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Abstract: We assume that a symplectic real-analytic map has an invariant normally
hyperbolic cylinder and an associated transverse homoclinic cylinder. We prove that
generically in the real-analytic category the boundaries of the invariant cylinder are
connected by trajectories of the map.

1. Introduction

A Hamiltonian dynamical system is defined with the help of a Hamilton function H :
M — Ronasymplectic manifold M of dimension 2n. Let M, be a connected component
ofalevel set {H = c}. Since H remains constant along the trajectories of the Hamiltonian
system, the set M, is invariant. Depending on the Hamilton function H and the energy
c, the restriction of the dynamics onto M, may vary from uniformly hyperbolic (e.g., in
the case of a geodesic flow on a surface of negative curvature) to completely integrable.

Since Poincarés works, it has been accepted that a typical Hamiltonian system does
not have any additional integral of motion independent of H (unless the system pos-
sesses some symmetries and the Noether theorem applies). On the other hand a generic
Hamiltonian system is nearly integrable in a neighbourhood of a totally elliptic equilib-
rium (a generic minimum or maximum of H) or totally elliptic periodic orbit. Then the
Kolmogorov—Arnold—Moser (KAM) theory implies that the Hamiltonian system is not
ergodic (with respect to the Liouville measure) on some energy levels [72]. Indeed, the
KAM theory establishes that a nearly integrable system possesses a set of invariant tori
of positive measure.

Each of the KAM tori has dimension n. For n > 2 a KAM torus does not divide
M, which has dimension (2n — 1), moreover, the complement to the union of all KAM
tori is connected and dense in M,. Thus the KAM theory does not contradict to the
existence of a dense orbit in M. It is unknown whether such orbits really exist in nearly
integrable systems. The question goes back to Fermi [39] who suggested the following
notion: a Hamiltonian system is called quasi-ergodic if in every M, any two open sets
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are connected by a trajectory. This property is equivalent to topological transitivity of the
Hamiltonian flow on M,. This property can also be restated in slightly different terms:
(a) in every M, there is a dense orbit or (b) in every M, dense orbits form a residual
subset.

Fermi conjectured [39] that quasi-ergodicity is a generic property of Hamiltonian
systems, but proved a weaker statement only: if a Hamiltonian system with n > 2
degrees of freedom has the form

H = Hy(I)+¢H (I, ¢,¢), (1)

where H is integrable and (1, ¢) are action-angle variables, then generically M, does not
contain an invariant (2n — 2)-dimensional hyper-surface that is analytic in &. Obviously,
such surface would prevent the quasi-ergodicity. However, non-analytic invariant hyper-
surfaces cannot be excluded from consideration as it is not known whether they can
exist generically or not. So Fermi’s quasi-ergodic hypothesis remains unproved. The
recent papers [21,64,65,71,74] make an important step in the understanding of the
underlying dynamics by showing that for the generic (in a certain smooth category)
near-integrable case with 2% or more degrees of freedom, there are trajectories that visit
an a priori prescribed sequence of balls. The paper [52] provides examples of systems
having orbits whose closure contains a Lebesgue positive measure set of KAM-tori.

This problem is closely related to the problem of stability of a totally elliptic fixed
point of a symplectic diffeomorphism, or stability of a totally elliptic periodic orbit for a
Hamiltonian flow. It was proved in [35,36] that stability can be broken by an arbitrarily
small smooth perturbation. It is believed that a totally elliptic periodic orbit is generically
unstable but the time scales for this instability to manifest itself are extremely long, see
e.g. [15,59].

For ¢ = 0, the unperturbed system (1) is described by the Hamiltonian H = Hy(I).
Then the actions / are constant along trajectories, so the equation I = Iy defines an
invariant torus, and the angles ¢ are quasi-periodic functions of time with the frequency
vector wo(/) = Hj(I). KAM theory implies that the majority of invariant tori survive
under perturbation. Tori with rationally dependent frequencies are called resonant and
are destroyed by a typical perturbation [2]. The frequency of a resonant torus satisfies a
condition of the form w (/) - k = 0 for some k € Z"\{0}. The resonant tori form a “res-
onant web”, typically (e.g. if wy is a local diffeomorphism) a dense set of measure zero.

