‘,-)]’]":0 that
satisfy the inequalities

. ~ . A i—k N ~AT—
llx; —Afxoll <8A7, flujll <67, ly;—Bi "yl <8977, vl <8p77F.
(A.20)

Since [(x7,u7, 7, v}’f)]';.zo is a unique fixed point of the contracting map @, it is sufficient to
check that @ (R) C R. Obviously, (A.20) implies

, -
llxcj,uj 1 < 8hg, Iy vl <8y (A21)

for every sequence [(x;,u;,y;, vj)]l;:o € R. Also note that it follows from (2.2) that

Ty ap;
Ipi ety y, ) < max | 228 (s su, sy, s0) | -+ max | 28 (s su sy, s0) ) -l
sef0,11| dx sel0, 11| du
0q; 0q;
llgi (x,u,y,v)|| < max ||—(sx,su,sy,sv)| - [|y|l+ max |—(sx,su,sy,sv)| -|[v].
sel0,1]]| dy se[0,11| dv

(A.22)
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Since 5 (i(;’ ’z?v) is a smooth function vanishing at the origin,
a(p.q)
—————=O0xlI+lul+lyl+lvID. (A.23)
d(x,u,y,v)
By (2.3), we have
ap g,
———=0(lyl+vl, ———=O0(lx|[+[[ul), (A.24)
9(x,u) a(y,v)
while it follows from (2.4) that
ap dq
——=0(xID, —=0(yD. (A.25)
dx ay

By comparing (A.24) and (A.25), we find that %:0(min{||x||,||y||+||v||}),
3‘“ = O (min{||y||, [|x]|+l«]|}); hence, for any « € [0, 1],

3P1 o —« 9q1 p -
—=0x|*lyl+lvID'™). — =0yl Uxl+luld'~). (A.26)
ax ay
Thus, by (A.22)—(A.26), there exists L >0 such that
ol LA™ - lyll+ oD+l - Ay I+ D), I p2ll S L] +L3]|u,
lgul SZAYI*- Al + el =+ ol ol + ). g2l SLIYIP+Lllv]l.  (A27)
Hence, by (A.21), (A.16) and (A.17), we obtain
1P G g, s, 05, I S LGy ™ 425"y ™00 pa g, v w5, ) [ S LE7AS.
(A.28)
Let us fix the choice of @ € (0, 1) in the following way:

Volfot)\g -1 (A.29)
We also assume further that

A> b and v<vy (A.30)

Now, for all j =0,...,k, we have from (A.19) and (A.28)

s
A Wi
I5;— ij0||<L82)LJ 1 O—k Ao +y0 <L82 V +J)»j 1;/0 k(1—a) ’
Ao Ao —2o

1. sy AN NS T ¥
luj I <8 SA7+L1A 718 )Y | —— <5AJ(—+A—>. (A31)
! 2 ;) 14, 2 i —)Aq

Thus, x;,u; (j=0,...,k) satisfy (A.20). Analogously, one verifies that the same holds true
for y;,v;. So, we have indeed that if [(xj,uj,yj,vj)]lj‘.:o belongs to R, then its image by ®
belongs to R also, from which the required uniform boundedness of the functions &, n, ék, Nk
follows, as explained above.

Since @ is a smooth contracting operator, it follows that its fixed point [(x}*, u*]‘ , y_;‘f, v_’;)]’j‘.=0
is also smooth—C" with respect to (xo,uo, yk,vx) and C"~2 with respect to . As there is a
substantial difference in the estimates for the derivatives of the orders up to (r —2) and of the
orders (r—1) and r, we will first estimate the derivatives of (x* T y;f, v;‘) in case r =2, in
order to make the situation clear. In this case, we need to estimate the derivatives with respect to
(x0,U0, Yk, Ux) (we do not differentiate with respect to €, as we may guarantee only a continuous
dependence on the parameter in this case). By the contraction mapping principle, the iterations
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of the initial point [(x;,u;,y;,v j)]];:() =0 by the operator ® converge to the unique fixed point
along with the derivatives. The derivatives are iterated according to the following rule (obtained
just by differentiation of (A.19)):

