ON DYNAMICS OF MAPS CLOSE TO IDENTITY

DMITRY TURAEV

1 Introduction. Statement of results.

A long standing open problem in the theory of dynamical systems is to
describe which kind of dynamical phenomena one can expect in close to
identity maps. It started with a celebrated paper [1] where it was shown that
any n-dimensional dynamics can be realized via C™"'-small perturbations
of the identity map of an n-dimensional torus. The paper seized a lot of
attention by physicists, because it proposed a new view on the onset of
hydrodynamical turbulence; at the same time it caused a lot of criticism. One
of the reasons was that the C"*-small perturbations constructed in [1] were
not small in C"*2, which is quite unphysical. The controversy was resolved
in [2] where it was shown that given any r, any C"-diffeomorphism of a
closed n-dimensional ball can be obtained as a restriction to an n-dimensional
invariant manifold of some iteration of a C"-close to identity map of the closed
unit (n + 1)-dimensional ball B"™'. Thus, the restriction on smoothness
of perturbations was removed by sacrificing one dimension of phase space;
anyway, other scenarios of the transitions to turbulence had already been
known.

From the purely mathematical point of view, the question still remained
unsolved: can an arbitrary n-dimensional dynamics be obtained by iterations
of a C"-close to identity map of B, i.e. in the same dimension of phase space?
The difficulty is that the straightforward construction proposed in [1] does
not work for high r in principle. Indeed, given an orientation-preserving
diffeomorphism F': B" — R", one can imbed it into a continuous family F;
of the diffeomorphisms such that F; = F' and Fy = i¢d. Then, given any N,
the map F' can be represented as a superposition of N maps

F=Fyo...0F,, where Fszfﬁoj:s_;ll, (1)
N

that are O(1/N)-close to identity. One can choose then N small balls D, €
B" of radius p ~ N~Y®=D and define a map ¢ : B* — B™ such that
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Figure 1: An illustration to Ruelle-Takens construction.

O(2)|vep, = Tsi1 —i—pFS(m_pxs) where x; is the center of Dy (Fig.1). Obviously,
&V |p, is conjugate to F, i.e. the dynamics of ¢™|p, coincides with the
dynamics of F. However, the derivatives of ¢ of order n 4+ 1 behave as
N=1p™ ie. they do not, in general, tend to zero as N — +oo. Thus, an
arbitrary n-dimensional dynamics can be realized by iterations of C™-close
to identity maps of B™, but the construction gives no clue of whether the
same can be said about the C"™!-close to identity maps.

One could try to position the regions D, differently, or make their radii
vary, or change their shape. This, however, hardly can lead to an essential
increase in the maximal order of the derivatives of ¢ which tend to zero as
N — 400. The reason lies in a well-known fact from the averaging theory

that the O(0)-close to identity map
T=x+0f(z)

can be approximated by a time shift of a certain autonomous flow with the
accuracy O(6™) for an arbitrarily large m (if f € C'*). That means that
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the number of iterations necessary in order to obtain a dynamics which is far
from that of an autonomous flow, has to grow faster than O(d~™), for every
m. As we see, one has to control a very large number of iterations of close to
identity maps, hence decompositions much longer than that is given by (1)
have to be considered.

In this paper we propose such a decomposition (Theorem 3), using which
we show that an arbitrary C"-generic orientation-preserving n-dimensional
dynamics can be obtained by iterations of C"-close to identity maps of B”,
n > 2.

To make the formulations precise, we will borrow some definitions from
[3]. Let g be a C"-diffeomorphism of a certain closed n-dimensional ball D.
Take any C"-diffeomorphism 1 of R™ such that ¢(B") C D, and a positive
integer m. The map gpy = ¥~ 0 g™ o ¢|pn is a C"-diffeomorphism that
maps B" into R". We will call the maps g, obtained by this procedure
renormalized iterations of g.

Theorem 1. In space of C"-smooth orientation-preserving diffeomorphisms
of B™ into R" (n > 2) there is a residual set S, such that for every map
F e S,, for every § > 0 and for every n-dimensional ball D there exists a
map g : R" — R", equal to identity outside D, such that ||g —id||cr < and
F is a renormalized iteration of g.

This is the main result of the paper. The central part is to prove that
for any § > 0 every orientation-preserving C"-diffeomorphism F' : B" — R"
can be arbitrarily well approximated by renormalized iterations of d-close to
identity maps, equal to identity outside a given ball D (it is enough to prove
this for one particular ball D, then for other balls the claim will remain true
because there always exists an affine conjugacy that takes one ball to the
other). In other words, we show that the set of all renormalized iterations of
the maps g : D — D such that ||g —id||cr < ¢ is dense in space of C"-smooth
orientation-preserving diffeomorphisms of B™ into R", for every § > 0. This
set is also open (just by definition). Hence, the intersection S, of these sets
over all § > 0 is residual (and independent of the choice of D), which gives
us the theorem.