Arnold’s example [1] shows that a trajectory of the perturbed system (1) can slowly
drift along a resonance. Arnold’s paper inspired a large number of studies in the long-
time stability of actions, the problem which is known as “Arnold diffusion”. It has been
attracting significant attention recently and we refer the reader to papers [11,31,33,40—
43,54,57,60-62,68-70,76,82,84] for a more detailed discussion.

It should be noted that the motion along the resonant web is very slow: Nekhoroshev
theory [14,78] provides a lower bound on the instability times in the analytic case. Let
{-, -} denote the Poisson brackets. Then I = {H, I} = ¢{Hj, I} is of the order of €. On
the other hand, if the system satisfies assumptions of the KAM theory, |1(#) — 1(0)]
remains small for all times and the majority of initial conditions, i.e., for the set of initial
conditions of asymptotically full measure. If H satisfies assumptions of the Nekhoro-
shev theory, there are some exponents a, b > 0 such that |1(¢t) — I1(0)| < & for all
|t| < expe~ and for all initial conditions. This estimate establishes an exponentially
large lower bound for the times of Arnold Diffusion in analytic systems.

It is important to stress that the upper bound on the speed of Arnold diffusion strongly
depends on the smoothness of the system. Indeed, the stability times are exponentially
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large in e~! for analytic systems, but only polynomial bounds can be obtained in the
CK category. In particular, papers [21,64,74] study the Arnold diffusion for non-analytic
Hamiltonians and therefore the bounds established by the analytical Nekhoroshev theory
are likely to be violated, see e.g. [13]. The problem of genericity of Arnold diffusion
in analytic category remains fully open. We believe the methods proposed in our paper
will help to advance the theory in the analytic case.

The normal form theory suggests that for small positive ¢ the system (1) has a nor-
mally hyperbolic cylinder with a pendulum-like separatrix located in a neighbourhood
of a simple resonance. Indeed, Bernard proved the existence of normally-hyperbolic
cylinders in a priori stable Hamiltonian systems [6], the size of such cylinder being
bounded away from zero for arbitrarily small size of the perturbation.

A model for this situation is often obtained by assuming that the integrable part of
the Hamiltonian already possesses a normally-hyperbolic cylinder and an associated ho-
moclinic loop (e.g. by considering Hy = P(p, g)+ho(I) where P is a Hamiltonian of a
pendulum). A system of this type is called a priori unstable. The drift of orbits along the
cylinder has been actively studied in the last decade[3-5,7-9,12,18-20,22,27,28,31—
34,70,87,88], including the problem of genericity of this phenomenon and instability
times. It should be noted that the Arnold diffusion can be much faster in this case.

In these studies, a drifting trajectory typically stays most of the time near the normally-
hyperbolic cylinder, occasionally making a trip near a homoclinic loop. The process can
be described using the notion of a scattering map introduced by Delshams et al. [32]. Ear-
lier Moeckel [75] suggested that Arnold diffusion can be modelled by random application
of two area-preserving maps on a cylinder (this approach was recently continued in [17,
46-49,53,66]). In this way the deterministic Hamiltonian dynamics is modelled by an it-
erated function system, and the obstacles to a drift along the cylinder appear in the form of
essential curves which are invariant with respect to both maps simultaneously [67,75,77].

This problem is closely related to the Mather problem on the existence of trajecto-
ries with unbounded energy in a periodically forced geodesic flow [10,29]. The criteria
for the existence of trajectories of the energy that grows up to infinity are known for
sufficiently large initial energies [10,24,29,30,44,45,80,81]. The results of the present
paper can be used to establish the generic existence of orbits of unbounded energy for
all possible values of initial energy.

In our paper we depart from the near-integrable setting and study the dynamics of
an exact symplectic map in a homoclinic channel, a neighbourhood of a normally-
hyperbolic two-dimensional cylinder A along with a sequence of homoclinic cylinders
B atatransverse intersection of the stable and unstable manifolds of A. We conduct a rig-
orous reduction of the problem to the study of an iterated function system and show that
the existence of a drifting trajectory (i.e. the instability of the Arnold diffusion type) is
guaranteed when the exact symplectic maps of the cylinder A that constitute the iterated
function system do not have a common invariant curve. The reduction scheme is in the
same spirit as in [50,77] while the setting and proofs are different. The completely novel
result is that the existence of drifting orbits is a generic phenomenon, i.e. it holds for an
open and dense subset of a neighbourhood, in the space of analytic symplectic maps,
of the given map with a homoclinic channel, provided the restriction of the map on the
cylinder A has a twist property. All the known similar genericity results for the Arnold
diffusion have been proven so far in the smooth category and use the non-analiticity of
the perturbations in an essential way.