-1
_ i S 8}71 8p 3[)
DiGEi—Alxg)=Y A/! D +—"1 D (y,. v,
1% — Al x0) ;1 o 3, D1 50 oy P10w ) |
I ap ap aps
— A j—s—1 2 P2
Dlu}_A2D1u0+S2=(;A2 [a aule’/‘x"'a(ys7 X)Dl()’mvs)i|

k—1
_ i —s— 0q1 g1
Di(5;,— B “yo==>_B]" I[LDM“M Iy Dlvs],

o 9 (xy, ts) dys dvs
- j—k — jos—1|  9q2 092
Dyv;=B] "Dy~ _Bj T )Dl(xs, S)"Lay Dy S+8v Dy, |, (A.32)
S:j RERAA s
where we denote D= W By (2.2) and (2.4), we have v” =o0(x)+0(u). By

plugging (A.20) into this estimate and into (A.23)—(A.26), we find
Pl op1

S| <Loxgtyg Y, ‘ <Léyy ™,
s (A.33)
a a 8 b
Y Py P2l 15, prr) |y s oA )
Xs 3(ys, vs)

(similar estimates hold true for g1, ¢2).
Let us show that there exist functions S 2(s), satisfying 0 < B 2(s) <2 and B (s)=
0(1);_ 400, such that if

1Dy (xy — A xo, u) | < Br () ALY, 1Dy (ys — B} *yi, v) | < Balk—s) (B H**
(A.34)

on the right-hand side of (A.32), then the same estimates are fulfilled for (x;,u;,y;,v;) on
the left-hand side, with the same functions 8; and B,. This will immediately give us the same
estimates for the derivatives of the fixed point, thus proving estimates (2.6) in the case under
consideration. Note that (A.34) implies

I D1xg | <30 AL, 1Dy (ys, ) | <3575
Now, by (A.32), (A.33) and (A.29) we obtain for k large enough
j—1
1Dy (& — A{xo) 1< D IAI T BLOA vy~ Ay ¢
s=0

+L3yy " Bi()II AL+ L3y oA )]

j—1
<LS||A 7! <3jy0““”‘+y0"‘2yg [Bi <s>+¢(s>]> :

5s=0
j—1
I Dyit ;|| < ||A2I|’+Z|IA2||’ STHBLSA AL +L8B ()| A1 ]I° + LSy, ol A|I* )]
5s=0
S AY
giuLsiJ—'Z( il )[ﬂl(s)+¢(s)], (A.35)

s=0
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where the positive function ¢(s) =0(1);—+00 i1s independent of the choice of B ,(s). By
(A.35), we have that (x;,u ) satisfies the required estimates (A.34) if

&\ / j-1 s—j
. A 3LS . —(l—a)j L_(S ( . ”Al” ) !
2>ﬂlu)><—”A1”) WL 2 (minfro. == 1) B+

s=0
(A.36)

Since yp> 1 and || A ||/)AL > 1, and L(S():)_1 < 1, there always exists tending to zero £ (j) which
satisfies (A.36). Thus, estimates (2.6) are proven for r =2 (the computations for (y;,v;) are
completely analogous, and we omit them).

For the second derivatives of (X;,it;,y;,v;) we have

Jj—1 2
R s ap ap 9°p 2
DZ(xjvuj):ZA] ) 1|:—D2(xmux)+—DZ(yva.v)'i'—le(ySsUs)
= 9 (xs, us) 3 (¥s,vs) 3 (¥s,vs)
¥ >p D (xs. ) D1 )
-xhus 'xS’uS’ S’vS E)
86 U)oty yrvg)
k—1
o o dg dg 8%q
D K i) =— BJ s D Sy Vs +—D Sty +—D AREANY 2
Z(y] UJ) ; |:3(yv, US) 2(y U) a(xs;us) 2(x ! ) B(Xs»us)z l(x ! )
3%q
+ Dl(ys’ vs)Dl(xs’us’ys’ vs)i|v (A37)
0 (Y5, 05)0(Xg, Uy, Y5, Us)

where D, = m As we did in the estimates for the first derivatives, let us show that
there exist functions f3 4(s) =0(1)s_ +c0 such that if