We construct the approximations of the given map F' by renormalized
approximations of close to identity maps in Sections 2 and 3. As a first step,
we represent F' as a composition of a pair of certain special maps and some
volume-preserving diffeomorphisms (Lemma 1). Each of the special maps
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can be realized as a flow map through a kind of saddle-node bifurcation (see
Fig.2), reminiscent of the so-called “Iljashenko lips” (see [4]). For volume-
preserving diffeomorphisms one may adjust the results of [3] for symplectic
diffeomorphisms and prove (Lemma 2) the existence of an arbitrarily good,
in the C"-norm on any compact, polynomial approximation by a composition
of the volume-preserving so-called Hénon-like maps. It is known that Hénon
maps often appear as rescaled first-return maps near a homoclinic tangency
(cf. [5, 6]). In this paper we find a kind of homoclinic tangency which does
incorporate all the Hénon-like maps that appear in our volume-preserving
polynomial approximations. Thus, we show that the map F' can be approxi-
mated arbitrarily well by a composition of maps related to certain homoclinic
bifurcations. The last step is to build a close to identity map which displays
these bifurcations simultaneously. This is achieved by an arbitrarily small
perturbation of the time-d map of a certain C* flow (the time 6 map of a
flow is, obviously, O(d)-close to identity).

Note that the approximation of any volume-preserving diffeomorphism of
a unit ball into R™ by a polynomial volume-preserving diffeomorphism is not
straightforward, because the Jacobian of the approximating diffeomorphism
should be equal to 1 everywhere, and this constrain is quite strong for polyno-
mial maps. Had the approximation result been true for all volume-preserving
maps, i.e. not necessarily diffeomorphisms, it would produce a counterexam-
ple to a famous “Jacobian conjecture”; however, our approximation result
uses in an essential way the injectivity of the map that has to be approx-
imated (we represent the map as a shift by some smooth non-autonomous
flow).

It should be mentioned that Theorem 1 does not hold true at n = 1. In-
deed, if a map F on the interval B! has two fixed points (with the multipliers
different from 1), then every close map F has a pair of fixed points P; o as
well. If such F'is a renormalized iteration of a diffeomorphism g, then ¢ will
also have a pair of fixed points, ¥(P;) and ¥ (P,) (at n > 1 this is not true).
The interval between P; and P, will be invariant with respect to ¢! o go,
hence 1)~ o go will be a root of degree m > 1 of the map F on this interval.
Now note that the maps of the interval that have a root are not dense in C?,
according to [7], hence renormalized iterations are not dense either.

One can check through the proof of Theorem 1 that it holds true for
finite-parameter families of orientation-preserving diffeomorphisms: in space
of k-parameter families F., ¢ € B*, of C"-smooth orientation-preserving



diffeomorphisms of B™ into R™ (n > 2) there is a residual set Sy, such that
for every F. € S, and for every § > 0 there exists g. : D x B¥ — D such
that ||g. — id||cr < § and F. = ¢! 0 g™ 0 1), |pn for some m > 0 and some
family 1. of C"-diffeomorphisms of R".

Thus, any dynamical phenomenon which occurs generically in finite-
parameter families of dynamical systems can be encountered in maps ar-
bitrarily close to identity (with the same dimension of phase space).

To put the result into a general perspective, we recall that one of the

main sources of difficulties in the theory of dynamical systems is that struc-
turally stable systems are not dense in space of all systems [8, 9], moreover
most natural examples of chaotic dynamics are indeed structurally unstable
(like e.g. the famous Lorenz attractor). Understanding the dynamics of sys-
tems from the open regions of structural instability (i.e. the regions where
arbitrarily close to every system there is a system which is not topologically
conjugate to it) has been the subject of active research for the past four
decades. It often happens, and helps a lot, that structurally unstable sys-
tems may possess certain robust properties, i.e. dynamical properties which
are not destroyed by small perturbations. For example, systems with Lorenz
attractor are pseudohyperbolic (or volume-hyperbolic) [10, 11, 12], and this
is the property which, in fact, allowed for a very detailed description of them
[13, 14, 15]. Another robust property is uniform partial hyperbolicity, a rich
theory of systems possessing it is actively developing now [16, 17]. In fact,
not so much of robust properties are known, it could even happen that be-
yond the mentioned partial hyperbolicity and volume-hyperbolicity no other
robust dynamical properties exist. This claim can be demonstrated for var-
ious examples of homoclinic bifurcations (see [18]), and can be used as a
guiding principle in the study of bifurcations of systems with a non-trivial
dynamics:
gien an n-dimensional system with a compact invariant set that is neither
partially- nor volume-hyperbolic, every dynamics that is possible in B"™ should
be expected to occur at the bifurcations of this particular system.
The last statement is not a theorem and it might be not true in some situa-
tions, still it gives a useful view on global bifurcations. In particular, it was
explicitly applied in [19] to Galerkin approximations of damped nonlinear
wave equations in order to obtain estimates from below on the dimension of
attractors in the situation where classical methods [20] do not work.

Theorem 1 gives one more example to the above stated principle: the
identity map has no kind of hyperbolic structure, neither it contracts nor



expands volumes, so it should not be surprising that its bifurcations provide
an ultimately rich dynamics.

The same idea can be expressed in somewhat different terms. Let us
call the set of all renormalized iterations of a map g : D — D its dynamical
conjugacy class. The map will be called C"-universal [3] if its dynamical con-
jugacy class is C'"-dense among all orientation-preserving C"-diffeomorphisms
of the closed unit ball B™ into R". By the definition, the dynamics of any
single universal map is ultimately complicated and rich, and the detailed
understanding of it is not simpler than understanding of all diffeomorphisms
B™ — R™ altogether.

Theorem 2.For every r > 1, C"-universal diffeomorphisms of a given closed
ball D exist arbitrarily close, in the C"-metric, to the identity map.

