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Abstract
A new method of obtaining lower bounds for the attractor’s dimension is
suggested which involves analysis of homoclinic bifurcations. The method
is applied for obtaining sharp estimates of the attractor’s dimension for a class
of abstract damped wave equations which are beyond the reach of the classical
methods.
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0. Introduction

It is well-known that the long-time behaviour of solutions of partial differential equations
arising in mathematical physics can, in many cases, be described in terms of global attractors
of the associated semigroups (see [1—4] and references therein). Moreover, it is also known
that for a large class of equations of mathematical physics, including reaction—diffusion
equations, Ginzburg-Landau equations, two-dimensional Navier—Stokes system, damped
wave equations, etc, the corresponding attractor has finite Hausdorff and fractal dimensions.
Thus, although the phase space for such problems is infinite-dimensional, the dynamics on the
attractor happens to be finite-dimensional, hence it can possibly be understood by methods of
the qualitative theory of ordinary differential equations. One of the crucial questions here is,
of course, obtaining more or less realistic estimates for the dimension of the attractor.

The best known upper estimates here are usually obtained based on the Kaplan—Yorke
concept of Lyapunov dimension dimp, (A) of the attractor A (see [5]), and on the following
estimate:

dimyg(A) < dimp(A) < dimg (A), (0.1)
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where dimy and dimg denote the Hausdorff and the fractal dimension, respectively (see
[7,6,3,8-10]). The main point here is that the Lyapunov dimension, by its definition, can be
explicitly estimated using sufficiently simple volume-contraction arguments (see [3], chapter 5,
for details).

Lower bounds for the attractor’s dimension are usually based on the observation that the
unstable manifold of any equilibrium of the system is always contained in the global attractor A.
Consequently, the following estimate is valid:

dimg(A) > dimg(A) > max N*(up), (0.2)
uo€

where R is the set of equilibria of the system, and N*(uo) is the instability index of the
equilibrium uy (see, e.g., [1,2]).

We note that this method of obtaining the lower bounds for the attractor’s dimension
is perfect for the class of gradient systems (or, which is slightly more general, for systems
possessing a global Lyapunov function). Indeed, the dynamics in the gradient case is, in a
sense, trivial and the dimension of the attractor is determined by the instability indices of
the equilibria only, no matter what the Lyapunov dimension of the attractor and what the
volume-contraction properties. Namely, in this case we have the equality in the second part
of (0.2):

dimy(A) = max N*(up) (0.3)

(see, e.g., [1,11]).

There exists, however, a number of important equations of mathematical physics (such as
two-dimensional Navier—Stokes system, Ginzburg—Landau equations, non-gradient systems of
damped wave equations), for which the given methods of estimating the attractor’s dimension
from above and below yield different asymptotics for the dimension in terms of physical
parameters of the system (see [3], chapter 6, [4] and references therein). Which asymptotics is
then correct is a long-standing open problem in the theory of attractors. It is also worth noting
that all systems mentioned above are far from being gradient and they usually demonstrate a
very complicated (e.g. chaotic) dynamical behaviour.

In this paper, we present a new method of obtaining lower bounds for the attractor’s
dimension which exploits explicitly the recurrent (as opposed to gradient-like) nature of the
system, and which is based on some general ideas from the theory of homoclinic bifurcations.
Namely, we suggest estimating from below the attractor’s dimension in terms of the maximum
M (T, up) of the dimension of the unstable manifold over the periodic orbits which can be born
at a bifurcation of a homoclinic orbit I to an equilibrium u:

dimp(A) > dimg(A) = M (T, ). 0.4)

To be more precise, one should consider a family of systems which depends on some set
of parameters u; then the global attractor is a function of wu as well, and (0.4) should be
interpreted as
lim supdimg(A,) > limsupdimy(A,) = M (T, u),
U= 4o 1> Ho

where the bifurcational moment ;« = j¢ corresponds to the existence of the homoclinic loop I
Of course, one may use various homo/heteroclinic cycles with the same purposes—we take a
homoclinic loop as the simplest possible construction.

The power of the homoclinic bifurcation theory is that it allows one to obtain a lot of
knowledge about the behaviour of a dynamical system, based only on a very limited amount of
information about it. The most prominent example is the Shilnikov homoclinic loop theorem:
if a system has a homoclinic loop to an equilibrium whose nearest to the imaginary axis
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characteristic roots are complex, then the behaviour of orbits is chaotic, with a very detailed
description of this behaviour available [12, 13]. The famous Lorenz attractor, as well as
its higher-dimensional generalization—a wild spiral attractor—also appear as a result of a
bifurcation of certain homoclinic loops (see [14—16]).

As found in [17], the common feature of various homoclinic bifurcations is that the
behaviour near a homo/heteroclinic cycle is very much related to the Lyapunov dimension of
equilibria and periodic orbits involved. In particular, for many classes of homoclinic loops the
dimension M (T, u¢) essentially coincides with the Lyapunov dimension of the corresponding
equilibrium ug:

M(T, ug) ~ dimy (uo), (0.5)

no matter how small the dimension N*(ug) of the unstable manifold of wug is. Thus,
under this approach, both upper and lower bounds for the attractor’s dimension are given
in terms of Lyapunov dimension. That is why we expect this method to be effective in
order to obtain sharp bounds for the dimension. Of course, the existence of a homoclinic
orbit and the possibility of perturbing it in the desired way within the class of systems under
consideration is crucial for this method. However, the homoclinic phenomena are so typical for
dynamical systems with non-trivial behaviour, that it would be natural to expect that in a wide
class of equations of mathematical physics which demonstrate chaotic behaviour appropriate
homoclinic bifurcations can indeed be detected (see, e.g., [18-21] where the existence of
homoclinic loops was proven for the nonlinear Schrédinger and sine-Gordon equations).

We illustrate our method by a model example of an abstract damped wave equation

2u+ydu+Au = F(u,du) (0.6)

in a Hilbert space H. We assume that A : D(A) — H is a positive self-adjoint operator in H
with compact inverse, whose eigenvalues satisfy the estimate

C1i% < A < Cai*, ieN (0.7)

for some positive Cy, C; and «. Natural examples for A are provided by elliptic differential
operators in a bounded domain, with H = L2. The quantity ¥ > 0 in (0.6) is a dissipation
(or damping) parameter which is assumed to be small. To avoid technicalities, we have also
assumed that the nonlinear operator F = F(u, d,u) belongs to some class S of very regular
(‘smoothing’) operators which will be specified in section 2. Note that this class does not
include superposition operators: we do not intend to apply our method to any specific equation
in this paper, we only want to exemplify the basic ideas, so we restrict our consideration to
this sufficiently simple setting.

We prove that under the above assumptions, equation (0.6) possesses a global attractor .A
in the corresponding energetic space E, and the Lyapunov dimension of the attractor satisfies

Cly™' < dimp(A) < Chy™! (0.8)

for some positive constants C; , which are independent of y. Consequently, due to (0.1),
we have

dimg(A) < Chy 1. (0.9)

On the other hand, when the nonlinearity belongs to our class S of very regular operators, we
show that for every & > 0 there exists a positive constant C, such that the instability index of
any equilibrium state is less than C,y ~¢. Thus, using the classical methods of estimating the
dimension of the attractor .4 (which are based on (0.1) and (0.2)), we will necessarily have a
huge gap between the asymptotics for upper and lower bounds of the attractor’s dimension.
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Nevertheless, using our ‘homoclinic’ method, we construct nonlinearities F belonging to

the same class S, for which we have

dimg(A) > dimy(A) > C3p~! (0.10)
for some positive constant C3. Thus, at least in the case of damped hyperbolic equations with
smoothing nonlinearities, the correct asymptotics for the dimension of the attractor is given by
the corresponding asymptotics of the Lyapunov dimension, and the estimate (0.2) is not very
relevant.

Note also that A is the so-called maximal attractor, so it could be possible, in principle,
that the dimension of .4 can be decreased drastically by removing from .A non-recurrent orbits
(as in gradient-like systems where such an operation reduces A to a zero-dimensional set,
typically). We show, however, that nonlinearities F € S exist for which equation (0.6) has
a minimal set whose dimension satisfies (0.10); therefore, the Lyapunov dimension (up to a
constant factor) measures the complexity of the dynamics of damped hyperbolic equations
correctly.

The examples which we are talking about are obtained as small perturbations of a
decoupled system of second order ODEs (see (4.6)) which is an infinite collection of damped
linear oscillators plus a single one degree of freedom Hamiltonian system describing a particle
in a double-well potential on a straight line. Note that none of the modes here shows chaotic
behaviour and, moreover, all of them but one are damped. We show, however, that for any fixed
value of the damping parameter > 0, a (non-local) interaction of an arbitrarily small strength
can be arranged between these modes such that extremely complicated behaviour is ignited,
involving a huge (~1/y) number of modes (see remark 4.3). Note that we nowhere use the
linear character of the oscillatory modes and our construction works for a chain of nonlinear
damped oscillators as well. Therefore, our results should be applicable to perturbations of
other integrable equations, such as the nonlinear Schrédinger equation, etc.

This paper is organized as follows. The existence of the global attractor for problem (0.6)
is verified in section 1. The upper bounds for fractal and Lyapunov dimension of this attractor
are obtained in section 2. The quantity M (T, uo) is computed for a special class of homoclinic
loops in section 3. Finally, in section 4, we show that such homoclinic orbits really appear in
equations (0.6) with the nonlinearities belonging to the class S, then based on (0.4) we derive
sharp lower bounds for the attractor’s dimension.

1. Abstract nonlinear hyperbolic equation and its attractor

In this section, we study the following abstract nonlinear hyperbolic equation in a Hilbert
space H:
E)tzu +ydu+ Au = F(u, ou),
(1.1)
ili=0 = o, Ortt] =0 = M{),
where # = u(t) is an unknown H-valued function, A : D(A) — H is a given positive self-
adjoint operator in H with compact inverse, y > 01is a given positive number which is assumed
to be small and F is a given nonlinear operator.
Asusual (see, e.g., [22] and [3], chapter 4), we define a scale H® of Hilbert spaces associated
with H via

H' := D((A)"?), llfe == 1A Pullfy = (A u, u) (1.2)
(here and below (-, -) denotes the inner product in H) and consider equation (1.1) as an evolution
equation with respect to £(¢) = [u(t), 9,u(t)] in the corresponding energetic phase spaces

E' := H'*' x H', E@) := [u(t), o;u(t)] € E (1.3)
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(in fact, we will consider only the case where the initial data [u, u;] belong either to the space
E:=E% orto E").
We assume that the nonlinear term F belongs to the space

F € C}(E, H) (1.4)

of smooth and globally bounded operators. It is also assumed that the partial derivatives F,
and Fgl“ satisfy the following conditions:

, YV
1. (Fl(u, )8, 0) < gnenﬁ +Cy 0151,
(1.5)
, YV
2. |(Fl(u, v)w, 0)| < g(nwuﬁ, +[101F) + Cy (wlf + 10117-1).

where [u, v], [w, 8] € E are arbitrary, y > 0 is the same as in equation (1.1), and the constant
C, is independent of [u, v] and [w, 8]. These inequalities mean simply that the nonlinear
dependence on 0;u is subordinate to the linear term y 0;u.

The following theorem shows that under the above assumptions equation (1.1) generates
a dissipative semigroup in the energetic space E.