1D (xg, ug) || < B3 (s), D2 (ys, )| < Balk—s) (A.38)

on the right-hand side of (A.37), then the same estimates are fulfilled for (x;,u;,y;,v;) on the
left-hand side, with the same functions 3 4. This will give us estimates (2.7) for the derivatives
of the fixed point, thus proving the lemma in the C? case. Note that estimates (A.34) imply
that Dy (xy,us, vy, vs) are bounded uniformly for all s, and D (x,,uy) =0(1);—+00. Also note
that according to (2.2), all the derivatives of p(xy,uy, ys, vy) With respect to (ys, vy) tend to zero
as (xy,uy)— 0, i.e. as s = +00. Now, from (A.37) we find

j—1

D2 (xj,u )l <ZIIAIIJ;S*l[L5||Dz(xs,Ms)||+¢1(S)||Dz(yx, Us) [ +¢2(s)]
s=0
j—1

< T LB () + 1 () Balk — ) +a(s)],

s=0
k—1 '
1D2(yj,v)l <2:IIB_I IS LL8 N Da(ys, vo) |+ 3 (k — ) 1| Dy (xg 1) ||+ pa (ki —5)]
s=j
k—1 )
< ZV@’_J_I[L5,34(k—S)+¢3(k—S)ﬁ3 () +¢a(k—s)1, (A.39)
s=j

where the functions ¢ (s) =0(1);_,1 are independent of the choice of f34. Since L§ <1,
Mo <1and yofl <1, one can show that for all k large enough there exist functions 3 4 that tend
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to zero as j — +o0o and

-1
Bs() =3 kg T L8B3 () + 1 (5)Balk —5) +a(s)],

s=0
Balk— )= Z I LBk —5) + b3 (k—5)B3(5) +a(k —5)].

It is obvious that with such chosen B3 4 the derivative D;(x;,u;,y;,v;) will satisfy (A.38)
indeed. This finishes the proof of the lemma in the case r =2.

Let us proceed to the case r >3. Denote D;= 3(#}”1)6), where [/ is a non-negative
integer multi-index. Let us prove that for all / such that |/| <r —2 the following estimates hold

(with some constants Q; > 0):

| Dyxg || <345, I Dyys |l <3y37F, I Dyus || < Q1A | Dyl < Qip**
(A.40)

for every iteration of [(x;,u;,y;,v j)]’;:0=0 by the operator @ given by (A.19). This will
imply that the same estimates hold true for the fixed point of this map, i.e. for the solution of
(A.18). It is enough to check that if D;(x,,us,ys,vs) satisfies (A.40), then D;(x;,u;,y;,v;)
satisfies (A.40) also with the same constants Q; (the values of (x;,i;,y;,v;) are defined by
(A.19)). Note that at / =0 the fulfilment of (A.40) follows from (A.21). Thus, we may assume
that (A.40) is fulfilled for all / such that |/| < £ for some £ <r —2, and it remains to check that
(A.40) will have to be fulfilled for D;(x;,u;,y;,v;) at |[|=¢.
The differentiation of (A.19) gives

Dy (% — A1 (8) x0)
-1

j—s—1] 9P1 ap1 op
A1(€) 8)( Dl Xs+ Dl”s‘l'—Dl(ys»vs) +ly[x](s ])

—0 ou a( Vs,V vy)

Dyii j = Di(Az(€)  up)

j—1
i—s—1| OP2 apa ap>
+Z{A2(e)f ' 1[—szs 2 Dyttt ———— Dy (35 v5) |+ W (5. )

g 9x; ug 9(ys, vs)
Di(5; — Bi () yp)
ol dg dq g
= B j=s=l —lD S+_1D K D 5o Us +\II
;{ 1(8) [8% 1y, o, 1vg+ 30, 1 (X5, Us) 1085 7)1
Dyvj=Dy(By () Fvy)
8 9 I
+ B (‘9)] = II: Dlvs D[(XS, s)i|+\yv (S .])}
Z{ o, 3 (xgo tty) vl

(A41)

Here, Wi, .,y are certain expressions involving the derivatives Dy with || <£=1/| only. We
describe these terms in more detail below, see (A.46). In particular, we will show that the
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assumed fulfilment of (A.40) at |I’| < £ implies that
(s, D=0y " PUAN T G =), Wials, )= 0G0 As]l7 7 (j—s)",

Wi (s, D=0 @ OB I (s —j+ 1D, Wis, =0 B 1P (s — j+ Dl

(A.42)
at £ <r—2, while at £ =r —1 we have

Wi = (A1) +0 GG =) Ay~ 70,

W= (A1) +0 G (=) [ A7, (Ad3)

Wi =B )+ 0@ ) s — j+ D) B Ag,
Wi =B ) +0@ ) (s — j+ D) B 1.