Proof. Take an arbitrary sequence of pairwise disjoint closed balls D; C
D, a sequence of maps F; which is C"-dense in space of orientation-preserving
C"-diffeomorphisms B" — R", and a sequence ¢; — +0 as j — +o00. By
Theorem 1, given any J, there exist maps g; such that g; is identity outside
D;, some renormalized iteration of g, is ¢;-close to F}, and ||g; — id||cr < 9.
By construction, the map g(z) = g;(z) at z € D; (j =1,2,...) and g(z) ==z
at x € D\ U2, D; is C"-universal and d-close to identity. O

This work was done during the author’s stay in MPI fiir Mathematik,
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2 An approximation theorem.

Let F' be an orientation-preserving C"-diffeomorphism (r > 2) which maps
the ball B" : {3 ; 22 < 1} into R". Without loss of generality we may as-
sume that F is extended onto the whole R", i.e. it becomes a C"-diffeomorphism
R" — R™, and it is identical (i.e. F'(z) = z) at ||z|| sufficiently large; such
extension is always possible. Let K be a constant such that

N\2785]
TER™ J(JI)

where J(z) is the Jacobian of F. Denote R} := {x,, > 0}.

< K, (2)



Lemma 1. There exists a pair of volume-preserving, orientation-preserving
C"-diffeomorphisms @, : R} — R} and ®3 : R" — R" such that

F:(I)QO\IJQO(I)lo\I/l, (3)

where K«
\Ijl = (.Tl,. .. 7xn—17'rn> — (flfl, ey Lp—_1,6€ -Tn)’ (4)

Uy = (21, ., Tp1, %) — (1, ..., Tpoq, In2,).

Proof. We need to construct a volume-preserving diffeomorphism & :
(X1,..., T > 0) = (T1,...,%, > 0) in such a way that

0
det %‘112 o®dyoWy(x) = J(x) (5)

(then the Jacobian of @y = F o (¥y 0 ®; o U;)~! will be equal to 1 automat-
ically). By (4), condition (5) is equivalent to

Kz,
- .
J(w1, .. T, 7 In2y)

Tn :¢(ZL’1,...,JI”)

It follows from (2) that d¢/0x, > 0 everywhere. Moreover, as F' is the
identity map outside a bounded region of R", we have that

¢(z) = Kz, (6)
outside a compact subregion of R’. Therefore, every trajectory of the vector
field

op . 0

x]:(](]gn_2)7 ‘fﬂ—l:ax7 'rn__ax_l (7>

is extended for all x,,_; € (—00,400), and the time 7(z) that the trajectory
of the point z needs to get to xz,_1 = 0 is a C"-function of x, well defined
everywhere in R". By (7),

or  0¢ or  0¢

ox, 1 0r, Ox, 0T, 1

— 1. (8)

Hence, the foliations of R} by level surfaces of the functions 7 and ¢ are
transverse, so (see (8),(6)) the map

Bi=2; (j<n—2), Fuy=-7(2), T,=0() (9)

7



is a volume-preserving, orientation-preserving C"-diffeomorphism R} — R,
i.e. it is the sought map ;. O
The maps z +— T of the following form:

Ty =122, ...y Tp1 = Tp, Tp= (—1)”+1x1+h(x2,...,xn), (1())

will be called Hénon-like volume-preserving maps. Note that such maps are
always injective, and the inverse map is also Hénon-like.

Theorem 3. FEvery orientation-preserving C"-diffeomorphism F : B" — R"
can be arbitrarily closely approximated, in the C"-norm on B™, by a map of
the following form.:

Hyp,0...0HyyoWy0 Hyg 0...0Hy oWy, (11)

where the maps V1o are given by (4), and Hjs (j = 1,2;s = 1,...¢q;) are
certain polynomial Hénon-like volume-preserving maps.

Proof. The map ®; defined in Lemma 1 can be extended onto x, < 0
by the rule z, = Kz,, Z, 1 = x,_1/K, so it becomes a volume-preserving
C"-diffeomorphism R™ — R™. Then the theorem follows immediately from
Lemma 1 and from Lemma 2 below. O

Lemma 2. Fvery volume-preserving, orientation-preserving C" -diffeomorphism
® : R — R" can be arbitrarily closely approzimated, in the C"-norm on any
given compact, by a composition of polynomial Hénon-like volume-preserving
maps.

Proof. Tt is well known that ® can be imbedded in a smooth in ¢ family F;
of volume-preserving C"-diffeomorphisms R" — R" such that Fy = id and
Fi = ®. The derivative 4 F; defines a divergence-free vector field X (¢, z), i.e.
the diffeomorphism F; is the time-t shift by the flow generated by the field
X. One can approximate X arbitrarily closely on any given compact by a
C*°-smooth divergence-free vector field which is defined and bounded for all
(x,t) € R"x[0,1]. Therefore, it is enough to prove the lemma only for those
® which can be obtained as the time-1 shift by the flow generated by such a
vector field, i.e. we may assume that X € C'* with no loss of generality.

Let T, = Fyyr 0 F; ', ie. it is the shift by the flow of X from the time ¢
to t + 7. This map is O(7)-close to identity, in the C"-norm on any compact
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subset of R™ x [0, 1]. By construction, given any, arbitrarily large integer N,

o :TT,(N—I)To---OTT,mTo---O 7,0

where 7 =1/N,and m =0,..., N — 1.

Note that the vector field X admits the following representation:

n—1
X=Y x0

i=1

where X @ is a C*®-smooth divergence-free vector field such that

;=0 at j #1414+ 1.
Indeed, if we write the field X as
xzzfz(x,t), Z.Zl,‘..,n,

where Z 06 = 0, then the fields X® are defined as

i—1 9Ti

ii - nl(x7t)7 j:i-l-l - <z(x7t>

with
nlzgla 771561—@—1 (22277n_1)7

Tiv1 () ]
¢ = —/0 %m(xl,...,xi,s,xi+2,...,xn,t)ds (1=1,...