Theorem 1.1. Let the assumptions (1.4) and (1.5) hold.  Then, for every £(0) :=
[(0), 0;u(0)] € E, equation (1.1) has a unique global solution £(t) € C([0, o0), E) and
the following estimate is valid:

IEME < ClIEO)|[Fe™ +Cy, (1.6)

where the constants C and C; depend only on F, A and y. Consequently, equation (1.1)
generates a semigroup

S;: E—E, by $;£(0) := &(¢). (1.7)

Moreover, this semigroup is globally Lipschitz continuous with respect to the initial data
[u(0), 0;u(0)] € E, i.e.

161(6) = &2 < CeX[1£1(0) — &0z (1.8)
where K and C depend only on A, y and F (and they are independent of the solutions u(t)
and u,(t) of problem (1.1)).

If £(0) € E', then the corresponding solution £(t) belongs to E' for every t > 0 and
satisfies the following estimate:

IEO 17 < C2EO) [Fie™® +C (1.9)
for some positive constants C, and Cs which depend only on A, F and y.
The proof of this theorem is quite standard, so we move it to appendix A.
Let us now verify that the semigroup S; : E — E possesses a global compact attractor

in the phase space E. Recall that the set A C E is called a global attractor for the semigroup
S; : E — E if the following conditions are satisfied:

1. Ais compact in E;

2. Ais strictly invariant with respect to S;, i.e. S;E =E;

3. A attracts bounded subsets of E as t — 00, i.e. for every bounded B C E and every
neighbourhood O(A) in E, there exists a number T = T (|| B||g, O) such that

S;B C A, fort > T (1.10)
(see, e.g., [1,3], chapter 1, for details).
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Theorem 1.2. Let the assumptions of theorem 1.1 hold. Then semigroup (1.7) associated with
the nonlinear hyperbolic problem (1.1) possesses a global attractor A, which is bounded in E'.
This attractor is generated by all complete bounded solutions of (1.1):

A={£00),&@) :=[u), du(t)],t € Rsolves (1.1) and ||E(t)||g < C,,t € R}.

Proof. According to the abstract attractor’s existence theorem (see, e.g., [1]) the theorem will
be proven if we verify the following conditions on the semigroup S;:

1. S, : E — E is continuous with respect to £(0) for every fixed r > 0.
2. The semigroup S, possesses a compact attracting (in the sense of (1.10)) set K CC E.

Let us verify these conditions. Indeed, the continuity of S, is given by theorem 1.1. So,
we are left to verify the second condition. To this end, we split the solution u(¢) of (1.1) as
follows: u(t) := v(t) + w(t), where v(¢) is a solution of the following problem:

v+ (y +bA N v+ Av+ Mv — F(v, dv) = Mu(t) + bA~' d,u(r),
[v, 0;v]|;=0 = O.

Here M > 1and b > 1 are sufficiently large positive constants which will be specified below.
Consequently, the remainder function w(¢) satisfies the equation

w+ (y + A Hdw + Aw + Mw ="' t)w + (1) d,w,
[w. dwlli=o = §(0),

(1.11)

(1.12)

where

1
ll(t) = / Fi(su() + (1 —s)v@t), sd,u@) + (1 —5)d,v(t)) ds,
0 (1.13)

1
lz(t) = / Féru(su(t) + (1 =s)v(t), so;u(t) + (1 —s)o;v(t))ds.

0
We will prove that ||w(#)||g tends uniformly (with respect to small variations in initial

conditions) to zero, and v(¢) enters some fixed ball in E' as time grows. This ball is compact
in E, so it can be taken as a desired attracting set K .

Lemma 1.1. Letthe assumptions oftheorem 1.1 hold. Then, there exist large positive constants
M=M(y,F,A)and b =b(y, I, A) such that the solution w(t) of equation (1.12) satisfies
the following estimate:

IMw @), dw®]lle < C'e™1EO)[g (1.14)

for appropriate positive constants C' and o which are independent of u.

Proof. Taking the inner product in H of equation (1.12) with d,w + [(y + bA‘l)/2]w(t),
we derive the following relation:

N wlf + lwlf + (v + bA Hw, d,w) + M||wllf)
Y _
+5{||atw||%I +llwliy + Mlwlf + (v +bA Hw, dw)}

Y
= bl wli . — blwlf — Mbllwl|l3., — 5(||a,w||2H +lwlZ + Mllw|3)

2w, dw) + 2303w, dw) + ((Ow, (v + A Hw)
+(P () dw, (y+bA™Hw) — S((y+bA N w, (y+2bA Hw) = hy (1).
(1.15)
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We recall that, by conditions (1.4) and formulae (1.13),

12Ol cam + 11 Ol g < C, (1.16)
where C is independent of # and ¢, and, by conditions (1.5),
CPOdw), dw() < %Ilf’zwllﬁ +Cy 1w @) (L.17)

Estimating the right-hand side /,,(¢) of (1.15) by Holder inequality and taking into account
estimates (1.16) and (1.17), we obtain

hy () < (Cy = 3b) 13w @)l + (C, (1 +5%) = M) |lwl, (1.18)
where C,, and C}, are two positive constants which depend only on y, F and A, but are
independent of b, M and «. Fixing now the constants M and b in such a way that

b=2C,, M > C,(1+bY),
we obtain the inequality /., (t) < 0. Moreover, without loss of generality we assume that M
is chosen in such a way that, in addition,

(7 +bA™Dw, dw)| < 31wl + M wl).
Applying now Gronwall’s inequality to (1.15), we obtain (1.14). Lemma 1.1 is proven.

Now we are ready to estimate the solution v(¢) of equation (1.11). We rewrite this equation
in the following equivalent form:

v+ ydv+Av— F(v,dv) = Mw(t) + bAT'dw () := hp (1),

[v, 9;v]|;=0 := 0.
This equation is a non-autonomous analogue of equation (1.1). Moreover, due to theorem 1.1
and lemma 1.1, the function %, ,(¢) can be estimated as follows:

a5 Ol + 1905 (D Iy < Carp (14 1EO) ™) (1.19)
for an appropriate constant Cj;;, which is independent of . Consequently, using estimate
(1.19) and the fact that v(0) = 0, 9,v(0) = 0, arguing exactly as in the proof of theorem 1.1
(see appendix A), we obtain that the solution [v, d,v] of (1.11) belongs to the space C (R,, E!)
and satisfies the estimate

[v@), dv®)]lle < Ca(IEO) lge™ + 1) (1.20)
for some positive constants « and C, which depend on M and y, but are independent of u.

Estimates (1.14) and (1.20) imply that the set

K :={& €E', [§]lp <2C*)
is a compact (in E) attracting set for the semigroup S,. Thus, all conditions of the abstract
attractor’s existence theorem are verified and theorem 1.2 is proven.

Remark 1.1. We recall that our conditions (1.4) and (1.5) imply that the operator F (along
with its first derivatives F, and F; ) is globally bounded as [|£[lg — oo. This simplifying
assumption is enough for our purposes because in our examples of sharp upper and lower
bounds for the attractor’s dimension (see section 4) the nonlinearity F has a bounded support.
In fact, more general nonlinearities (see, e.g. [22,23] and [3], chapter 4) can be treated in the
same way.

Remark 1.2. We note that conditions (1.4) and (1.5) are, obviously, satisfied if
F e CLE™ H) (1.21)

for some positive exponent §. In the following, we will often use this stronger condition (1.21)
instead of conditions (1.4) and (1.5).
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2. Upper bounds for the attractor’s dimension

In this section we show, using the standard volume-contraction technique, that the attractor .A
of (1.1) constructed in the previous section has finite Hausdorff and fractal dimensions, and
we obtain some estimates for this dimension in terms of the dissipation parameter y. To this
end, we need the following assumption: there is an exponent « > 0 and two positive constants
C; and C; such that

Ci* < < Goi™, i eN, 2.1)
where 0 < Ay < Ay < - - - are the eigenvalues of the operator A.

Remark 2.1. We note that assumption (2.1) is always satisfied if A is an elliptic differential
operator in a bounded domain 2 C R" with a sufficiently smooth boundary and H := L?(2)
(see, e.g., [24]). Moreover, in this case k := k/2n, where k is the order of A.

In order to formulate the abstract theorem for estimating the dimension of invariant sets,
we need the following definition.

Definition 2.1. Amap S : A — A, where A is a subset of a certain Banach space E is called
uniformly quasi-differentiable on A if for any & € E there is a linear operator S'(§) : E — E
(the quasi-differential) such that

IS — S(&) — S (€D G — &)k = o1 — &2llr) (2.2
holds uniformly with respect to &, & € A. It is also assumed that

sup ||S/(€)||L(E,E) < 0 and S/ S C(.A7 E(E, E)) (23)

EcA

Theorem 2.1. Let S, be a semigroup in a certain Hilbert space E and let A C E be a compact
strictly invariant set of this semigroup (S; A = A). Let us suppose also that the semigroup S,
is uniformly quasi-differentiable on A for some fixedt = T and the following inequality holds
for some positive integer d:

wi(A) 1= gugwd(S’T(é)) <1, (2.4)

where wg(L) := ||AYL|| pag is the norm of the dth exterior power of the operator L in the
Hilbert space A“E (see, e.g., [3], chapter 5). Then the fractal dimension of A is finite in E.
Moreover,

dimyg (A, E) < dimp(A, E) < d. (2.5)

For the proof of this theorem see [3], chapter 5, for the case of Hausdorff dimension
and [8-10] for the fractal dimension.

Lemma 2.1. Let the assumptions of theorem 1.1 hold. Then, semigroup (1.7), associated
with hyperbolic equation (1.1), is uniformly quasi-differentiable on the attractor A and its
quasi-differential S}(£(0)) at £(0) € A is defined via the following standard expression:

S;(60)n == [v(t), dv(1)], (2.6)
where n € E and v(t) is the solution of the equation of variations
8l2v +yov+Av = F(u(t), du()vt) + Fy, (u(r), 8;u(1)dv(t),

2.7)
[v, 0 v]|i=0 = n, [u(®), du()] := S;6(0).
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The assertion of the lemma is completely standard, so we move its proof into appendix A.

Thus, according to theorem 2.1, for estimating the dimension of A it is sufficient to estimate
the norms of d-external powers for solving operator of equation of variations associated with
the hyperbolic problem (1.1). To this end, following [22], we introduce a new variable
0(t) := 0,u+(y/2)u(t) and rewrite system (1.1) in the equivalent form in variables [u, 8] € E.
‘We obtain

——u+6
u
0y < ) = 2 . (2.8)
0 F(u,@—%u)+%u—Au—%0

Now, instead of applying theorem 2.1 to the initial system in [u, d,u] variables we will use it for
the transformed system (2.8) (since these systems are linearly equivalent, they have equivalent
attractors whose dimensions coincide).

The equation of variations for the transformed system, obviously, has the form

(@) = Lu(), o,u))n(). [u(®), 0u(t)] := S;£(0), (2.9)
where
_Y 1
L:= 2 : (2.10)
A+ s R ©-LF,© -L+F,©
4 u 2 o u 2 o u

In order to estimate the exterior powers of solving operator S (£(0)) : n — n(T) of linear
problem (2.9), we use the following standard lemma (see [22] or [3], chapter 5).

Lemma 2.2, Let the assumptions of lemma 2.1 hold. Then

04 (SH(E0))) < el Tllnidr E(t) == S;£(0), (2.11)

where Try(L) means the d-dimensional trace of the operator L : E — E inE, i.e.
d

Try(L) := sup :Z(Lﬂiv e Imille =1, mi.n)e =0 fori#j;.

i=1

Now we are in a position to estimate the fractal dimension of the attractor A of hyperbolic
equation (1.1). For simplicity, we assume that the nonlinearity F satisfies condition (1.21) and
estimate the corresponding dimension in terms of parameters y, ¥ (introduced in (2.1)) and §
(introduced in (1.21)). (In the general case of conditions (1.4) and (1.5), this dimension can
be analogously estimated in terms of y, « and the constant C, defined in (1.5).)