In these formulae /; is the number of differentiations with respect to € in D;.
By (A.41), (A.33) and (A.42), at £=|l| <r —2 we have for some L >0

j—1
1Dy (% — Ar(e) xo) | LY 2! [sxgwgl‘”““") 1Dy, |
s=0

+8y5 * | Dy | +5xf,||Dz<ys,vx>||+iwo“”“ﬂ,

j—1
D | <37 +L Y Azl BRI Dy 481 Dyt | 4635 1Dy (3, 0 [+,
s=0

Now it is easy to see that there exists a constant C such that when estimates (A.40) hold for
Dy (xs,ug,ys,vs), the derivative Dy(X;,u;) satisfies

D)X — A1 (e) x0) | SC(S+Quy 100 (G/ng) )AL, Dyt || <C(1+ QA

Thus, for sufficiently small § and large k, one may choose the constants Q; such that D; (x;,u ;)
will satisfy (A.40). By the symmetry of the problem, the same holds true for D;(y;,v;). Thus,
by induction, estimates (A.40) hold true indeed for all |/| <r —2.

As we mentioned, this factimplies the validity of estimates (A.42) and (A.43). By plugging
(A.42), (A.43) into (A.41) we find, in the same way as we did in the case r =2, that the
derivatives D;(x;j,u;,y;,v;) of the solution of (A.18) satisfy the estimates

Dy(xj—Ai(e) x) =0V yy ™), IDuyll=0G), (Add)
Di(y;—Bi(e) "y =01 7 g, I Dyvjll=0 '~
at |[| <r—2, and the estimates
Di(xj—Ai(e) xo) =o(| Ay [Ty V™), I Dy | =0l A1), A45)
Di(y; — Bi(e) ™y =o(I B; 7257, I Dyl =o(lI B IIF7)

at |[| <r—1. This gives us the estimates of the lemma for all the derivatives up to the order
(r —1)—once (A.42), (A.43) are proven.

Thus, to finish the lemma for the derivatives up to the order (r — 1), it remains to prove that
(A.40) implies (A.42) and (A.43) indeed. As before, it suffices to make computations only for
W, and Wy,); the estimates for Wy,; and Wy, are obtained analogously, due to the symmetry
of the problem.
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By the chain rule, Wi, and Wy, in (A.41), are estimated by a constant times the sum of
various terms of the kind
gl \+|12|+\13\pi

A(x,u)1d(y,v)k0eh
X ”Dtl (xssux)” ”Dtu]‘(-x:’us)“ X ”DZVHH (yS9v5)|| ”Dl‘/l‘wz\(ysa US)”v

A )7 (j —s)l1h!

(X5, Ug, Y5, V5,€)

(A.46)

where /53 run non-negative integer values such that |I;|+|l,|+|l3] < ||, and s can take
all possible positive integer values such that [¢[+-- -+t 4,/ =1!|; the derivative of p;
corresponds to Wi, and the derivative of p, corresponds to Wy,;. The factor (j — g)lo=I5l
appears when we differentiate the matrix A{ ~lin (A.19) with respect to ¢ (the total number
of differentiations with respect to ¢ in D; equals [y).

By virtue of (A.40), we immediately arrive at the following estimate:

W || <const-[|A;(e)||/ 75 (j —s)0 15!

5 Z gl \+Ilzl+\13\pl

7 Aol
st | 06107190y, v)2 98

Wl <const-[[Ay(e)||/ 75 (j —s)0 15!

x>
[ [+ |+
As we see, all the terms in the first line with |/;| >2 and |/| > 1 and all the terms with |/;| >2
in the second line fit (A.42) and (A.43). Let us examine the other terms. We will consider
below only estimates for Wiy, as the estimates for Wy, are obtained analogously (and simpler).
Thus, we want to show that

{0<i'*‘)y<§1‘“““‘“||A1<s>||f—5(j—s)fo—’3 atl<r—2,
[x]= . _ N —a)(s— j—s
A+ =)D oG )y ™A@ atl<r—1