In one respect, the situation we consider is more general than in the near-integrable
setting, as we do not assume the existence of a large set of KAM curves on the invariant
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cylinder A. On the other side, as one can extract from the example of [25], our assump-
tion of the strong transversality of the homoclinic intersections, which we need in order
to define the scattering maps that form the iteration function system, seems to fail for
a generic analytic near-integrable system in a neighbourhood of a resonance in the a
priori stable case. Therefore, our results do not admit an immediate translation to the a
priori stable case. Rather, the problem we consider here is related to the a priori chaotic
case, e.g. we assume certain transversality of invariant manifolds associated with the
normally hyperbolic cylinder.

The technical assumptions of our main theorem can be found in Sect. 2. As an exam-
ple, we can consider a 4-dimensional symplectic map that is a direct product of a twist
map and a standard map. Namely, @¢ : (¢, I, x, y) — (¢, I, X, y) where

g=p+ol), I=x+3, -
I1=1, y =y+ksinx,

where k > 0 is a positive parameter and w is an analytic function. We assume ¢ and x to
be angular variables, so the map is a symplectic diffeomorphism of (T x R)?. The map
@( has a normally hyperbolic invariant cylinder A given by x = y = 0. The cylinder A
is filled with invariant curves as the map @ preserves the value of the / variable. The
(x, y) component of @ coincides with the standard map, which has transversal homo-
clinic points for all k > 0. Thus @ verifies the assumptions of the main theorem. Then
a generic analytic perturbation of @y produces orbits which connects neighbourhoods
of any two essential curves in A.

A more interesting example is obtained when the integrable twist map is replaced
by another standard map, so the new unperturbed map is given by @y : (¢, I, x, y) —

(@, 1. %, ) where
g=g+I, F=x+y, 3)
I =1+k;sing, y=y+kysinx.

The cylinder A = {x = y = 0} is still invariant but it is no longer filled with invariant
curves. Instead the cylinder contains a Cantor set of invariant curves provided & is not
too large. These tori prevent trajectories of @ from traveling in the direction of the I axis.

The theory presented in this paper allows us to treat both cases equally and implies
that an arbitrarily small generic analytic perturbation creates trajectories which travel
between regions I < I, and I > I, for any I, < I [provided o' () is separated from
0 for (2), and kp > C(4]k| + klz) for (3)]. Indeed, in order to apply Theorem 1 to these
examples, we note first, that the invariant cylinder A is normally hyperbolic. This cylin-
der has a stable and unstable separatrices W*(A) and W*(A) which coincide with the
product of A and the stable (reps., unstable) separatrix of the standard map Wj,;;', so we
can write (slightly abusing notation) W*(A) = A x W}, and W"(A) = A x W, . This
product also describes the structure of the foliation of W***(A) into strong stable and
strong unstable manifolds of points in A. For a pointv € A, we let E**(v) = {v} x W,
and E*(v) = {v} x W], . The assumption ky > C(4]k1| + k%) for (3) ensures that these
strong stable and strong unstable foliations remain C'-smooth after the perturbation.

It can be proved that the standard map has infinitely many transversal homoclinic
orbits for any k > 0. Let p, = (x, yn) be one of these orbits. The cylinder B =
A x {pn} C W“(A) N W¥(A) is homoclinic to A. Since the strong stable and strong
unstable foliations of a point v € A coincide with the product of the base point and the
separatrices of the standard map, we see that (v, py) € E**(v)NE""*(v), and the cylinder
B satisfies the strong tansversality assumption described in the next section giving rise to
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a simple homoclinic intersection (defined in the next section). Then Theorem 2 implies
that generic perturbation of @ has orbits traveling in the direction of the cylinder A.
Similar maps were considered in Easton et al. [37] (motivated by the “stochastic
pump model” of Tennyson et al. [89]). In [37] the existence of drift orbits was shown
for all non-integrable Lagrangian perturbations provided k, is large enough (i.e. in the
“anti-integrable” limit). Our methods allow us to obtain the drifting orbits without the
large ko assumption, i.e., without a detailed knowledge of the dynamics of the system.