,n—2),

(12)

(13)

Cn—l = gn

By construction, the fields XV, ..., X=2) are divergence-free, and X 1) =

X - X0 - —X0=2) g0 X1 ig also divergence-free, as X is.

It follows from (13) that

T, =T" Yo, o7V 4 o(7?),

(15)

where TT(Z) is the shift by the flow generated by the vector field X . Recall
that the maps 77 ;; in (12) are O(1/N)-close to identity. Therefore, it follows

from (15),(12) that

o :TT(n;/l) o...oTT(l) o...0T" Vo  oTW) 0---0Tr(,%_1)

J(N-1)T J(N-1)T Tmr T,mt

o.. 0T )+0(7),

(16)



uniformly on compacta.

As 7 can be taken arbitrarily small, it follows that in order to prove the
lemma, it is enough to prove that every of the maps TT(? in the right-hand side
of (16) can be approximated arbitrarily well by a composition of Hénon-like

volume-preserving maps. The maps TT(? are volume-preserving and satisfy

(see (14)). Therefore, if we denote

T =p(x), Tiv = q(z), (18)
then op.q)
b, q .
a(ifi,xiﬂ) -t (19>

Thus, we can view (18) as an (n — 2)-parameter family of symplectic two-

dimensional maps (z;, ;1) — (Z;, Ti1) parametrized by (21, ..., 2;i—1, Tiyo, . . .

According to [3], every finite-parameter family of symplectic maps can be
approximated (on any compact) by a composition of families of Hénon-like
maps, i.e., in our case, maps of the form

Ti = Tip1,  Tig1 = =T + M @ig1; 1,00, Tic1, Tigos -5 Tn)-

It follows that every map of the form (17),(18),(19) can be approximated
arbitrarily closely by a composition of the maps of the form

fj:.ffj at ]%Z,Z—l—l,
Ti = Tit1, (20)
Tip1 = = + h(Tip15 01, . o1 Tiga, - -, L),

This proves the lemma if n = 2. In the case n > 2, it just remains to note

that every map of form (20) is a composition of volume-preserving Hénon-like
maps; namely, it equals to

Sn—i—l o Ho S o Qn—l o SH_I,

where
S = (113'1, e ,xn) — (l’g, ey Ty (_1)n+1$1),

n

Q:= (x1,...,2,) — (T2, ..., Tn, Z(—l)"+jxj),

J=1
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H = {Zfl :xQ,...,in_l = Tp, fZ’n =
n—1 )
— (_1)n+]xj — Tp + h($na Tp—itly -+ Ln—1; (_
j=1
End of the proof. O

3 Proof of Theorem 1.

Given a diffeomorphism F' : B" — R™ we will take its sufficiently close
approximation F in a form, similar to (11) (see (33) below). Then we con-
struct a close to identity map whose some renormalized iteration is a close
approximation of F.

First, we define a certain C* vector field Y (and the flow generated by
it) in R™ by means of the following procedure: we give explicit formulas for
the vector field inside certain blocks Uy, Usy, Vi o described below, while
between the blocks we specify only the transition time from the boundary of
one block to another and the corresponding Poincaré map. The existence of
the C* flow with arbitrary (of class C'°) transition times and orientation-
preserving Poincaré maps between block boundaries is a routine fact (at least
for the given geometry of the blocks, see Fig.2).

Let ®; 5 and ¥ 5 be the maps defined by (3). Let I+ and I51 be intervals
of values of x, such that z, € I, at z € B", x, € I, at z € Uy(B"),
Ty, € Ipy at © € &0V (B") and x,, € I, at x € Uy 0 Py 0o U (B"). Let
R be such that all the intervals [, lie within {|z,| < R}. Choose numbers
a1y =a1-+3=0b+3=as, +3=as_+3 = 0by+3. Let the vector field Y in
the regions Uj, @ {|zn—1 — ajo|| < 1, |z, < R, |z <1 (i <n—-2)} j=1,2,
o = %1, be equal to

1= =5 = (1= ) (1 = €(2n1 = a50)),
(21)

ii = 0%ioc L g(xn—l - ajo‘) (7' 7é n— 1)7
where p12 > 0 are small (see (53),(54)), i+ € [0, 1] (see (54),(55)), and
D<E<T EO0) =1, E()=0 at o> 1. (22)

In the regions V; : {|z,—1 — b;| < 1,|z;| <1 (i # n — 1)} we denote Z; = z;
att #n—1and £,_1 = 2,_1 — b;, and put ¥ to be equal to

11
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where \; > 0 are some numbers (see (35)).

Figure 2: An illustration to the proof of Theorem 1.
As &,_1 < 0 in Uj,, every orbit of V' that starts in Uj, near z,,_; =

aj, + 1 must come in the vicinity of z,_1 = a;, — 1 as time grows. For the
corresponding time-t map, we have

zit) = e Wz (0) (i#n—1),  2.(t) =2,(0) —t + %ﬁ(ug’), (24)
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where (see (21))

B Tn—1(0)—ajo 6(2’) L 1/2 f(z) p
alu) = /znl(t>_ajg h - p =g /—1/2 i (= (=€)
1/2 1
Blu) =2 (/_1/2 p (L= p)(1 —5(2))0[2 N 1) '
(25)

Note that a(u) > 0, it is independent of z,_1(0) and ¢ (because we assume
that the integration limits (x,_1(0) — a;,) and (z,,—1(t) — a;,) are close to 1
in the absolute value, i.e. they fall in the region where £(z) = 0; see (22)),
and both a(p) and G(p) tend to infinity as p — +0 (the integrals diverge at
=0 because £(0) =1).