Theorem 2.2. Let the assumptions of theorem 1.1 hold and let, in addition, the nonlinearity F
satisfy (1.21). Then, the fractal dimension of the attractor A is finite in E and can be estimated,
asy — 0, as follows

y‘z/"a, ké < 1,
1
dimg(A,E) <CN(y) :=C {y2In —, k& =1, (2.12)
14
Y72, k8 > 1,

where C is independent of y — 0, 8§ > 0 and k > 0.

Proof. According to theorem 2.1 and lemma 2.2, it is sufficient to prove that

SUPge 4 Try{L(&)} <O, forsomed < CN(y). (2.13)
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In order to show this, we first estimate the quadratic form associated with the operator L, using
the assumptions (1.21) and Schwartz inequality:

2
(LU» n)E 2 ”nu ”Hl + (779» Anu) - (779» A”u) + (Uu, 7’9)

(( Fo=2F i m) = Slinollh+ (Fg,,me )
- (”nu”Hl +llmellz) + Cy = Umullfs + lImolifi-s) := B, m), (2.14)
where n 1= [n,,, ng] € E, the operator B is defined as
5.V (—Id +4Cy2A—"2 0 )
"4 0 —Id+4Cy—2A—%2

and the constant C is independent of y, 6 and 7.
It follows now from (2.14) that for any d € N,

Tra{L} < Try{B}. (2.15)

‘We now observe that the operator B is self-adjoint, hence, by the classical min—max principle
(see, e.g., [3], chapter 5), its traces can be immediately expressed in terms of its eigenvalues,
namely,

d
Try{B} = % (—d +4Cy >y ,\;5/2> , (2.16)

i=1
where A; are the eigenvalues of A. The estimate (2.13) is an immediate corollary of (2.15),
(2.16) and of the assumption (2.1) on the asymptotics of A;. Theorem 2.2 is proven.

The following theorem shows that the estimate (2.12) can be essentially improved if the
additional regularity of the nonlinear term F is known.

Theorem 2.3. Let the assumptions of theorem 1.1 hold and let, in addition,
Fe Cl% (Efsfl/z, HA‘+1/2)’ (2.17)

wheres > — 5 is some regularity exponent. Then, the dimension of the corresponding attractor
A can be estimated via

y—Z/K(23+1)’ K(S+%) < 1’
1
dimg(A,E) < C; {y 'ln—, K(s+3) =1, (2.18)
14
y. k(s +3) > 1,

where the constant C| depends on s and F, but is independent of y.
Proof. Indeed, due to condition (2.17), we have the following estimates:
|(F, s ), mo) | < NIy (e, Q) sz 1o lla-s-172
< CUmalifsenn + 6 Fm12)
and, analogously,
(F}, (u, du)mg, mg) < || F,, (u, 3y g [l lIme -2 < Climpll-ccre-

where the constant C depends only on F. These estimates allow (2.14) to be improved in the
following way:

(Ln, me < (Byn, D,
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where

5. (_Id+éy—1A—<s+1/z)/z 0 )

4 0 —Id+ Cy~'A-G+1/2/2

for some constant C > 0 which is independent of y (the term (y /2)(F 51 WMus Me) In (2.14) is
of order y and does not require additional estimates).

Computing now the d-dimensional trace of the operator By in terms of the eigenvalues
A;, using asymptotics (2.1) for them and arguing as in the end of theorem 2.1 we derive the
improved estimate (2.18).

Corollary 2.1. Let the assumptions of theorem 1.1 hold and let, in addition, (2.17) be satisfied
with the exponent s > 1/k — % Then, the dimension of the attractor A possesses the following
upper bound:

dimg(A,E) < Cy~! asy — 0, (2.19)
where the constant C is independent of y .

Let us now introduce the class S of smoothing nonlinearities F.

Definition 2.2. A nonlinear operator F : E — H belongs to the class S = S(Cy ) if, for
every m € Ry, this operator belongs to C*(E™", H") and the following estimates valid, for
every k € NU {0}:

Ml et g-n pmy < Ceom (2.20)
for appropriate constants Cy ,.

Corollary 2.2. Let the cigenvalues of the operator A satisfy condition (2.1) and let the
nonlinearity F belong to the class S. Then, the fractal dimension of the corresponding global
attractor A associated with equation (1.1) possesses the following upper estimate:

1
dimp(A, E) < C—, 2.21)
y

where the constant C depends on constants C\ ,, (defined in (2.20)) and on constants C,, C,
and « (defined in (2.1)), but are independent of y .

Remark 2.2. Insection 4, we will show that even in the case of extremely regular nonlinearities
F ¢ S, the dimension of the attractor .4 may indeed have the rate growth ~y ! as y — 0.
So, estimate (2.21) is indeed sharp in the limit y — 0.

3. Bifurcations of a homoclinic loop and Lyapunov dimension

In this section, we consider bifurcations of a certain type of homoclinic loops; the results will
be essentially used in the next section in order to obtain sharp lower bounds for the fractal
dimension of the attractor A in the class S.

In contrast to the previous sections, we consider here finite-dimensional systems of ODE:s,
namely, systems of the following form:

vy =Ay+F(y), y € R", (3.D
where the nonlinearity F(y) belongs to C*°(R", R") and satisfies
F(0) =F'(0) = 0. (3.2)

We assume that the matrix A € L(R", R") has only one eigenvalue to the right of the imaginary
axis. By scaling the time variable in (3.1) we can always make this eigenvalue equal to 1.
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The rest of the spectrum consists of m pairs of complex eigenvalues (—A; £y, ..., =X, Lop)
and (n—2m—1) eigenvalues whose real parts are less than some —A,,,.; < —A,,. Here m is some
positive integer such that2m+1 < n,andA = (A1, -+, A,) € R"andw = (w4, ..., w,) € R™

are given vectors satisfying the condition
O<ty<rh<< - <Ay <1, wp >0, k=1,...,m. (3.3)

We assume that the matrix A can be brought to the following form by a linear transformation
of coordinates:

1 0 0 0
0 R 0 - 0
—
A= o 0 ], Rk::( k ‘“"), (3.4)
. . . . —wy _)‘k
0 - 0 R, O
0 - 0 0 A

where the matrix A € L(R"~2"~! R"~2"~1) satisfies the spectral assumption:
Reo (A) < —Apy with A1 > Ay 3.5)

Such transformation can always be done when all w are different. We, however, prefer not to
make this assumption. Instead, we simply assume that the matrix A is in the form (3.4).

Accordingly, denoting y = (z, (u1, v1),..., (Um, Un), w), system (3.1) is written in the
following form:

Z=z+:,

Wy = —AgUg + OgVk +-- -,

. (3.6)
Uy = —@glly — AV + -, k=1,...,m,

Ww=Aw+---,

where the dots in (3.6) stand for the nonlinearities, i.e. for the terms vanishing at the origin
along with their first derivatives.

By construction, system (3.1) has a hyperbolic equilibrium at the origin O : y = 0.
Moreover, the unstable manifold W"(O) is one-dimensional here, and it is tangent to the
z-axis at the origin. W"\ O consists of two orbits (the separatrices) which leave the origin
at t = —oo in opposite directions. We assume that one of the separatrices which leaves O
towards positive z (we denote this separatrix as I') returns to the origin as + — +00, thus it
forms a homoclinic loop.

The system under consideration has an (n —2m — 1)-dimensional smooth invariant strong-
stable manifold W** which is tangent at O to the w-space and which consists of all orbits which
tend to O faster than e~/ (see, e.g., [25], chapter 5). We assume that the homoclinic loop I"
belongs to W™, i.e. it enters O being tangent to the w-space. Note that this is a bifurcation
of codimension (2m + 1), so we study here a problem which is, at large m, very degenerate
from the point of view of the conventional bifurcation theory. However, the homoclinic loops
of these type are quite typical for integrable equations with dissipation (see, e.g., system (4.6)
in the next section).

Finally, we assume that

201+ 2x 4+ -+ 20, < 1, 201+ 2X 4+ -+ 20, + Ay > 1. 3.7

Remark 3.1. We note that inequalities (3.5) and (3.7) imply that the flow defined by (3.6)
contracts (2m + 2)-dimensional volumes near O while (2m + 1)-dimensional volumes are not
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contracted. Thus, the Lyapunov dimension dimy (A) of system (3.1) at the origin possesses
the estimates (see, e.g., [3], chapter 5):

2m + 1 < dimp(Ag) < 2m + 2.

The main result of this section is the following theorem.

Theorem 3.1. Let the above assumptions hold. Let R := {1, ..., o} be an arbitrary set of
2m non-zero complex numbers such that if u belongs to the set R, then its complex-conjugate i
belongsto R as well. Then, by an arbitrarily small C*-perturbation of system (3.1), a periodic
orbit with 2m multipliers equal to |11, ..., (Lo, and with the rest of the multipliers inside the
unit circle can be born from the homoclinic loop, i.e. for an arbitrarily small neighbourhood
V of the homoclinic loop T, for every ¢ > 0 and every r € N, there exists a C*®°-function G,
satisfying the inequality

1Ge — (Ao +F)llcrrn rry < &,

such that the perturbed system y = Gg(y) possesses a periodic orbit of the type described
above, which lies in V.

Proof. Let us first locally straighten invariant manifolds W", W*® and W* C W?*, i.e. we make
a coordinate transformation in a small neighbourhood of the origin such that the system takes,
locally, the form

z=z(1+ p(y),

iy = —Agug + v + fi () - (u, v, w), (3.8)
U = —wlty — Mo + g (y) - (u, v, w), k=1,...,m, '

W= (A+qg(M)w,

where the functions fi(y), g« (v), p(¥), ¢(y) vanish at the origin. In these coordinates we have
Wi ={G,v) =0k =1,....m),w =0}, Wg . ={z=0}, WX, = {z =0, (ug, ) =0
(k = 1,...,m)}, so the invariant manifolds are straightened indeed. When the system is
brought to this form, we can freely change the characteristic exponents (i.e. —A; = iwy and the
eigenvalues of A) by localized small perturbations, without destroying the homoclinic loop.
Indeed, we may arbitrarily add small localized perturbations to the coefficients Ay, @y and
A in (3.8), and this will not move the local invariant manifolds W}, W¢ ., Wi . Thus, by
applying perturbations of this kind, we will still have a homoclinic loop which enters O lying

3 SS
in W . So, we may always assume that

A <Ay <0 <Ay < Apsl- 3.9)

Moreover, we may always achieve by an arbitrarily small such perturbation that the set of
characteristic exponents is non-resonant. After thatis done, Sternberg’s theorem [26] is applied
which means that we can make a smooth coordinate transformation which makes the system
linear in a small neighbourhood of O, i.e. the system takes, locally, the form

=1z,

Uy = — Aty + wpvy,

. (3.10)
Uy = —rlly — AUy, k=1,...,m,

W= Aw.

In other words, after the above transformations, our equation reads

y=Aw)y+F(y), Yy i=(Z, U, V1, .., Uy, Uy, w) € R" (3.11)
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with the matrix A given by (3.4) (from now on, we fix A satisfying (3.7) and (3.9), but we will

vary the values of wy, ..., w,, therefore we indicate the dependence of A on w explicitly).
The smooth nonlinear function IF vanishes in some neighbourhood O of the origin
F(y)=0 fory € O. (3.12)

Thus, by construction, the intersection of the homoclinic loop I' with O consists of two pieces.
The first piece, corresponding to large negative times, coincides with the positive local z-axis,
and the second piece, corresponding to large positive ¢, lies in the w-space.