2. Set-up, Assumptions, and Results

Consider a real-analytic diffeomorphism @ : ¥ — R, d > 2, defined on an open set
¥ C R??. We assume that @ preserves the standard symplectic form £2, and that & is ex-
act (e.g. the latter is always true if X is simply-connected). Let @ have an invariant smooth
two-dimensional cylinder A diffeomorphic to S' x [0, 1]and ¥ : S! x [0, 1] — X be
the corresponding embedding. Then the boundary of A consists of two invariant circles:
0A=1y (Sl x {0}) Uy (S1 x {1}). Let int(A) = A\0A and Fy = ®|4.

We assume that the cylinder A is normally-hyperbolic. More precisely, we assume
that at each point v € A the tangent space is decomposed into a direct sum of three non-
zero subspaces: T,R?? = R4 = NC@ N“@® N, where N¢ is the two-dimensional plane
tangent to A at the point v. The subspaces N** depend continuously on v and are invariant
with respect to the derivative @’ of the map, i.e. ®'Ny = Ny, and @'Nyf = Ni . We
note that @'N§ = Np, ) 3 A is invariant with respect to @. We assume that for some

choice of norms in N*-*-€ there exist > 1and A € (0, 1) such that atevery pointv € A

IF; <o, I(F) ' <a, 4
12" (W) |n;ll < A, ||(¢/(U)|N3)_l|| <A, )

where
o?h < 1. (6)

Note that these assumptions are more restrictive in comparison with the standard defi-
nition of a normally hyperbolic manifold. In particular, the large spectral gap condition
(6) implies the C!-regularity of the strong stable and strong unstable foliations while in
the general case these foliations are Holder continuous only (see e.g. [83]).

We also note that in (4) and (5) the same pair of exponents « and A bound both @’ and
(@")~!, so we say that A is symmetrically normally-hyperbolic. The symmetric form of
the spectral gap assumption implies that the restriction of the symplectic form on A is
non-degenerate (see Proposition 4). Thus A is a symplectic submanifold of R? and the
map Fy = @|,4 inherits the (exact) symplecticity of @.

We have no doubts that our results can be extended to cover the case when A and o of
inequalities (4) and (5) depend on the point v € A. However, for the sake of simplicity,
we conduct the proofs for the case of constant A and « only.

The points in a small neighbourhood of the normally-hyperbolic cylinder A, whose
forward iterations do not leave the neighbourhood and tend to A exponentially with the
rate at least A, form a smooth (at least C2 in our case) invariant manifold, the local stable
manifold W} = O A, which is tangent to N* @ N¢ at the points of A (see e.g. [56]). The
points whose backward iterations tend to A exponentially with the rate at least A (and
without leaving the neighbourhood) form a C2-smooth invariant manifold W . D Al(the
local unstable manifold), which is tangent to N* & N¢ at the points of A. The invariant
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cylinder A is the intersection of W} ~and W’ .. The global stable and unstable manifolds
of A are defined by iterating the local invariant manifolds: W*(A) := Umzo MWy
and W*(A) === 2" W},

In each of the manifolds there exists a uniquely defined C!-smooth invariant folia-
tion transverse to A, the strong-stable invariant foliation E** in W*(A) and the strong-
unstable invariant foliation E** in W (A), such that for every point v € A there is a
unique leaf of E3* and a unique leaf of E4“ which pass through this point and are tangent
to N; and, respectively, N,/ (see [86]). The C!-regularity of a foliation means that the
leaves of the foliation are smooth and, importantly, the field of tangents to the leaves
is also smooth, which implies that for any two smooth cross-sections transverse to the
foliation the correspondence defined by the leaves of the foliation between the points in
the cross-sections is a local diffeomorphism.