Denote X% := {x,_1 = aj +1, |z, < 1}, B9 := {2, 1 = aj4 — 1, |2,] <
R}, X = {xy 1 = a;- + 1, |z, < R}, B9 = {zp 1 = a;- — 1, |z,| < 1}
(we also assume that |z;] < 1 for i < n — 2 on ¥7t°"). Every orbit of
Y that intersects X% at z,,z; (i < n — 2) sufficiently small leaves U
by crossing E?f, and the orbits that intersect E;”_ leave U;_ by crossing
Y9 (see (24)). We define the vector field Y in the region between Y

and Z;”_ in such a way that the orbits starting in X% reach ¥ at time

1, and the corresponding Poincaré map E;-”jrt — Z;'-”_ is (1, ..., ZTp_9,2,) —
(1, ..., Tn_2,¢;(z,)), where we define the functions v, in such a way that
Uy(z,) = 5% at x, € I, Yo(xy) =Inz, at x, € Iry (26)

(see (4)). Then, the flow takes the points from the vicinity of z,,_1 = a;+ +1
in U, into the vicinity of z,,_1 = a;_ — 1 in U;_. By (24), the corresponding
time-t map Sj; is

;(t) = e 7)) 1 (0) (1 <n-—2),

Tno1 () = 21 (0) =+ Bly),  wa(t) = e =Wy (s W), (0)).
(27)
In the region between X9 and I1%} := {x,_1 = b;+1,|z;| < 1}, we define
Y in such a way that all the orbits starting in a small neighborhood of x, =

r1=...=xp_2=01in E;”jt intersect H;’}r at time 1, and the corresponding
Poincaré map is the identity: (z1,...,2Z,_2,2,) — (Z1,...,2n_2,2,). Then
the time-t map @;; from a small neighborhood of z,_1 = a;- — 1,2, = 2, =
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... = Zp—o = 0 in U;_ into a small neighborhood of z,,_y = b; + 1 in V} is
given by
z;(t) = e NUmen—10=2Fa-) 4 () (i <n-—2),
(28)
xn—l(t) . bj _ 6—)\71_1(t—:z:n_l(O)—2—§—aj,)7 xn(t) _ 6t—zn_1(0)—2+aj,xn(0)

(see (23); the term x,_1(0) + 2 — a;_ in (28) is the time the orbit spends in
order to get from x(0) to IT).

In V; (j = 1,2), the point O; : {z,-1 = bj,2;, =0 (i #n —1)} is a
linear saddle (see (23)). Its local stable manifold W} is x,, = 0, and the local
unstable manifold Witis @, = bj,r1 = ... = 2 = 0. The time-t map
Lj, within Vj is given by

$i(t) = e M3 (0) (1 <n—1), z,(t) = €'z, (0). (29)

Every orbit that enters V; at x, > 0 leaves V; by crossing the cross-section
gy = {x, = 1,[&] <1 (i <n—1)}, and every orbit that enters V; at
T, < 0 leaves it by crossing the cross-section 13" := {z, = —1,|#;] <1 (i <
n — 1)}. We assume that the orbits that start at TI%4* close to the point
Wi n H;”f = (1 =... =2y = 0,2,_1 = b;) return to W; at time 1 and
cross I = {1 = b; — 1, |z;] < 1(i # n — 1)}; we also assume that the
corresponding Poincaré map (x1,...,z,1) — (Z1,...,Tn_2,Ty,) is given by

(fz‘ = i’i—i-l (Z S n — 2), J_,’n = (—1)n+11i’1

(the factor (—1)"*! stands to ensure the orientability). It follows that the
time-{ map Tj; from a small neighborhood of W N H?ﬁ‘rt in V; into a small
neighborhood of x,_; = b; — 1 in Vj is given by

z;(t) = e Mg (0 1 Aig 4 (0) (1 <n-—2),

Tp 1 (t) = by — e M=ty ()21 g () = (—1)" et 1, (0) M2 (0).
(30)
For the orbits that leave V; via H?Zt, we assume that the orbits that start
at H;”it‘close to the point Wi NI = (1 = ... = @, 5 = 0, 2,1 = b))
cross 33" ; | at time 1, and the corresponding Poincaré map (X1, .oy Tpo1) —
(ZT1,...,Tn_2,Ty) isgiven by 7; =z, ati =1,...,n—2 and &, = —(x,_1—b;).
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Thus (see (21),(22),(23)), the time-t map G; from a small neighborhood of
Wirn H;?Et in V; into a small neighborhood of z,,_1 = as_; + +1in Us_, ; is

zi(t) = lza(0)¥2i(0) (i <n—2),

Tno1(t) = az—j+ +2 —t — Infx,(0)], (31)

(1) = | (0)[* ! (@0-1(0) = b;).

Every C* flow Y, which satisfies (27),(28),(29),(30),(31), is good for our
purposes. We may therefore assume that the vector field of Y is identically
zero outside some sufficiently large ball D. For small §, the time-0 map of
the flow (which we denote as Yj) is O(d)-close to identity in the C"-norm,
for any given r. It also equals to identity outside D. Thus, if ¢ is small, then
a small perturbation of Yy is a small perturbation of the identity map. Let
us fix a certain r, and take a sufficiently small § (for convenience, we assume
that N := ¢! is an integer). Below we construct an arbitrarily small (in the
C"-norm), localized in D perturbation of Yj as follows.