The solution of (3.10) which starts in O at a point (z°, u{, v}, ..., 4%, v2, wP) is written

me U
as

2(t) = 2%,

ug(r) = e (ug COS Wyt + vg sin wt),

ve(t) = e (—uf sin wyt + v,? CoS wyt),

w(t) =ew’

(3.13)

’w
We take some small d > 0 and consider two cross-sections to the homoclinic loop:
M = {z = d} and T = {||w||4 = d} where the metric ||w]|, in the w-space R"~>"~! is
defined as follows:

o0
2. A 2
nwm::/ e ] dr
0

and || - | is a standard norm in R"~2"~1_ Then, obviously,
d
5 (el = =2lw|* <0

and, consequently, every non-zero solution w = w(¢) of equation w = Aw intersects
transversely the ellipsoid ||w| 4 = d at a unique point. Therefore, the Poincaré section IT™ is,
indeed, well defined. Let also wy correspond to the intersection point of the homoclinic loop
with IT", and let @ € R"2"~2 be local coordinates on the ellipsoid ||w| 4 = d near wy, i.e.
there is a smooth function W : R"=2"=2 — R*=2m=1 gych that |[W(a)||4 = d, W(0) = wy
and W'(0) = Id. We introduce the local coordinates for M € 1" and M e I1°" as follows

M(Z,ur,v1, ..o thy, U, @) :=(d - Z, 11,01, ..., Uy, Uy, W(@)),

My, Dy, .oyl O W) 2= (d, i1, D1, - ..l Uy ).
According to (3.13), the orbit of a point M € [T with Z > 0 reaches I1°" at the moment of
time r = — In Z, and the intersection of the orbit with TT°** is the point

Z*(u;cosw;InZ — vy sinw; In Z)
ZM(uysinw; InZ + v, cosw; In Z)
M =T (M) := : (3.14)
Z* (g cos wy In Z — vy sin wy In Z)
Z* (g sinwy In Z + vy cos wy In Z)
Z " W(a)

which defines the local Poincaré map 7°¢ : 1" N {Z > 0} — 1°.

Analogously, the orbits starting on IT°" close to the origin follow the homoclinic loop, so
they come to the cross-section IT™" in finite time. These orbits define a global Poincaré map
TE® : I — 1" which is a diffeomorphism (since it is defined by orbits of a smooth flow
in a finite time and since the trajectories intersect IT" transversely). Thus, the linear operator

d lo
Ty = d—MTOg 0) (3.15)
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is invertible and, due to our choice of coordinates in IT" and 1™,
TE°(0) = 0. (3.16)

Moreover, without loss of generality we assume that 7, € L£(R">"~2 R"~2"=2) can be
represented as follows:

Ty = Lo Uy, (3.17)
where Uy and L are upper- and lower-triangular matrices, respectively:
0 0 0 0
Ly, 0 ... u, U, Upj
Ly, LS o0 ... 0o Uy, Uy
Ly = , Uy = . (3.18)
0 0 0 0
Ly, L3y, Ly 0 ... . 0 Ugp
0

Indeed, decomposition (3.17) is well-known for generic invertible matrices 7y (and can be
obtained, e.g., via a classical Gauss diagonalization procedure). If 7 is not generic, we can
always put it in a general position by an arbitrarily small perturbation of the system, which is
localized outside the d-neighbourhood of the origin and preserves the homoclinic loop (using
the standard flow-box technique). Note that

Ul #0, L) #0 fori =1,...,n—2m—2, (3.19)

since 7 is invertible.

We now consider an (m + n — 1)-parameter family of small smooth perturbations of the
system (3.11), namely for every @ € R” which is sufficiently close to the original vector
o = " and for every sufficiently small & € R"~!, we consider the following family of

equations:

y =A@y +Fyo(y). (3.20)
We assume that the function Fy , is smooth with respect to all variables and satisfies the
assumptions

Foo(y) =0 fory e O, and Foo(y) =F(y), (3.21)

where IF(y) is defined in (3.11). Then, for sufficiently small @ and (v — "), the global Poincaré
map T : 1% — T is well defined and smooth. We assume that the perturbation (3.20) is
such that this global Poincaré map is written, in a small neighbourhood of the origin in IT°",
as follows:

TS0 (M) = 6 + T (M), (3.22)
i.e. the only effect of the perturbation in the nonlinearity F is an additive term in the global
map (see (3.16)). Obviously, such a family of perturbations exists (one can construct it by the
flow-box technique). Since the global map is insensitive to changes in w we will further use
the notation T,£°.

It is obvious that for every frequency vector @ which is sufficiently close to »° and for
every M e TI" N {Z > 0} which is sufficiently close to 0 (in our local coordinates on ITi")
there exists a perturbation parameter 6 such that system (3.20) possesses a periodic orbit which
intersects with IT" at the given point M. Indeed, note that, due to our construction, fixed points
M with Z > 0 of the first-return map

Ty (M) := TE(T(M)), Tpo: TIM — TI™, (3.23)
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correspond to periodic orbits of the system (3.20). Thus, we must find the value of 6 for which
the given point M is the fixed point of map (3.23). It remains to note that the fixed point
equation Ty ,M = M is recast, by virtue of (3.22) and (3.23), as the following relation

0 =M —TE(T(M)), (3.24)

which indeed defines 6 uniquely, given w and M.

Our next step is to compute the multipliers of the periodic orbit in dependence on w and M.
By definition, these multipliers are the eigenvalues of the derivative with respect to M of the
first-return map (3.23):

d
Plw, M) := d_MTG,w(M”O:é)(w‘M) =Tomo Z(w, M), (3.25)
where
: d glo v . d loc
Tom = d_A;ITg (M) g—p(w.my. i1=T (1) Z(w, M) := mTw M).
As M tends to the point (Z, uy, vy, ..., Uy, Uy, @) = 0 (this is the point of intersection of the

homoclinic loop I" with the cross-section IT" at & = 0), we have § — 0, by virtue of (3.24),
(3.14) and (3.16). Thus, as  — ®°, M — 0, the matrix 7, j tends to the matrix 7, defined
by (3.15).
On the other hand, differentiating (3.14) with respect to M, we obtain
Z)Ll_l COS(Cl)l InZ + @1),01
R1(Z) 0 e 0
Al sin(wyIn Z + ©1)p1
Z L eos(waIn Z + ¢2) o2
Z(w, M) = 0 Ry (Z) ... 0 s (3.26)

AC sin(wy In Z + ¢3) p2

—AzA 0 0 A
where we denote

(3.27)

Ri(Z. ) = 2 (cosa)kan —sina)kan)
k 9 = :

sinwgInZ  coswyInZ

and use, notationally, polar coordinates (py, ¢x) instead of (uy, vi) in the following way:

Pk Pk .
up = — cos(@r — i), vy = — sin(gx — Vi) (3.28)
Tk Tk
with
A
re= 02+ o), cos ¥, = X and singy = X (3.29)
Tk Ik

In the following, we will study the eigenvalues of the matrix P (w, M) defined by (3.25) for
(w, M) of some special form only. To be more precise, we fix some positive numbers S,
k=1,...,m,such that

1_2)‘11_"'_2)\}11 >/31 >182> >/3m
> ﬁl - min{)‘2 - )‘-17 )‘-3 - )‘-Za B )\m - )‘-m—ls )‘-m+1 - )‘m} (330)
(such numbers exist due to assumption (3.7)). Then, we fix

o = ZP. (3.31)
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Moreover, we consider the perturbations of the frequency vector ” in the form
0@ =o'+ (n2) ', (3.32)

where @ € [—m,3x]". Then, for every small positive Z < 1, every @ € [—m,37]" and
every ¢ = (¢1, ..., o) € [—m, 3], the point M = M (Z, @, ¢) is defined as follows:

M(Z,&,¢) =y = (d -Z, f—:COS(% — V). f—:sin(dn — V).

e IO_WI COS(¢m - wrn)s p_m Sin(¢1n - wm)s W(O)), (333)

'm m
where the parameters oy = pr(Z2), v = w (@), rpy = r(w) and Y, = Yy (w) are defined by
(3.31), (3.32) and (3.29).

Thus, we consider finally the (2m +1)-parameter family of perturbations of equation (3.11)
which corresponds to the choice of M of the form (3.33) and w in the form (3.32) with small
positive Z < 1 and arbitrary @, ¢ € [—m,37]" and study the matrix (3.25) only for such
(w, M). In order to simplify the notation, we write in the following P (Z, @, ¢) instead of
Pw(w), M(Z, w, 9)), Z(Z, ®, ¢) instead of Z(w (@), M(Z, @, ¢)) and so on. It is obvious
that our family of perturbations is, indeed, arbitrarily small when Z — +0.

The following lemma gives the principal part of the asymptotic expansions of the
coefficients of the characteristic polynomial for the matrix P(Z, o, ¢) as Z — +0.

Lemma 3.1. Let
Pz.a.¢ (1) :=det(uld — P(Z, o, ¢))
== M T Mo e+ (=DM, (3.34)

be the characteristic polynomial of the matrix P(Z, @, ¢) defined by (3.25). Then the following
formulae are valid for the coefficients My, of this polynomial:

2k—1 2k—2
M1 (Z. . ¢) = | [T LY |- [ [T s | 272t
j=1 j=1

0 0 =
X |:U2k—l,2k—l cos(w; In Z + ¢ + wy)

+UY | o sin(@0In Z + @i + ) + Moy (Z. @, ¢)}, (3.35)
2k—1 2k
Moy (Z. &, ¢) = 1_[ L(,)-A,- . 1‘[ U,Q,- 7~ 14242
j=1 j=1
x [—LY o singx + LY,y o 08 @k + Moy (Z, @, ¢) ]
fork=1,---,m, and
My =Mi(Z, 0, ¢) (3.36)

fork > 2m. Here L,-Oj and U,-(;- are the entries of the lower- and, respectively, upper-triangular
matrices defined by (3.17). The functions My, are smooth with respect to (®, ¢) and Z > 0,
and they tend to zero, along with their derivatives with respect to (@, ¢), as Z — +0.

Essentially, this lemma says that the first 2m coefficients of the characteristic equation
can take arbitrary values for sufficiently small Z and carefully taken ¢ and @, while the
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rest of the coefficients tend to zero as Z — +0 (see (3.7) and (3.30)). Hence, 2m roots of
the characteristic equation may indeed take arbitrary prescribed values (see the arguments
after the proof of the lemma) and the rest of the roots tend to zero, which gives us the
theorem.

The computations in the proof of the lemma are sufficiently lengthy, so we start with the
example of the simplest possible case. Namely, let us assume n = 4, m = 2 and let 7p = id
in (3.25). Then (see (3.26), (3.27) and (3.31)) the matrix P under consideration is written as

ZMVeos(oyInZ + @) ZP Z*coswiInZ —ZMsinw;InZ
P=|2Z"""sin(wInZ +¢)ZP  Z"sinwInZ Z* cosw;InZ
—hpzh! 0 0

It is immediately seen that the coefficients of the characteristic equation for this matrix are

M, = ZMP " eos(w InZ +¢1) + ZM sinw In Z,
My = =721~ sing, — 1,2 sinw, In Z,
M3 — _)"222)»]1»)@—1'

By (3.7) and (3.30), we have full agreement with the statement of the lemma.