Let us discuss the question of the persistence of A at small perturbations. It is a
standard fact from the theory of normal hyperbolicity [56] that any strictly-invariant
normally-hyperbolic compact smooth manifold with a boundary can be extended to
a locally-invariant normally-hyperbolic manifold without a boundary. In our case this
means that the smooth embedding v that defines the invariant cylinder A = y(S' x
[0, 1]) can be extended onto S! x I where I is an open interval containing [0, 1], and the
image A = ¥ (S' x I) D A is normally-hyperbolic and locally-invariant with respect to
the map @. Here, by the local invariance we mean that there exists a neighbourhood Z
of A such that the iterations of each point of A stay in A until they leave Z. An important
property of the locally-invariant normally-hyperbolic manifold without a boundary is
that it persists at C2-small perturbations, i.e. for all maps C?-close to @ there exists a
locally-invariant normally-hyperbolic cylinder A C Z. It is not defined uniquely, but
it can be chosen in such a way that it will depend on the map continuously as a C2-
manifold.! The continuous dependence on the map implies that the cylinder A remains
symplectic and symmetrically normally-hyperbolic for all maps C2-close to ®.

Note that the normal hyperbolicity implies that A contains all the orbits that never
leave Z. In particular, any invariant curve that lies in Z must lie in A. We call a smooth
invariant essential® simple curve y C A a KAM-curve if the map @ restricted to y is
smoothly conjugate to the rigid rotation to a Diophantine angle and the map Fop = @|;
near y satisfies the twist condition. As the Lyapunov exponent at every point of y is
zero, the gap with the contraction/expansion in the directions transverse to Ais infinitely
large. Therefore, the cylinder A is of class C” (for any given finite r) in a sufficiently
small neighborhood of y (see [38,56]). This holds true for every map C"-close to @, i.e.
the map Fy stays C"-smooth and the twist condition also holds. Now, by applying KAM-
theory to the map Fj, we conclude that the invariant curve y persists for every symplectic
map which is at least C*-close to ®. Namely, every such map has a uniquely defined, con-
tinuously depending on the map, invariant KAM-curve with the same rotation number.

We further assume that the boundary of A is a pair of KAM-curves. These curves
persist for all C*-small symplectic perturbations hence they lie in A and bound a com-
pact invariant sub-cylinder A C A. Every orbit in A stays in Z, so the same cylinder A
is a sub-cylinder of A for every choice of the cylinder A. This means that even though

1 Throughout this paper we assume the large spectral gap assumption (6) in the notion of normal hyper-
bolicity. This guarantees the C 2_smoothness of the manifold, and the C!-smoothness of the corresponding
strong-stable and strong-unstable invariant foliations for every map C 2_close to @.

2 Le. non-contractible to a point.
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the cylinder A is not uniquely defined, the cylinder A is defined uniquely for all sym-
plectic maps C*-close to @, and it depends continuously on the map. The stable and
unstable manifolds and the strong-stable and strong-unstable foliations of A also depend
continuously, in the C!-topology, on the map.

We now assume that the symmetrically normally-hyperbolic cylinder A has a homo-
clinic, i.e., the intersection of W¥(A) and W*(A) has a point x outside A. If W*(A) and
WS (A) are transverse at x, the implicit function theorem implies that x has an open neigh-
bourhood U, in W*(A) N W*(A), which is diffeomorphic to a two-dimensional disk.

For any x € W"(A) N W?(A) there is a unique leaf of E¥* and a unique leaf of
E$* which pass through this point. We call the homoclinic intersection at x strongly
transverse if

T.E) © TLEW & T.(W“(A) N W (A)) = R¥. (7

This property is equivalent to the condition that the leaf E¥* is transverse to W*(A) and
the leaf E3’ is transverse to W*(A) at the point x.

The holonomy maps 7* : Uy — A and 7% : Uy — A are projections along the
leaves of the foliations E*S and E**, respectively. Since the foliations are smooth, the
strong transversality implies that the foliation E** is transverse to the disc U, in W*(A)
and the foliation E** is transverse to U, in W®(A) provided U, is sufficiently small.
Then 7" : Uy — A and n° : Uy — A are local diffeomorphisms.

In this case, following [32], one can define the scattering map on " (U, ):

Fy=n'o (@)L

It is a local diffeomorphism which does not always extends to the whole cylinder A.
However, in this paper we consider the case where the scattering map can be globally
defined on a large portion of A.