Note first, that the map

(I)O = (xla s 7xn—laxn) = (‘Il? <oy Ty _xn—l) (32)

is an orientation-preserving, volume-preserving diffeomorphism of R™. There-
fore, we may rewrite (3) as follows:

F:(I)()O&)QO\IJQO(I)()O&)lo\Pl,

where i)u are orientation-preserving, volume-preserving C"-diffeomorphisms
(®; = By' 0 ®;; we assume that ®; is extended onto the whole of R”, like in
Theorem 3). Now, by Lemma 2, we obtain the following, more convenient for
us, analog of Theorem 3: the map F' can be arbitrarily closely approximated
by a map of the following form:

CI)()OFIQqQO...Oﬁglo\PQO(I)()OFIlqlO...Oﬁlloqjl, (33)

with polynomial Hénon-like volume-preserving maps H ;s- Take a sufficiently
close such approximation. There exists some finite d > 1 (common for all

Hj,) such that the maps H, are written as follows:

T; = Tit+1 (Z = ]_, e, — 1)7 Ty, = (—1)n+1$1 + Z h/jsy H l’;p.
v9>0,..., vn >0 2§p§n
vo+...4vn<d

(34)
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In the segment 9% := {e™ <z, < 1} of W* (j = 1,2), we choose ¢; — 1
different points Mjy, ..., M;, 1, and one point M;, € W} will be chosen
in the segment —e™% > z,, > —1. Let ujs denote the coordinate z,, of Mj
(s=1,...,¢;). As No = 1 =flight time from TI?{* to IT}" , near the segment
I the (N 4 1)-th iteration of the time-§ map Y; is the map T}, from
(30). We will fix

N=A (22, AM=1-(n-2\ (35)

where ) is a positive number such that

A < m. (36)

Then the map Y;" ™" near I will be given by

T = 6_’\15ng”_1)’\_1§:2 at n > 3, T, = e M (2<i<n-—2),
Tpo1 =b; — e_A”‘l‘S:E;’\"‘l, Ty = (—1)”“6‘593%_(”_2))‘:%1
(37)

(at n = 2 the first line is irrelevant). This map takes the segment I out onto
the segment {b; —1 <z, 1 <bj—e 10 0y =... =2, =1, —0} e Ws.
Let Pjsi1 = TjaeeMjs (s = 1,...,¢; — 1), and let Pj; be a point from
{bj+e ™M <u, 1 <bj+lay=...=x,9=1x,=0}€ W2. By (37),
the coordinate x,,_; of P, 1 equals to b; — e A”—léuj_;‘”‘l.

We take sufficiently large integer m and choose some points Pj, and M;_,

sufficiently close to Pj; and M, respectively (j = 1,2;s = 1,. ..,q]) such
that at s < ¢; — 1 we have M}, = L;,, P, (where Lj; is the map (29)). At

js
s = @g; we assume M]’q = Ljmi, 5P where [; is an integer to be defined

later (see (56); note that [; 6 is umformly bounded). Denote the coordinates

/ !/ /
OfP aHdM aS( ]81""’ ]S’I”L 276 +Z]S’I”L 17Z]STL) and( ]sl?"'?ujs,n—Q?bj+
/ /

ujsvn_l,u]m) respectlvely By (29),
u;-SZ- = e_)‘imz;m» (t=1,...,n—1), u;-sn = emz;»m (38)

at s < ¢q; —1. At s = ¢; we have

! —\iT; . . ! . m+l6 s
Wi =€ "2 (i=1...,n—1), u,., =e Zjgin- (39)
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Note that u’; are small at i <n —1, as m is assumed to be large, and [;0 is
bounded. The values of 27, with i # n — 1 will be taken sufficiently small as
well, and we will keep

/ —)\n_16 _)\n—l
Uiy, = Ujs and z S+1n = —¢ u;d " (40)

in order to ensure the closeness of Pj, to P, and M to Mj,.

We will add to the map Y5 a small perturbation, which is localized in a
small neighborhood of the points Y5 '(P;411) (so outside these small neigh-
borhoods Yj remains unchanged). We require that these localized perturba—
tions are such that in a sufficiently small neighborhood of M, = Y5 ™ (Y5 ' Pj 441)
the map Y;¥™ (where Y; denotes the perturbed map) is given by (37) Wlth
the followmg correction term

1 _(n-1)
/ n+1_6,.2—(n—2)A An—1 (n— —An—1m /
Zj,s+1,n_(_1) e Ty L 1/Z]sn " e Zjs1
41)
. >y e (
+ Z 5331’ H (xp ujsp)
v9>0,...,un >0 2<p<n
vot...4vn<d

added into the equation for z,, where €5, are small coefficients to be deter-
mined later (see (46)). The first term in (41) is small as well (see (38),(39));
in the second term the values of x, and 2}, , , are bounded away from zero,
and the exponen Tl_l —(n—1) is either zero (at n = 2) or larger than r (see
(35),(36)), hence the second term is also small with the derivatives up to the
order r at least. Note that the first two terms in (41) ensure, in particular,

that at ¢ = 0 the coordinate x,, of YN+1M’ coincides with that of P} ., (see
(38),(40),(35)). We want P/, = Y:;NHM]’S at ¢ = 0, so we put

Fopra =€ T ab n >3, (42)
Z;,s-i-l i —)\(m+6)2]5 i+1 (2 S { S n— 2)7

(see (37),(38),(40)). At s =1 we assume
Ziy=0at i<n—2, 2, = o~ An-10/2 (43)

Now, the values of z]sz, "si are defined by (38),(39),(40),(42) for all j, s,i. As

one can see, Z]sz at i #n — 1 and um at ¢ # n tend to zero as m — +o0, i.e.