Proof of lemma 3.1. We recall that the matrix 77 5 4 := T(w(@),Mm(z,5,¢) 10 (3.25) is close to
the matrix 7y, hence it can be decomposed, analogously to (3.17):

1260 =Lzo¢ Uzss- (3.37)

where U and L are upper- and lower-triangular matrices, respectively:

Ly, 0 ... Uy Up U
L21 Lzz 0 0 U22 U23
L = , U = . (3.38)
Ly, L3 L33 0 A ce 0 Uss
0

Moreover, the entries U;; = U;;(Z, o, ¢) and L;; = L;;(Z, ®, ¢) are smooth with respect to
all arguments and are close to the corresponding entries Ul-(; and L?j as Z < 1.
We now note that the matrix

C=CZ,0,¢):=U-2(Z,w,¢)-L (3.39)

is similarto P(Z,w,¢) =L -U - Z(Z, @, ¢) and, consequently, these two matrices have the
same characteristic polynomials. So, we compute below the characteristic polynomial of the
matrix C defined by (3.39). In order to do so, we recall that assumptions (3.9), (3.30) and
(3.31) imply the following inequalities:

ZLpLp L L pm L1,
ZMp1 > ZM 0> > 2 p,, > 20 (3.40)
ZM > 7Moo Zhn o 70
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if Z « 1. Since the matrices U and L are upper- and lower-triangular, the entries of the matrix
C are given by the following formula:

Cij = ZZkaumLk/. (3.41)

m=i k=j

Computing by (3.26) and (3.41), and using (3.40), it is easy to verify that the matrix C defined
by (3.39) is estimated as follows:

O(z"1p)) O(ZM) O(z*) O(Z*) 0(Z*) 0O(Z*)

O(Z"~'py) O(ZM) O(Z') O(Z%) 0(Z*) O(Z*) ...

O(Z*7'py) O(Z*) 0(Z*%) 0O(Z%) O(Z*) O(Z*) ... (3.42)
O(Z»~'py) O(Z*) O(Z*) O(Z*) O(Z*) O(Z*)

1.e. its entries are estimated as follows:

Cii = O(Z* iy, Ci; =0(Z%)  (j =2), (3.43)
where we denote
1 ati =1, 2,
2 ati =3, 4,
k(i) =1 : (3.44)
m ati =2m — 1, 2m,
m+1 ati > 2m
and
m+1 ati > 2m, or(ati < 2m)
k@) at j =2,...,2k@()+1,
k(i) +1 at j = 2k(i) +2,2k(@i) +3,
s, j)=1. . (3.45)
m at j =2m,2m + 1,
m+1 at j > 2m + 1.

We also denote here p,,41 = 1.

We recall now that the pth coefficient M, = M, (Z,»,¢), p = 1,...,n of the
characteristic polynomial (3.34) can be represented as a sum of all main (i.e. diagonal) minors
of order p of the matrix C defined by (3.39), i.e.

M, = > M, i (C), (3.46)

1<i<iy<e<e<ip<n

where the minor M;, i,(C) is the determinant of the matrix obtained as the intersection of
the rows with the numbers iy, ..., i, and the columns with the same numbers.
Our task now is to show that the major contribution to M, at Z < 1 is given by the minor
,,,,,, »- Indeed, it follows from (3.43) that all the entries C;; with i > 1 vanish at Z = 0 and,
consequently, all the diagonal minors M;, __;,(C) with iy > 1 tend to zero as Z — 0. For the
minors Mj—14,...i,(C) we use the following formula:

Aty ity g — 1
Mi1i,..4, = 2T oy - det Cy iy iy (3.47)
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where we denote k, = k(i,) (see (3.44)), and

Zl_)“p,;lC” Z™MCy, ... Z7MCy,
A p;;}lcigl ZMChyy ... ZTMR Cii,

Criyi, = ) _ _ ' ) (3.48)
Zl_)”""P;(_pICi,)l Z7Cy . ZTC

By (3.40) and (3.42), all the entries of the matrix C are bounded from above, so we have
Mi,,...i,(C) = O(ZM et =l ). (3.49)
If p > 2m + 1, this estimate gives us
My, i, (C) = O(ZPH#¥at Dthnn =1 (3.50)

S0, by virtue of our assumption (3.7), all the diagonal minors of order 2m + 1 and larger tend
to zero as Z — +0, which proves (3.36).

Let us now consider the case p < 2m. We note that when i decreases at least on 2, the
corresponding value of Ay will also decrease. Thus, it follows from (3.40) and (3.49) that
the main contribution to the coefficient M, (p < 2m) is given by the minor M
the case p is even, and by the two minors M »
p is odd (and p > 1). Moreover, we claim that

.....

Ml 2 2W-1)2 = Z—|+2)»|+m+2)\1,2+2)x1,|+)»1+ﬂ10(z£) (3.51)
for some ¢ > 0. Indeed, according to (3.30), (3.31) and (3.44),
oy = O(ZPoPy « 1 and Z7HOCi gy = O(ZM M) L 1

fori < 2(/ — 1). Consequently, the matrix C;__ »¢—1),2/(C) defined via (3.48) can be rewritten

as follows:
0 o) --- 0O 0
0 o1 --- o) 0
Ci..2t-na=1] = : : : | +0(Z°),
0 o) --- o) 0
Oo(l) o) --- 0O() 0O

which implies (3.51), since the determinant of the matrix on the right-hand side of the last
formula is, obviously, zero. Thus, we have proved that

44444

for some small positive constant ¢ > 0. It remains to compute the determinants M,
p=1,...,2m.

44444
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To this end, according to (3.40) and (3.43), we rewrite the formula (3.48) for C; 2 and
Ci..u(l=1,....,m)as follows:
Ci..o0-1
0 Z™MCp Z7MCis 0 0 0
0 Z™MCyp Z7MCn 0 0 0
0 o) O() Z*Cyy Z77Css O
- 0 o) O(l) Z™Cy Z77Cys O +0(Z°)
Zl*k’pl_lcz/_l,l O(1) o 0(D)
(3.53)
and
Ci,..u
0 Zﬁklclz ZﬁA1C13 0 0 0
0 Zi)\ICZQ ZﬁA1C23 0 0 0
0 Oo(1) Oo(1) Zi}LZC34 Zi}LZC35 0
_ 0 Oo(1) o(1) Zi}LZC44 Zik2C45 0
Z'" M Cyny o O(1) a e ce Oy ZMCyl
ZI*)"p,_lCZ,'l o) Oo(1) Zﬁ)"czl,y
+0O(Z9). (3.54)

Since all the entries of C, __ , are bounded, we obtain from (3.47), (3.53) and (3.54)

k—1
Cou12 Cou10m41 4 7 O 76) (3.55)

""" | Caua Car 2141
and
Cou—11 Co—rk — |Couz12r Couzi i _
M1 vvvv %n = ’ ’ X 1_[ ’ L2+ +7 142X+ +2)\k+ﬂko(zg)
Cor,1 Cor,2k | G Cor 141

(3.56)

fork =1,...,m, where ¢ > 0 is a small positive number.

Now, it remains to express the right-hand sides of (3.55) and (3.56) in terms of the entries
of the matrices Z(Z, @, ¢), U(Z, @, ¢) and L(Z, @, ¢). One can easily see that, according to
(3.26), (3.27), (3.40), (3.41) and (3.43),

Cok—1.1 = L11Us—1,2k-1 2011 + L1\ U1 s Zax1 + Z7 M 0 O(ZF)

=z b8 [ng_m_l cos(wy In Z + ¢y + @)

+ Uy Sin(@) In Z + ¢y + @) + 0(1)}.
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Analogously,
Coury Cy—rom1| 72 Uy12-1 Ugyorp| _ |cOsSwyInZ  —sinw; InZ
Cz[yz/ C2/,21+l 0 U2/q2[ sin (O]} InZ COS wy InZ
- +Z0(Z%)
Lo Lo 241

2041770 0 70 10
=Z M[U21—1,21—1U21,21L21,21L21+1.21+1 +o(D)].
And, finally,

Uni—1,26—1 Unk—1,2%
0 Ui,k

Co—1,1 Cok—1,

Co1 Cor 2k
y (sz ” Zok—1,1 Zok—12% )
T 2ok Zok 2k
+Z—l+2),k+ﬂk0(za)

0 770 0 — 1420 4By 0 . 0
=L Uy 1 Uy Z B [— Loy i SIN Py + Loy yy 4 €OS ¢ +0(1)].

=Ly

Zok—1,1 Z2k—1,2k+1

+ Lok 2k
Zok,1 20k 2k+1

Inserting these formulae into (3.55), (3.56) and (3.52), we obtain expansions (3.35). Lemma 3.1
is proven.

We are now ready to finish the proof of theorem 3.1. Indeed, let us consider only such
sequence of values of Z — +0 for which

olnZ
wk? — 0

forallk =1, ..., m (here {-} denotes the fractional part). It is easy to see then, that given any
fixed values of the coefficients M, ..., My, of the characteristic polynomial of the derivative
matrix P(Z, @, ¢) of the Poincaré map of the periodic orbit under consideration, the system
of equations (3.35) for these coefficients can be resolved with respect to ¢ and @. Moreover,
¢ and @ depend on My, ..., My, smoothly and have finite limits as Z — +0, along with the
derivatives with respect to (M, ..., Ma,).

Indeed, system (3.35), recast as

0 olnZ _ 0 . oInZ _
Usy_1ox_1€08 | 2m qwp—=— 1 + P + 0k | + Uy g sin | 2 Jwp—— 1 + ¢ +
) 27 , 2m
2k—1 B 2%k—2
= Moy 1_[ L(])'j i 1_[ Ujoj Z 1=2 = =201 —h—Br
= = (3.57)
—My—1(Z, @, ¢), (k=1,...,m), ’
2k—1 2k !
—LY yesing + LYy pecosge = Mo | TTL | - ([0
j=1 j=1
Y A | TV N} (k=1,....m),
has a regular limit as Z — +0:
UY 1 q cos(oy + @) +US_, , sin(gy +ay) =0,
2k—1,2k—1 k + W 2k—1,2k k + Wk (3.58)

—Lg“k sin ¢y + L%HLZ,( cos ¢ = 0.
Here we have used the fact that due to our assumptions (3.7) and (3.30),
1—2)»1—”-—2)»/{—,3/{ >0
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for every k = 1,....,m. By (3.19), U§,_, 5,_; # 0 and LY, ,, # 0, so we may resolve the
limit system (3.58) as follows:

LY v

2k+1,2k _ s 2k—1,2k

¢ = arctan —5—=, o = 5 arctan ————— — ¢y. (3.59)
2k.2k 2k—1,2k—1

Now, according to the implicit function theorem, we have indeed the functions
O Z, My, ..., M), ©(Z, My, ..., Ma,), close to those given by (3.59), which satisfy
(3.57) at small Z (hence, they satisfy (3.35)) and which depend smoothly on My, ..., My,,.