Let A C int(A) be a compact invariant sub-cylinder in A, i.e. it is a closed region
in int(A) bounded by two non-intersecting invariant essential simple curves y* and
y ~. Let the set of points homoclinic to A contain a smooth two-dimensional manifold
B C W"(int(A)) N W¥(int(A))\A. We call B a homoclinic cylinder, simple relative to
the cylinders A and A, if the following assumptions hold:

[S1] The strong transversality condition (7) holds for all x € B.

[S2] For every point x € A, the corresponding leaf of the foliation E“* intersects
the homoclinic cylinder B at exactly one point each, and no two points in B
belong to the same leaf of the foliation E°°. In other words, the scattering map
Fg=n}o (@4~ : A — int(A) is well-defined.

[S3] The image of A by the scattering map Fp contains an essential curve.

Under these conditions the scattering map is a diffeomorphism A — Fg(A) C
int(A). Indeed, assumption [S1] implies that the projections ng’” : B — int(A) are lo-
cal diffeomorphisms and assumption [S2] implies that the maps = g : (ﬂg)_l (A) > A
and 7y : B — my(B) are bijective. Condition [S3] means that the scattering map is
homotopic to identity on A.

We conclude that F(A) C A is a sub-cylinder bounded by two essential simple
curves Fp(y*) and Fg(y ). Obviously, Fg(y™) N Fg(y~) = @. Proposition 7 implies
that F'g is an exact symplectic map. In particular, the cylinder F'g (A) has the same area as
A,and Fg(A)NA # {J. Note also that the fulfillment of condition [S2] depends on both in-
variant cylinders, A and A, as the cylinder A must be large enough to incorporate Fp(A).
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If ¥, and y_ are KAM-curves, then the cylinder A bounded by these curves persists
for all C*-small symplectic perturbations. The transversality condition [S1] implies that
the C'-smooth homoclinic cylinder B also persists and remains simple relative to A and
A. Let Vy be a set of real-analytic exact symplectic diffeomorphisms @ : £ — R??
such that:

— each map @ € Vy has two invariant, bounded by KAM-curves, symmetrically
normally-hyperbolic, two-dimensional closed cylinders A and A such that A C
int(A),

— eachmap ® € Vy has N different’ homoclinic cylinders By, .. ., By simple relative
to A and A, B

— the cylinders A, A, By, ..., By depend continuously (as C 2_smooth manifolds) on
the map @,

— for each @ € Vy the map Fy = &[4 has a twist property in some symplectic
coordinates (y, go).4

We define the topology in the space of real-analytic exact symplectic diffeomorphisms as
follows. Take any compact K C R?? and let an analyticity domain Q be a compact com-
plex neighbourhood of K. We consider exact symplectomorphisms K — R?? which
admit a holomorphic extension onto some open neighbourhood of Q. Two such maps
are considered to be close if they are uniformly close on Q. For any given r, two holo-
morphic maps which are sufficiently close on Q are C"-close on K. As we explained,
the C*-closeness is enough for the persistence of the cylinders A, A, By, ..., By [if all
of their orbits by @ lie in int (K)], so the set Vy is open.

Theorem 1. (Main theorem) Let N > 8. Then, there is an open and dense subset V of

VN, such that for each map ® € V for every two open neighbourhoods U™ of vy~ and
Ut of y* the image of U™ by some forward iteration of the map ® intersects U™.

Remark 1. Tt is obvious that given any two open sets U* and U~ the set of maps whose
orbits connect U~ and U™ is open. The theorem makes a stronger claim that the inter-
section of all these sets (over all possible choices of the neighbourhoods U~ and U™ of
the given curves y ~ and y*) is open and dense in Vy. The theorem implies that for any
map @ € Vy there is an open set of arbitrarily small perturbations of @ within Vy such
that each of these perturbations creates, for each pair of neighbourhoods U~ and U™ of
the curves yi, an orbit that connects U~ and U™.

Note that the existence of at least 8 different homoclinic cylinders required by The-
orem 1 is not a restrictive condition. Namely, under an additional mild assumption the
existence of one homoclinic cylinder implies the existence of infinitely many different
homoclinic cylinders (see Sect. 3.3). Using this, we can infer the following result from
our main theorem.