Pi, — Pj; and M}, — M;, indeed.
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At e =0 (hence at all small €) the map Tj1ys 0 Ljm = Y VAN (where

T stands for the perturbed map T') takes a small neighborhood of P/  into
a small neighborhood of P;,,. We choose some 1(m) that tends to zero as
m — +oo and some, independent of m, coefficients C},; > 0, and introduce
rescaled coordinates vy, ..., v, near P;S by the rule

S n—1—1/An_ / / n—1—1/An_ —Am(n—2
Z1|bj — T Pt = 2 Zg il Pnt 4 Cigm ey

T, = Z;-SZ- +Cisim e Am(n—i=l),, 2<i<n-—1), Ty = z}sn + Cjsn n e "y,
(44)
Note that A\; = 1 at n = 2 (see (35)), so the exponent n — 1 —1/\,,_; in the
first line is non-zero only at n > 3 (recall that |b; — x,,_;| is close to 1 near
P, hence (44) is a smooth coordinate transformation in any case). Since n
tends to zero as m — 400, any bounded region of values of v corresponds to
a small neighborhood of P..
After the rescaling, the map T 1450 Ljp, = Y™V TN from a small neigh-
borhood of Pj into a small neighborhood of P}, takes the following form

(sce (37).(29)(35),(38),(40),(42).(44)):
Cj s41,i0i = €_>\6Cj,s,i+lvi+1 (i <n—2),
C&£+Ln—1@n—1:: 6_An_us(u;?n71__(uj5+_c%8n77vn)_AWd)/n7

_ n+1 v

Cjstintn = (1) Ciavi + Y guliw [[ vy
v9>0,..., vp >0 QS[)STL
V2+---+V'ngd

where we denote

i (1
Gis = € (g5 + NCjsnvn)”™ "2 2l L+ 0C g1Vt =y
E;y = A=A pcn 1 (n=P)v) n(_1+22§p§n vp) II ¢z,

2<p<n

Note that Y o)<, 1(n —p)vp < (n—2)d, hence 1 =AY o e 1(n—p)v, >0
(see (36)). Therefore, all the coefficients E;,, tend to infinity as m — 400
(provided 7 tends to zero sufficiently slowly).
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As we see, by putting

_ . _ “An_1-1
Cj,s—i—l,i =e )\60]',5,1'—5—1 (2 <n-— 2)7 Cj,s+1,n—1 = A\p_1€ )‘”_16%5 ' stn>
2— (n—2)A L —(n—1
Cj,s-i—l,n = 66’&]-8 (=2 | ;s,n—lprh1 " )Cj81’
(45)
and o
'7 17
Ejsv = hjsi%v (46>
jsv
the map Tj,lﬂg o Ljm near P  takes the form
@i = V41 (Z §n—2), T)n—l :Un+0(77),
_ 47
Uy = (—1)n+1’01 + 0(77) + Z hjsu H U;p> ( )
v9>0,..., v >0 QS[)STL
vo+...4vp<d

i.e. it can be made as close as we want to the map H s, provided m is taken
large enough (recall that n — 0 as m — +o00). We take n tending to zero
sufficiently slowly, so, as we mentioned, E;;, — oo as m — 400, which
implies that all €;5, — 0 (see (46)), i.e. our perturbation to Yj is arbitrarily
small indeed. _

It follows that in the rescaled coordinates the map (TJ 146 © L]m)qj =

Y5 (mNENFY from a small neighborhood of Pj; into a small neighborhood of

P]fq], can be made as close as we want to the map H; jg; © -+ 0 H 1, provided
m is large enough (the rescaled coordinates near P]f1 and P]’qj are given by
formulas (44), where the coefficients Cj1; > 0 are taken arbitrary, and the
coefficients Cj,; are then recovered from the recursive formula (45); note
that m does not enter (45), hence Cj, ; stay bounded away from zero and
infinity as m — +00).

Now, from (29) we obtain that the same holds true for the map L; ;5 ©
(Tj,1+5 o ij) = Yl +mNFG (mNENHD) £ & small neighborhood of P}, into
a small neighborhood of M} ¢;» Where the rescaled coordinates (v1,...,v,) are
introduced as follows:

n—1-1/Ap—1 __ n—1-1/Ap_1 ) —An—1(n—1)m—Ap_11;8
$1|$n 1| = ujqjl‘ jgjm— l| T Cvaljl ne - B

i = ]ql

(48)
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with the same constants Cj,;; as above.

Recall that, by construction, the point Y(;N HM]’-qj lies in Us_; 4+ in the
region as_; y+1—0 < x,_1 < as_; ++1. We add to the map Y; a perturbation,
localized near the point Y;¥ M/, such that the corresponding map C~¥j,1+5 =

1457
YNt will have the following form near M ]’-qj:

_ _ . $—(n—1)

T = ‘xn‘)‘l (x1—e A(m+lf5)z;qj1 ’(mn_l - bj)/zg»qj’n_l A ) at n >3,

Ty = || (2 — W) (2<i<n—2),

jn—l = a3—j + + 1—-6—1In |l’n‘, -fn = —|[L‘n‘)\"71 (xn—l — bj — U;qjm_l).
(49)

Note that u/, ; at i < n — 1 tend to zero as m — +oo (see (39)), while the

values of x, near M}, and 2}, are bounded away from zero; the exponent
1 — (n— 1) in the first line is larger than r (see (36)). Thus, for sufficiently
large m, map (49) is indeed a small perturbation of the map G; 45 given by
(31).