We now fix ¢ = ¢(Z, My, ..., My, ® = &(Z, My, ..., My,), so we choose now
My, ..., My, to parametrize our family of small perturbations. As we just have shown,
M, ..., My, can be taken from an arbitrarily large domain in R>". Let My, ..., My, be
uniformly bounded and let M,,, stay bounded away from zero. As Z — +0, the coefficients
Momsts - - - » M, of the characteristic polynomial tend uniformly to zero, according to (3.36).
Thus, the characteristic equation

W= MU e Moy "7 = Mo p" 7 4 (=DM, =0 (3.60)

has (n — 2m) roots which tend to zero as Z — +0, and 2m roots (we denote them as
U1, - - -, Mom) Which are bounded away from zero and tend to the roots of the polynomial

Mzm — M]/,lfzmil +-o+ Moy, (361)
Define the real numbers M, ..., My, such that M1, ..., Uy, were the roots of the
polynomial
MZm _ MIMZm—l +... +-A;l2mv (3.62)
ie.
2m

[Tt =) =" = My ="+ + Moy, (3.63)
=1

B~y construgtion, (M Lsonens MZm) tend to (M, ..., My,) as Z — +0. Let us show that
My, ..., My, depend on My, ..., My, smoothly, and that
d y 9 y m
(M, M) | g, (3.64)
d(Ml, ey MQm) Z=0
Indeed, consider the linear operator @ : R" — R” defined by the matrix

0 -1 0

0 0 -1 0

: : L (3.65)
0 o0 —1

My, Mu_y -+ My M,

Its characteristic equation is also given by (3.60), so it has, as well, (n — 2m) eigenvalues
close to zero and 2m eigenvalues which are bounded away from zero and are the roots of the
polynomial (3.62). Hence, the operator Q has two invariant eigenspaces, one corresponds to the
close to zero eigenvalues and the other corresponds to the eigenvalues which are bounded away
from zero. The coefficients of the characteristic polynomial of Q restricted onto the second
subspace are exactly the coefficients M, ..., Mzm. Since all the entries of the matrix (3.65)
are bounded and since it depends smoothly on My, ..., M,, the invariant subspaces depend
on My, ..., M, smoothly as well. This gives us the smooth dependence of My, ..., Mgm on
My, oo, Mo, Moy, ..., M,,. Recall now that the coefficients My,41, ..., M, depend
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on (My, ..., My,) smoothly, and they are continuous in Z along with the derivatives with
respect to (M, ..., M>,). Thus, the required smooth dependence of M, ..., My, on
My, ..., My,) atall small Z, including Z = 0, follows immediately. Identity (3.64) follows
now from the fact that (Ml, e, /\;lz,,l) = Mq,..., My, atZ =0.

Now, by implicit function theorem, we have that given any values Ml, el Mzm with
Moy, = 0, the corresponding values of M, ..., My, are defined uniquely. In turn, the
coefficients My, ..., Mo, are defined uniquely by (3.63), given any (symmetric with respect
to the complex conjugation) set R of the non-zero roots u, ..., ua,. Hence, given any
such set R, we find the corresponding values of My, ..., My, and then the values of the
perturbation parameters ¢ and @, for arbitrarily small values of Z. Theorem 3.1 is proven.

By taking in theorem 3.1 the values of the multipliers p1, . .., (o, outside the unit circle,
we arrive at the following corollary.

Corollary 3.1. Let the assumptions of theorem 3.1 hold. Then, by an arbitrarily small
C®-perturbation of system (3.1), a periodic orbit P the instability index N*(P) of which
satisfies

N*(P) =2m (3.66)
can be born in an arbitrarily small neighbourhood of the homoclinic loop under consideration.

Remark 3.2. We note that the unstable manifold W"(P) of the periodic orbit P constructed
in corollary 3.1 has dimension 2m + 1. Thus, if every solution of the perturbed system (3.20)
can be extended globally for positive + € R,, then this unstable manifold is, obviously, a
(2m + 1)-dimensional invariant submanifold for the system under consideration. Moreover,
due to remark 3.1, we have

dim W"(P) = [dimL(A)], (3.67)

where [v] denotes the integral part of v. Since such invariant manifolds always belong to
the attractor (if the system possesses a global attractor) then corollary 3.1 and formula (3.67)
present a possibility of obtaining lower bounds for the attractor’s dimension in terms of their
Lyapunov dimension. This possibility will indeed be used in the next section in order to obtain
sharp lower bounds for the attractor’s dimension for the abstract hyperbolic equation (1.1).

It is also interesting to consider the case where the multipliers 1, . . ., (o, in theorem 3.1
are all equal to 1 in the absolute value. In this case, a small perturbation of the periodic orbit
P with the multipliers w1, ..., W2, can produce an (;m + 1)-dimensional invariant torus (see a
proof in appendix B). This gives us the following corollary.

Corollary 3.2. Let the assumptions of theorem 3.1 hold. Then, by an arbitrarily small
C®-perturbation of system (3.1), an (m + 1)-dimensional smooth invariant torus, densely
filled by a quasi-periodic trajectory, can be born in an arbitrarily small neighbourhood of the
homoclinic loop under consideration.

4. Lower bounds for the dimension of the attractor

In this concluding section, we obtain sharp lower bounds for the attractor’s dimension for the
damped hyperbolic equation (1.1) with the nonlinearity in the class S (see definition 2.2). The
main result here is the following theorem.
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Theorem 4.1. Let A : D(A) — H be any linear self-adjoint operator whose eigenvalues
satisfy (2.1), and let {e;}7°, be the corresponding orthonormal system of eigenvectors. Then
there exist two smooth nonlinear operators Fy and Iy in the form

Fi(u) := F((u, e1), (u, e2))er + F ((u, e1). (u, e))er, weH, i=1.2 (4.1)
(where Fij € CSO(RZ, R), i, j = 1,2) and a smoothing operator & = @, \ ,, defined for

every e > 0, every small y > 0 and every k, m € N, belonging to the class S and satisfying
the estimate

”q)”C,f(E*’",H’") <&, 4.2)
such that the fractal dimension of the attractor A = A, ¢ r.m of the equation
2u+ydu+Au =T (u) + yFa(u) + D (u, du) (4.3)

possesses the following estimates:
1 1
C1— < dimp(A, E) < Cr—, (4.4)
v 14

where the positive constants Cy and C; are independent of v, €, k and m.

Proof. First, take a second order ODE in the form:
U =U — Fo(U), U eR, (4.5)

where Fy € C°°(R) vanishes at the origin together with its first derivative. We assume that
equation (4.5) possesses a homoclinic orbit Uy(¢) to the equilibrium U = 0 (as an example, take
Fo(U) = U?). Let us fix a sufficiently small y > 0,7 := [1/(2y)] — 1 and a frequency vector
o= (w1, ...,w,) € R"and consider the following decoupled system of second order ODE:s:
JU@) =U@) — FU@)),
Bty (1) +ydity (1) + ity () =0,
. (4.6)
B2it, (1) + y ity (1) + 2it, (1) = O.

By construction, this system has a homoclinic loop of the type studied in section 3, so one can
expect an analogue of theorem 3.1 for the perturbations of system (4.6), as is indeed given by
the following lemma.

Lemma 4.1. Let the above assumptions hold and let, in addition,

w; > foreveryi =1,...,n. 4.7)

Ev
Then, for every ¢ > 0 and every k € N, there exist C3°-functions ®; : R — R,
i=0,1,...,n, satisfying
@il g2 k) < €5 (4.8)
such that the system
U @) =U(t) — Fo(U (@) + Do(U (1), d,U (1), ia(1). 0, (1)),
O (1) +y iy (1) + ity (1) = (U (1), ;U (1), a(t), (1)),
) (4.9)
it (1) + y dyit, (1) + wpity (1) = @, (U (1), 3,U (1), ik (1), 3, (1)),
possesses a periodic orbit P with the instability index N*(p) = 2n.
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Proof. Let us introduce new variables

U(t) +d,U(1) _ U@ —-aU@)

z(t) := w(t) : s
2 2 y (4.10)
W0 =@, 60 =) (450 + Lin).
where @) := (0? — y?/9)? > 0,i = 1, ..., n. In these variables, system (4.6) reads

dhz=1z—3F(z+w),

ity = —%m + 007,
35, = —%ﬁl — Vi),
@.11)
Byity = —%u + @5,
8,7, = —%ﬁn — iy,
dw=—w+ %Fo(z +w).

Note that system (4.11) has the form of (3.1) and that all assumptions of theorem 3.1 are,
obviously, satisfied. Consequently, according to this theorem, for every given ¢ > 0 and
k € N, there are C§°-functions ®; : R¥2 5 R,i=0,...,2n+1, satisfying

1D llct ravn, ) < & (4.12)
such that the following perturbation of system (4.11)

dhz=z—3Fo(z+w)+Po(z, w, @t, V),

RATHES _%ﬁi + @) + Do (z, w, it D),
4.13
_ y _ 0- - _ . ( )
8,1),-:—Evi—a)iui+¢2i(z,w,u,v), i=1,...,n,
dw=—w+3Fo(z+w) + Doy (2, w, it, D),

possesses a periodic orbit P with the instability index N*(P) = 2n. This periodic orbit lies in
a small neighbourhood of the homoclinic loop of the unperturbed system, so we may assume
without loss of generality that all the functions ®; have finite supports.

It remains to rewrite system (4.13) as a system of second order ODEs for the variables
U(t) :=z(t) + w(t) and i; (¢). To this end, we take the sum of the first and last equations of
(4.13) and differentiate it with respect to ¢ and, analogously, we differentiate the equations for
i; () in (4.13). This gives us

RU@) =U ) — Fo(U@) + Po(z(t), w(t), i(t), (1)),

2- _ 2- = - (4.14)
it (1) + yoit; () + wiit; (1) = O (z(1), w(), it(1), v(1)), i=1,...,n,
where the C&° functions ®; : R?*2 — R satisfy
IDill i1 vz gy < Cre (4.15)

and the constant Cy, is independent of ¢. To finish the proof of the lemma, it remains to express
the variables z, w, v; in terms of U, 0,U, i; and 0,it; from the system

z+w=U,
z2—w=28U - dy(z. w, i, 1) — Doy (z, w, i1, V), (4.16)

5 = )" (8 + %u) (@) Pz w D), i=1.....n.
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Note that in the case where all ®; are equal to zero identically, system (4.16) reduces to a
non-degenerate linear system. Hence, due to (4.12), the system of equations (4.16) can indeed
be solved in a unique way (by virtue of the implicit function theorem) if ¢ is small enough:

72=0y(U,dU,u, d,ir),
v = 0;U,9,U, i, o), i=1,...,n, 4.17)
w=0,.,1,0U,iu, o)

for some C*-functions ®;,i = 0, ..., n. Inserting (4.17) into the right-hand side of (4.14)

finishes the proof of lemma 4.1.