(compare with (A.42) and (A.43)).
We start with the terms for which |/;] >2 and [, =0, i.e. we do not differentiate p; with
respect to (y,v). As p; vanishes identically at (y,v) =0 (see (2.3)), we have

3I11I+\l3\pl
a(x,u)19eh
at |[;|+]lz] <r—1. Hence, all terms with |/;|>2 (both with [, =0 and with |/5|>1) in the
estimate (A.47) for W, fit (A.48).
It remains to consider the terms with |/;|<1. By (A.46), the terms with |/;|=1 are
estimated (modulo a constant factor times || A; (e)||/ = (j —s)b) as

i 3|12|+|13\p1 i a|12|+|13\p1
dx (y,v)ldeh du d(y,v)ldeh

The second term obviously gives a right contribution into (A.48) at |I| > 1, while at [, =0
it also fits (A.48) by virtue of (A.49). Thus, we are left to estimate the first term in (A.50).
Recall that dp; /dx vanishes at (x,u) =0 (see (2.4)). Hence, as it is a C"~'-function, it is
O(|lx|I+llull) = O (Ay) along with all the derivatives with respect to (y,v,¢) up to the order

(r—2). Thus, the first term in (A.50) fits (A.48) at |[r|>1. If [,=0, it takes the form

| w”k(s) Since dp;/dx vanishes at both (x,u)=0 and (y,v)=0, the same holds true

9x0eh3

Iirls lla|(s—k)
(Xs,Ms,ys,Us,E) ')‘fol 7/02 s

3\11|+|12|+\13\p2
A(x,u)9(y,v)20eh

(-xmusaymvsve) 'Ag1|SVAIZ|(S7k)' (A47)

(A.48)

=0(lysl+lvsD=0@g™" (A.49)

L2s=h) ry and

Ve ST, (A.50)
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1+|13] . . . 1
for aax;gﬁl- As this function is at least C! (recall that |/3| <r—2 always), it follows that
31| . - 1—a)(s—k

s = Omin{lLx,ull, [y v =O0(lx.u|*lly. vl ) =00 vy ™), and we see that

(A.48) is satisfied at [, =0 too.
Let us proceed to the terms with /; =0 in (A.46). These are

3\12\+|13|p1
8(y.0) 0"

with || =|I| =1y, |I3] <ly. Note that p; and dp; /dx vanish at (x,u) =0. The same remains true

3\/2\+\/3|p1
A(y,v)2 063
is at least C2. Since it vanishes at (x,u) =0 along with its first derivative with respect to x, it
follows that

A1)~ (j—s)lIh! e, (A.51)

for all their derivatives with respect to (y, v, ). When || +|l3] <r —2, the derivative

glk+ibl
0(y, v)R0eh

i.e. the term (A.51) satisfies (A.48) in this case, provided |I]| > 1.
Now assume that |l,|+|/3]|=r — 1. This is possible only if |/|=r —1 and Iy = /3] (i.e. the

=O0(IxI*+lulh =00, (A.52)

factor (j —s)~5!in (A.51) disappears). Now % is only C!, so we have an estimate
worse than (A.52), namely, % =o0(x)+0w)=o0(||A1]]*). It follows that the term (A.51)

with |/;| > 1 satisfies in this case the part of (A.48) that corresponds to || =r —1.

The last remaining case corresponds to /; =0, =0, i.e. to the differentiation with respect
to parameters & only. The corresponding terms in (A.46) are given by ||A{(e)||/~*(j —
s)lo=Ihal | 3:;% |. As the number of differentiations with respect to & cannot exceed (r —2)

(see remark 1 to lemma 6), the derivative Pl Pi /8@13 is at least C2. As it vanishes at
both (y,v)=0 and (x,u)=0, along with its first derivative with respect to x, we have

agj,f‘ =0 ((IxlI"**+ Dy, v]|' ™) = 0():5]/0—(1—0()(1(—9)' Thus, the corresponding terms in
(A.406) satisfy (A.48) also. This finally gives us the part of the lemma that is concerned with
the derivatives up to the order (r —1).

To finish the lemma, we note that the derivatives of order r are estimated in absolutely
the same way as they are in the case r =2: one shows that relations (A.38) are satisfied by the

derivatives D,, and the rest follows without changes. O
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