Denote Py, = G~j71+5M],'q]-‘ By (49), this is a point with the coordinates
rp=0ati#n—1,and 2,1 = az_;+ + 1+ (k; — 1)0 (we assume that
the coordinate z,, of M, is wj,,, = ujq, = —e™%i% for some 0 < r; < 1).
Introduce rescaled coordinates near P;_;, by the rule

xz’ — 6—(lj+lij)5)\ichji 77 e—Am(n—i),Ui (7/ S n — 2)7

Tpo1 =as—j+ + 1+ (1 —kK;)0+ e(lﬁ”j)achjn 1 Up—1, (50)

—(lj+n]-)6>\n,1 Ap—1m

Ty, =e Cjgm-1m€" Uy,

(with the same constants C},; as above). In coordinates (48),(50), map (49)
takes the form (vq,...,v,_1,0,) — (v1,..., Uy, —0,_1)+O(n), i.e. it becomes
arbitrarily close to the map ®q (see (32)) as m_, + co. Thus, in the rescaled
coordinates, the map éj71+5 o Lj,m+lj6 o (Tj’l_,_(; o ij)q] = }761]'+(1+qj)(mN+N+1)

from a small neighborhood of P}, into a small neighborhood of Py can

5 8 —50
be made as close as we want to the map ®qo Hj,, o...0 Hj; as m grows.
Analogously, we take the point M}, : {7, 1 =a;- —14+6/2,2, =0 (i #

n —1)} € U;_, and perturb the map Y; near Y3V Py, in such a way that the
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map Qj,Hg = %N“ near M, will be given by

T; = e Mil0mon—1mlta o) g, (1 <n-—2),
(51)

An,1(5—$n,1 —1+aj_)

_ — _ e 1 —14a;_ —
Tpo1—bj=e , Tp,=e TG e "1

It is a small perturbation of the map Q115 from (28), and it takes Mj, to

Pj, (see (38),(40)). When we introduce rescaled variables near M}, by the
rule ,
T; = 66)\i/20j1i n 6—)\m(n—z—1)vi (Z <n-— 2>7
1
Tp_1=aj— — 1+ (5/2 + )\—_1€>\"716/20j,17n—1 N Up—1, (52)

—4/2 -m
T, =¢€ /lenne Un,

map (51) will take the form v = v + O(n), i.e. it is close to the identity

map. Thus, in the rescaled coordinates given by (52),(50), the map G450
[ 500 ol N mNEN+1) I N+1

Limitys © (Ty1e50 Lim)” 0 Qyrag = ¥yt (rlm i ins

neighborhood of M, into a small neighborhood of P;

from a small
_jos 18 as close as we
want to the map ®go Hj, 0...0 ~j1 at m large enough, i.e. it is a close
approximation of the map ®;.

Let us now determine the form of the map Sj; : v — v from a small neigh-
borhood of P}, into a small neighborhood of Mj; in the rescaled coordinates
(52),(50). By (27), for an integer k > 0, the map S; s = Y takes the point
Pjy into M, if

Bu;) = (k+ k3 —1/2)6 = 5 (53)
(see (52),(50)). Since f — 400 as . — +0 (see (25)), for every sufficiently
large k equation (53) has a solution p;(k), and p;(k) — +0 as k — +o0. It
follows that a(pu;(k)) — +oo. Thus, for any sufficiently large m we can find
Ynt € (0,1] and k such that

e Ty @i (k) — o=(s—jtr3—;)6An—1 03_],7%_]'7”_1 n e~ An—1m

NG

e Tn—alui (k) — 6_6/2Cj1n ne .

This guarantees that v, = 1;(v,,) (see (52),(50),(27)).
We also obtain v; = v; at i <n — 2 by choosing 7,+ € (0, 1] such that
e iy elu;(k)) — 65&‘/20].12. n e—Am’
(55)
e i oluj (k) — e_(lj‘f‘“j)‘”‘icg_j P
y43—35,L°1
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Finally, we fix the choice of the integer /; and ; € (0, 1] as follows:

1
RURT AL )\_eAnf16/203_%17”_1/0].%”‘ (56)

n—1

This (along with (53)) gives us ¢,_1 = v,_1 for the map S;s in the co-
ordinates (52),(50). As wee see, the map Sj s in the rescaled coordinates
coincides with the map V¥, for v from some open neighborhood of D (if
j=1)orof ® oW (D) (if j = 2).

Summarizing, we obtain that the map

G2,1+5 © L2,m+125 o (T2,1+5 © L2m) o Q2,1+5 o S2,k5

o G1,1+5 o Ll,m+l15 © (T1,1+5 o le) o Q1,1+5 o Sl,k&
_ )72k+11+lg+(2+q1+q2)(mN+N+1)+2(N+1)
= 15

is a close approximation to the map ®3 o Wy 0 @y 0 W, (i.e. to the original
map F'), provided Hj, o...o Hj; are sufficiently close approximations to ®;
( = 1,2) and m is large enough. O
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