Let us now finish the proof of theorem 4.1. Indeed, let A be a self-adjoint positive operator
in a Hilbert space H with a compact inverse, such that its eigenvalues 0 < A; < A, < - - - satisfy
condition (2.1) for a certain positive constant . Let {e;}7°, be the corresponding orthonormal
system of eigenvectors. Then, every H-valued function u(t), t € R,, can be expanded as
follows:

o0

w(t) =Y wie,  wit) = @), e). (4.18)
i=1
Moreover, due to (1.2),

o0
lu@)lf =D A lui (1), s eR. (4.19)
i=1

We rewrite now equation (4.3) in the following equivalent form:

afu,-(z) + Y Aui (1) + Ajui (1) = Dy (u(t), du(r)), i=1,2,..., (420
where u(t) = (u1(t), u(t),...) € R* (see (4.18)) and {Cf),-(u, 0;u)}2, are defined as
D, (u, du) := F () + yFy(u) + ©(u, o:u), €;). 4.21)

We will construct the desired equation (4.3) in the form (4.20). The main idea is to construct
the nonlinearities in such a way that the components u; (¢) of the corresponding solution will
satisfy system (4.9). Then, by lemma 4.1, this equation will possess a periodic orbit P such
that N*(P) = 2n,n + 1 := [1/(2y)] and, consequently, the fractal dimension of its attractor
will be larger than (2y)~!. Indeed, let y > 0, & > 0 and let k € N be arbitrary. Let us also fix
n:=[1/2y)]—1asinlemma 4.1. We need to rewrite system (4.9) constructed in lemma 4.1

in the form (4.20). To this end, we fix the frequencies a)l.z = Aiz2, i = 1,...,n, where A; are

the eigenvalues of A, and introduce the variables

u () :=U@), us(t) :== o, U (1), uz(t) == uy (1), ..., U2 (1) 1= ity (1).
(4.22)

In these variables, system (4.9) is written as follows:

aful +y oy + huy = {uy — Foluy) +Aquy}

+y{uz} + @(uy, ... tpg2, U, ..., Oiltye2),
afu2 + Y Oup + daun = {ug — Fy(uy)uz + raur}

+y{ur — Folu)}+ @o(uy, ..., Uy, Oty o ., Oltyy2), (4.23)
BPus +y s+ haus = D3(uy, ..y Upar, Qlh1s - ..y Hyllysd),

2
8[ Ups2 + yat”n+2 + )“n+2”n+2 = q)n+2(ulv ceey Uny2, 8I”la B at”n+2)a
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where the Cj°-functions ®; satisfy
||d>, ||Ck*2(]R"+2,]R) < C]/CE (424)
Since every solution of (4.9) is, obviously, a solution of (4.23) as well, system (4.23) also has
a periodic orbit P with N*(P) = 2n.
We complete system (4.23) as follows:
8t2u,~+)/8[u,-+)»,‘u,~ =0, i=n+3,n+4,.... (4.25)

Then, system (4.23) and (4.25) has the form (4.20) indeed. Moreover, since only the existence
of a periodic orbit P with N*(P) = 2n is important for our purposes, we may cut off all the
nonlinearities outside this orbit and define finally

ltl—Fo(lt1)+)»1u1 us
uy — Fi(ui)us + Aous w, — Fo(uyp)
Fi(u) = ¢o - 0 S O 0 (4.26)
0 0
and
Dy (Ui, ..o, Ups2, Ol .o, Opllps2)
o, ey Upyn, Oty ..., Oslly
O, Byu) = +2(u u +20 it i Uns2) ’ 4.27)
0

where ¢o := ¢o(|u;|> + |u2|?) is an appropriate cut-off function.

Thus, the desired operators Iy, F, and & are defined. Let us now verify that they satisfy
all conditions of theorem 4.1. Indeed, (4.1) is obvious. Since the operator ® has a finite rank
(see (4.27)), then, obviously, ® € S. Moreover, it follows from (2.1), (4.19) and (4.24) that,
foreverym e N

Dl ce2gn mmy < Cn*e. (4.28)

Hence, by rescaling, if necessary, ¢, we may always satisfy (4.2) (for every fixed m).
Furthermore, due to our construction, system (4.23) and (4.25) possesses a saddle periodic
orbit P with N*(P) = 2n. Therefore,
1
dimp(A,E) > 2n > v (4.29)
4
The upper bounds for the fractal dimension in (4.4) is an immediate corollary of proposition 2.1
and corollary 2.2. Theorem 4.1 is proven.

Remark 4.1. We emphasize that the operators | and I, from theorem 4.1 have a very simple
structure (see (4.26)) and can be computed explicitly. It is also worth to emphasize that the
unperturbed system (4.3)

8l2u +you+Au =F (u) + yFr(u) (4.30)
possesses a four-dimensional inertial manifold

M = {(uy, uz, duy, duz) € RY, (u;, du;) =0,i =3,4,...)
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and, consequently, the fractal dimension of its attractor Ay satisfies

dimg(Ap, E) < 4, for every y > 0, (4.31)
whereas its Lyapunov dimension, obviously, satisfies

dimy (Ao, E) ~ y " (4.32)

Theorem 4.1 shows, however, that we may drastically increase the fractal dimension of the
attractor A by an arbitrarily small perturbation of equation (4.30), and achieve

dimg(A, E) ~ dimg (A4, E) ~ y~ L. (4.33)

This example confirms that the Lyapunov dimension is a more robust qualitative characteristic
of the global attractor than its fractal dimension.

Remark 4.2. We have constructed in theorem 4.1 the examples of attractors .A of equations of
the form (1.1) which depend explicitly on the first derivative d,u of the unknown function u.
Differentiating, however, equation (4.3) by ¢ and denoting v = d;u and w(t) := (u(t), v(t)) €
H := H x H, we obtain the equation of the form

3w +ydw+Aw =T (w) + yFa(w) + d(w), (4.34)

where the nonlinearities are already independent of 9, w. Therefore, the phenomena described
in theorem 4.1 can appear in hyperbolic equations of the form (1.1) where the nonlinearity F is
independent of 0,1 (F (u, 0;u) = F(u)). Unfortunately, this reduction leads to linear operators
Aina special form

- (A0
A (0 A)_ (4.35)

In order to avoid this restriction, we permit the explicit dependence of the nonlinearity F on
d;u in our abstract model (1.1).

We recall that the usual way of obtaining lower bounds for an attractor’s fractal dimension
is to estimate the instability index for some equilibrium of the equation under consideration,
see [1,2] and references therein (see also [27], where lower estimates for the instability index of
a linear non-autonomous equation of type (1.1) with periodic coefficients were given based on
the parametric resonance phenomena). In our next proposition, we show that it is, in principle,
impossible, using this method, to obtain reasonable lower bounds for the attractor’s dimension
of equation (1.1) with nonlinearities belonging to S.

Proposition 4.1. Let A be a linear self-adjoint operator with a compact inverse in a Hilbert
space H whose eigenvalues satisfy (2.1) and let the nonlinearity F in equation (1.1) belong to
the class S. Then, for every ¢ > 0, there exists a positive constant C, such that the instability
index of any equilibrium ug of equation (1.1) is estimated as follows:

N*(up) < Cey ™t (4.36)
Proof. Indeed, due to the trick described in remark 4.2, it is sufficient to prove estimate (4.36)
only for the case where

F(u, ou) = F(u). (4.37)

Let now uo be an arbitrary equilibrium of equation (1.1). Then, the corresponding equation of
variations reads

w+ydw+A,w =0, Ay, = A — F'(up) (4.38)
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and, consequently, the spectrum of the linearization D,,S; of the semigroup (1.7) at the point
(uo, 0) can be expressed as follows:

12
_ tu’; k .__ 14 yz
0(Dy,S;) = e, uy = -3 + T O , (4.39)

where {6;}72 | € C are the eigenvalues of the operator A,
We recall now that the operator F belongs to the class S. Therefore,

I F' (o) |l e pmy < Ciy (4.40)

for every m € N, where the constant C,, is independent of ¢ € H. Thus, due to the classical
theory of compact perturbations of self-adjoint operators (see, e.g., [28]), we derive from (4.40)
that for every N € N, there exists a constant Cy such that

0k — i) < Cyk™, keN,

where X, are the corresponding eigenvalues of the unperturbed operator A. It follows that all
but finitely many 6, have positive real parts, and their imaginary parts tend to zero faster than
any power of k as k — +o0o. Hence, according to formula (4.39), the number of eigenvalues
wX. with non-negative real parts satisfies (4.36) indeed. Proposition 4.1 is proven.

Remark 4.3. We stress that our ‘homoclinic’ method of obtaining lower estimates for the
attractor’s dimension gives, in fact, more than an estimate from below of the maximal
attractor. Indeed, in absolutely the same way as theorem 4.1 was deduced from corollary 3.1 to
theorem 3.1, we obtain from corollary 3.2 that the nonlinearities IF; ; and & can be constructed
in such a way that equation (4.3) would have an invariant torus of dimension ~C/y, where C
is a certain constant, densely filled by quasi-periodic trajectories (at y = 0 this system may
be integrable, nevertheless all its invariant tori are killed at non-zero y due to the way we
introduce the dissipation in our examples; hence, the invariant torus which we obtain is of a
different nature).

In other words, we show that equations under consideration may have minimal sets whose
dimension is of the same order as the Lyapunov dimension of the maximal attractor. Recall
also that, according to [29], any quasi-periodic flow on a smooth (m + 1)-dimensional invariant
torus can be perturbed in such a way that the torus would contain an invariant m-dimensional
manifold, homeomorphic to D”~' x S', the flow on which is smoothly conjugate to a
suspension over any aforehand given diffeomorphism of D"~!. Hence, by corollary 3.2,
every dynamics which is possible in a phase space of dimension ~C/y can be encountered in
equation (4.3), after an appropriate choice of the nonlinearities.
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Appendix A. Proof of theorem 1.1 and lemma 2.1

In this appendix, we prove the existence of a solution for problem (1.1) under the assumptions
of theorem 1.1. We also prove the Lipschitz property of the corresponding semigroup S;, as
well as the quasi-differentiability of S, on the attractor A (lemma 2.1). As usual (see [1], [3]
chapter 4 and [4]), the proof is done via the Galerkin approximation method, based on the
a priori estimates (1.6), (1.8) and (1.9).
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We start with the proof of the a priori estimate (1.6). Let £ € C(R,, E) be a solution
of (1.1). Then, according to assumption (1.4), the nonlinear term F(u, d;u) belongs to the
space C(R,, H) and is globally bounded in it. Consequently, we may take a scalar product of
equation (1.1) with d;u(¢) + cu(t), where @ > 0 is a sufficiently small number, and derive the
following relation (see, e.g., [3], lemma I1.4.1):

20,13 I + Nl ()l + 20 (®), du@)]+ (v — e) 1B (@) | + ellu®) I

= (Fu+adu) < Ce+e(0u@®|f+ [u@® 5,
where ¢ > 0 can be arbitrarily small. Fixing now ¢ < 1 and & < 1 in the last inequality and
applying Gronwall’s inequality, we obtain (1.6) indeed.

Let us now verify estimate (1.8). Let &,, () and &,,(¢) be two solutions of (1.1) and let
n(t) :=[v(), ov(t)] := & (t) — &(¢). Then v(t) satisfies the following equation:

v+ ydv+Av=Li(t)v+L(t)dv, M=o = §1(0) — £(0),

where
1
Li(t) ::f F)(suy+ (1 — s)ua, sd,u;)ds
0
and

1
Ly(t) := f Fy, (suy + (1= $)uz, s3,u;) ds.
0

We note that, according to (1.4), these operators are globally bounded as operators from
H' — Hand H — H, respectively. Consequently, the right-hand side of the equation for v
belongs to the space C(R,, H) and we may take a scalar product of this equation with d,v and
derive the following estimate:

s I + o @11+ v 1) 1
= (L1("O)v(®), v(®)) + (L2, v (), v(®) < K([v®) Iz + 19,0 1),
where K is independent of #; and u; (since the derivatives F, and Falm are assumed to be
globally bounded). Applying Gronwall’s inequality to this relation, we obtain (1.8).
In order to prove the a priori estimate (1.9), let us differentiate equation (1.1) with respect

to ¢ and introduce the function z(¢) := d,u(¢). Then, this function satisfies the following
equation:

Nz +ydz+Az=F (u,du)z+ Fy (u, 9,u)9,7, A
Zlr=0 = ug, 0;7i=0 = 8,211(0) = —Aug — yuy + F(uo, up). )

Denote n(t) := [z(t), dz(t)]. Since £(0) := [u(0), 3,u(0)] € E' and the nonlinearity F
satisfies (1.4), it follows that n(0) € E and
In )1 < CUEO)[F +1) (A2)

for an appropriate constant C depending on F and y. Moreover, it follows from estimate (1.6)
and from equation (1.1) that

Iz < C'IEO) [ge™" +C, (A3)
where C” and C| depend only on A, F and y.
Taking the inner product in H of equation (A.1) with the function 9,z(t) + (y/2)z(¢),
we have
N0zl + Nzl + v @), 3z} + v 19,zllF + vzl
= 2(F, (u. d;u)z, 8,2) + 2(Fy , (u, 8u)d,2, 8;2)
+y (F,(u, du)z, 2) + y (Fy, (u. d,u)d,2, 2). (A.4)
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Using conditions (1.5), we derive that
2(F,(u, du)z, 8,2) + 2(F51u (u, 0,u)0,z, 8;2)
14
< S U+ 120 ) +4Cy 120, 321+ (A5)
Analogously, using assumption (1.4) on the derivatives of F, we estimate
(Fy(u, )z, 2) + (Fy , (u, )92, 2) < § (102 [IF; + 120 [177) + C'll[2(0). 3 z(D)]l[3--
(A.6)

Inserting estimates (A.5) and (A.6) into the right-hand side of (A.4), we obtain, for a sufficiently
small y > 0,

A {3zlfy + Nzlfy + v (), Bz(0)} + %{nazzn%{ + 2l + ¥ (2(0), 3z} < C)lln () 13-,

for an appropriate constant C}’,/ which depends only on y, A and F. Applying here Gronwall’s
inequality, and using (A.2) and (A.3), we arrive at the estimate

In@)I < Cae™"®1£O) I + Ca. (A7)
It remains to note that due to equation (1.1) and condition (1.4) we have

lE@Z < Cln®E+ 1),

so (1.9) follows from (A.7).