Consider the set V of real-analytic exact symplectic diffeomorphisms & : & — R??
such that:

— eachmap @ € Vhasaninvariant, bounded by KAM-curves, symmetrically normally-
hyperbolic, two-dimensional closed cylinder A,

— in A there exist two invariant sub-cylinders Aand A suchthat A C int (A) C int(A),
each of them is bounded by KAM-curves,

3 Ie. none intersects any image of another by the iterations of the map &.

4 In these coordinates, Birkhoff theorem [55] 1mphe§ that the boundary curves y of the invariant sub-
cylinder A are graphs of Lipschitz functions, y = y (@)
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— @ has a homoclinic cylinder B simple relative to A and A,
— the cylinder B is simple relative A and Aj;i.e. Fp(A) C intA,
— the map Fy = @|4 has a twist property.

As all the invariant cylinders involved are bounded by KAM-curves, they persist at
C*-small symplectic perturbations. Thus the set V is an open subset of the space of
real-analytic symplectomorphisms. Let ¥~ and y* be the boundary curves of A.

Theorem 2. In V there is an open and dense subset V such that for each map & € %
and for every two open neighbourhoods U~ of y~ and U™ of y™* the image of U~ by
some forward iteration of @ intersects U*.

Remark 2. Statements similar to Theorems 1 and 2 are known for non-analytic (smooth)
case, see e.g. [19,20,77]. The main difference between the analytic and smooth case
is that the class of perturbations small in the real-analytic sense is narrower than the
class of perturbations that are small in the C*-sense. In particular, for a typical real-
analytic map the normally-hyperbolic invariant cylinder A is not analytic (it has only
finite smoothness), so no real-analytic perturbations can vanish on A. Consequently,
methods of [19,20,77] are not applicable in the analytic category (in the crucial part that
concerns removing the barriers to diffusion by a small perturbation). On the other hand,
the proofs of the present paper hold true for the case of C* maps as well.

Remark 3. The symplectic diffeomorphism @ can be a Poincare map of a certain cross-
section ¥ for a Hamiltonian flow inside a level of constant energy. We do not need to
assume that the Poincare map @ is defined outside a small neighbourhood of the in-
variant cylinder A in this case: the global stable and unstable manifolds of A, as well
as the global strong-stable and strong-unstable foliations on these manifolds are defined
by continuation of the corresponding local objects by the orbits of the Hamiltonian
system. As above, one defines scattering maps by the orbits homoclinic to A. One can
easily adjust the proof of the two main theorems in order to show that if the Poincare
map & and the scattering map (maps) for some Hamiltonian system satisfy the assump-
tions of theorem 1 or 2, then a generic small perturbation of the Hamiltonian function
H in the space of real-analytic Hamiltonians leads to creation of orbits that connect
U toU".

The strategy of the proof of our two main theorems is as follows. We show in Propo-
sition 2 that the existence of one homoclinic cylinder B which is simple relative to the
invariant cylinders A and A where A is such that A € A and Fz(A) C A implies the
existence of infinitely many different secondary homoclinic cylinders which are simple
relative to A and A. Thus, Theorem 2 is immediately reduced to Theorem 1, and we
will further consider N > 8 homoclinic cylinders By, ..., By, all of which are simple
relative to the same pair of compact invariant cylinders A and A, and all are different in
the sense that @™ (B;) N B; =@ forallmand alli, j =1,..., N such thati # j. Let
F, : A — int(A) denote the scattering map defined by the homoclinic cylinder B,. By
condition [S1], F}, is a local diffeomorphism. By condition [S2] F}, is a bijection, hence
F, is a diffeomorphism of A onto the set F;,(A). Obviously, condition [S1] implies that
the scattering maps are defined in an open neighbourhood A’ of A in A.

Take any map @ € V. Let (v)_, C A be a part of an orbit of the iterated function
system {Fy, ..., Fy},i.e. foreachs =0, ...,m — 1 there exists nyg = 0, ..., N such
that vg41 = Fy, (vs). In order to ensure that £, (vs) is well-defined we assume that
vy € A’ for ng # 0. In Sect. 4 we show that for any such orbit and any ¢ > 0, there is
a point xo and a positive integer £ such that
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dist(xo, vo) < &, and dist(®*(xp), vm) < €

(see Lemma 4). Note that we do not use hyperbolicity or index arguments in this lemma.
We also do not use the symplecticity of the maps Fi, ..., Fy, nor the twist property
of the map Fy. However, the fact that the large cylinder A is an invariant domain for
the area-preserving map Fy is crucial, as we use the Poincare Recurrence Theorem in
an essential way (we first prove a certain weak shadowing result, Lemma 2, that holds
without this assumption on the map Fp, then Lemma 4 is deduced from it in the case of
area-preserving Fp).