Now we can prove the existence of the solutions of (1.1). Let {¢;}{2, be the orthonormal
basis in H generated by the eigenvectors of the self-adjoint operator A and let I1y be an
orthoprojector to the first N eigenvectors in H, Hy := IIyH and Ey := TIyE. For every
N € N, we consider the following problem in the finite-dimensional space Ey, which
approximates the initial infinite-dimensional problem (1.1):

8[2UN + yB,uN +ALLN = HNF(HN, 8,uN),

En(t) :=[un (), duy(t)] € Ey. En(0) = &y
We recall that (ITy F, vy) = (F, vy) forevery vy € Ey and, consequently, repeating word by
word the derivation of estimates (1.6) and (1.9), we obtain the following uniform (with respect
to N) a priori estimates for the solutions of (A.8):

L ey @12 < CllEn(0) g™ + Cy.

2. lEn (Ol < CrllEN(0) e /%t + Cs,

where the constants C, C1, C; and C3 are the same as in (1.6) and (1.9) (and, in particular, they
are independent of N). On the other hand, equation (A.8) is a system of ODEs with smooth
(C") nonlinearity and, consequently, estimates (A.9) give the global existence of a solution
&En(t) € Ey of problem (A.8). Our task now is to pass to the limit N — oo in (A.8) and
construct the solution u(¢) of (1.1) as a limit of Galerkin solutions u y (¢). To this end, we first
assume that the initial conditions £(0) for problem (1.1) belong to E':

(A.8)

(A.9)

£(0) € E! and set £ == Ty£(0). (A.10)
Then, according to (A.9)(2) and equation (A.8), we have the uniform with respect to N estimate
1871w Il qo.rym + En oo, r1eny < CUIEO) D), (A.11)

which is valid for every T > 0. Consequently, without loss of generality, we may assume that,
forevery T > 0,

Ev — & s—weakly in L>([0, T],E"),

2 2 R (A.12)
o uy — 0 u x—weakly in L™ ([0, T'], H)
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for some function & := [u, d,u] € L*(R,, E!). We claim that u solves the initial problem (1.1).
To this end, we need to pass to the limit N — o0 in equations (A.8). Indeed, passing to the
limit N — oo in the linear terms of (A.8) is evident due to (A.12). In order to pass to the limit
in the nonlinear term, we recall that the embedding

L>([0, T1,E) N {8*u € L>=([0, T], H)} C C([0, T],E)

is compact, for every T > 0 (see, e.g., [3], chapter 4) and, consequently, (A.12) implies the
strong convergence &y — & in C([0, T'], E). Since the operator F is continuous, it follows
that Iy F (uy, 0,Uy) — F(u, d,u), and u is indeed a solution of problem (1.1).

Thus, for every £(0) € E!, we have constructed a solution £ € L*(R,, E') NC(R,, E) of
problem (1.1) (moreover, arguing in a standard way as, e.g., in [3], chapter 4, one may verify
that & € C(R,, E"), in fact). It is not difficult now to extend this result to the initial data from
E. Indeed, let £(0) € E be an arbitrary initial condition. Let us consider a sequence £”(0) € E!
such that

£"(0) — £(0) asn — oo. (A.13)

Let also £"(t) € E! be the corresponding solutions of problem (1.1), the existence of which has
just been proven. Then, according to estimate (1.8), there exists some function & € C(R,, E)
such that

& — & in C([0, T], E) strongly (A.14)

for every T > 0. As above, the strong convergence law (A.14) allows us to pass to the
limit n — oo in the equations for #”" and verify that the limit function u(¢) also satisfies
equation (1.1). Thus, the existence of a solution of problem (1.1) is now proven under the
assumptions of theorem 1.1.

It remains to prove the quasi-differentiability of the corresponding semigroup S; on the
attractor A. Let &,(f) and &,(¢) be two solutions of problem (1.1) belonging to A and let
v(t) be a solution of equation of variations (2.7) (computed along the trajectory &;(¢)) with
[v(0), 9;v(0)] = & (0) — &,(0). Then, arguing as in the derivation of estimate (1.8), we obtain
the following estimate:

[lv(0), dvO]1lE < Cllv(0), dv(0)][EeX", (A.15)

where the constants C and K are independent of u; and u,. Moreover, the function
w(t) := u;(t)—uy(t)—v(t) obviously satisfies the following linear non-homogeneous equation

3w +ydw +Aw — F(uy, dup)w — Fy Gy, Q) 3w = hyy 4, (1),

(A.16)
[w, & w]|;=0 =0,
where
1
My oy (£) 2= {f (F)(suy + (1 — s)up, s0u1) — F,(uy, 0u1) ds} v(t)
0
1
+ {f (Fy (s + (1 = $)ua, s8iu1) — F(uy, druy) ds} o, v(t). (A.17)
0
Consequently, analogously to (1.8) and (A.15), we have
T
(D). Bl < €7 [ 0l (A18)
0

where the constants C and K are independent of u#; and u,. On the other hand, since the
attractor A is compact in E, the set

A =&+ =5)&, &.5ecA sel0,1]}
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is also compact in E and, due to assumption (1.4), the derivatives F,, and F; , are uniformly
continuous on this set. Consequently, we have an estimate

120,00 (D1l < (181 () = &) ) Iv(D), dv@)]lE. (A.19)

where the function «(z) tends to zero as z — 0% and is independent of 7, u; and u,.
Estimates (1.8), (A.15), (A.18) and (A.19) imply that

ITw(T), dw(T)]IIg < ar(151(0) — £(0)[[£)11£1(0) — £(0) e, (A.20)

where the function a7 (z) tends to zero as z — 07, it depends on 7' > 0 but it is independent of
&1, & € A. Thus, estimate (2.2) is verified. The continuity of S’(£) on the attractor is verified
analogously. End of the proof.

Appendix B. Proof of corollary 3.2

Let P be a periodic orbit, born by a small perturbation of a homoclinic loop of system (3.1),
which has 2m multipliers equal to 1 in absolute value (such an orbit can indeed be born
according to theorem 3.1). Let us prove that a smooth (i + 1)-dimensional invariant torus,
filled by quasi-periodic trajectories each of which is dense in the torus, can be born at the
bifurcations of P.

Consider a Poincaré map (x + X) for the periodic orbit P:

X = Bx +0o(x), (B.1)

here x = 0is the fixed point which corresponds to the orbit P. The eigenvalues of the matrix B
are the multipliers of P. By assumption, 2m of these eigenvalues lie on the unit circle. Our
goal is to prove that this map can be perturbed in such a way that an m-dimensional invariant
torus would appear in a small neighbourhood of the origin.

Fix any integer r > 1. It is obvious that, by perturbations, small in C"-topology, one can
arrange arbitrary small changes in any entries of the matrix B in (B.1). Hence, we can always
achieve that B would have exactly m pairs of complex-conjugate eigenvalues on the unit circle:
etior . et all w are rationally independent and the factors @ /7 are irrational; and the
rest of the multipliers does not lie on the unit circle.

By the centre manifold theorem, our map has a 2m-dimensional smooth invariant manifold
which is tangent at x = 0 to the eigenspace of B corresponding to the multipliers on the unit

circle. It is well-known that since the numbers {7, w1, ..., w,} are rationally independent,
there exist local coordinates (z;, .. ., Z») € C" in which the map on the centre manifold takes
the following (normal) form:
Zj =0z}, .. Zmz,)z+0(2) (J=1L....m), (B.2)
where * means complex conjugation, and Q ; are complex polynomials of degree < (r — 1) /2,
Q;(0) =ei. (B.3)

It is obvious that by an arbitrary small (in the C”"-topology) perturbation, one can make
map (B.2) coincide with the polynomial map
Zj = Qi(21z]s -+, ZmZy)Z (G=1....m (B.4)
in a sufficiently small neighbourhood of zero. Thus, it is enough to prove that a small
perturbation of map (B.4) can produce an m-dimensional invariant torus arbitrarily close
toz =0.
Let us, first, introduce polar coordinates p jei¢i =2z, j=1,...,m. Map (B.4) can be
recast as

pi=R;(01. ... 00)0;, 9 =0i+Q0f ... pp) G=L...m (B
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where Q; = R;e' (j =1,...,m), so R;, ; are real analytic functions, and

R;(0) =1, Q;(0) = w; G=1,....,m). (B.6)
Letay,...,an,61,...,0, bearbitrary small numbers. Then the map
pi=(aj+Rij(pi..... pp))pj. Gi=9i+0;+Qipi.....pp)  (G=1....m

(B.7)
is a small (real analytic) perturbation of (B.5). The amplitude map
B =(a;+Rj(p?,....p2))p; (G=1,...,m) (B.8)

is independent here of the phases ¢, ..., ¢,. Therefore, a fixed point of (B.8) with all
P1, - -+, P NON-Zero corresponds to an m-dimensional invariant torus of (B.7).

Take now some sufficiently small strictly positive numbers p?, ooy pO. Put
a;j=1-=R;((p))*, ..., (0", 0 =w; —Q2;((P)*, ..., (p2)?%) (G=1,....m).
(B.9)
By (B.6), the numbers ay, ..., a,, 01, ..., 6, are indeed small when p?, e, p,(fl are small.

With ay,...,a, given by (B.9), (p%, ...,02) is a fixed point of (B.8), i.e. the torus
(p1 = ,0?, e P = ,0,,01) is a smooth m-dimensional invariant torus of (B.7). By construction,
map (B.7) is a C”-small perturbation of the restriction of the original Poincaré map on the
centre manifold, so we have indeed constructed the perturbation under which an invariant
torus is born from our periodic orbit. By (B.6) and (B.7), the restriction of the Poincaré map
on this torus is given by

Y =¢j+o; (G=1,...,m).

Since the numbers 7, @y, . .., w,, are rationally independent, it follows that every orbit of this
map is indeed quasi-periodic and fills the torus densely. End of the proof.
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