According to this shadowing lemma (Lemma 4), in order to show that two open sets
are connected by a forward orbit of the map @, it is sufficient to show that the inter-
sections of these sets with A are connected by orbits of the iterated function system
{Fy, ..., Fn}. A generalisation (Theorem 3) of a classical Birkhoff theorem states that
if F,, forn = 0,..., N are exact symplectomorphisms homotopic to identity, and F
is a twist map, then for any two essential curves y* C A’ there is a trajectory of the
iterated function system with vg € y~ and v, € y* unless the functions F, have a
common invariant essential curve.

Thus, if the maps Fy, ..., Fy have no common invariant essential curves between
y~ and y*, every pair of neighbourhoods, U~ of ¥~ and U™ of y*, is connected by
orbits of the map @. Theorem 3 also implies that the absence of a common invariant
essential curve is an open property.

Theorem 4, the most difficult part of the argument, establishes that this property is
also dense in V (provided N > 8). Thus, for every map @ from an open and dense
subset of V, the corresponding scattering maps Fi, ..., Fy (N > 8) and Fy do not have
any common essential invariant curve. As we just explained, this implies that every two
neighbourhoods U* of y* are connected by forward orbits of each such map ®, and
Theorem 1 follows.

Theorem 4 is the crucial step in the proof of Theorem 1. An analogue of Theorem 4
for generic non-analytic maps can be derived from [19,20,77]. However, the methods of
destroying common invariant curves that are used in those papers cannot be used in the
analytic case (as the real-analytic perturbations cannot, in general, vanish on the finitely
smooth normally-hyperbolic cylinder A; the same concerns C* perturbations, for that
matter). Therefore, we develop a completely different perturbation technique in order to
prove Theorem 4 for the analytic case.

3. Estimates in a Neighbourhood of a Symmetrically Normally-Hyperbolic
Invariant Cylinder

In this section we study dynamics in a small neighbourhood of a normally-hyperbolic
cylinder. This analysis does not require the map to be either symplectic or analytic.

3.1. Fenichel coordinates, cross form of the map, and estimates for the local dynamics.
Let A be a compact, symmetrically normally-hyperbolic, smooth, invariant cylinder of
a C"-smooth map @ (r > 2). As we already mentioned, A can be extended to a larger,
smooth normally-hyperbolic locally-invariant cylinder A. Let us introduce coordinates
in a small neighbourhood of A such that this larger invariant cylinder is straightened.
Moreover, the local stable and unstable manifolds W;>"(A) are straightened as well,

loc
along with the strong-stable and strong-unstable foliations £ and E** on them. Note
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that the foliations are at least C'. The straightening of the manifolds and foliations means
that one can introduce C'-coordinates (u, v, z) in a neighbourhood of A such that the
manifold W = will have equation z = 0, the manifold W7 . will be given by u = 0, and
the leaves of the foliations E* and E"* will all have the form {z = 0, v = const} and
{u = 0, v = const} respectively (cf. [58]). The cylinder A thus lies in {u = 0, z = 0}.
Here v = (¢, y) with ¢ € S! being the angular variable and y taking values from an
interval I of the real line.

Note that the manifolds W*(A) and W*(A) can be non-orientable. In this case we
use the same coordinates (u, v, z) with v = (¢, y) assuming that the hyperplanes ¢ = 0
and ¢ = 2m are glued together by means of a linear involution in the space of (v, z).
This modification does not affect our estimates.

In these coordinates the map @ near A takes the form @ : (u, v, z) — (i, v, 2),

u=hi(u,v,z), z=hu,v,z), v==F®@)+h3u,v,z), 3
where h1 2.3 and Fy are C!-functions such that

h1(0,v,2) =0, ha(u,v,0)=0,

h3(0,v,z) =0, hi3(u,v,0)=0. ©)

The identities @ (0, v, z) = (0, v, 7) and @ (0, v, z) = (0, v, ) imply the first line of
(9). The second line follows from the observation that the v-component of @ (0, v, z)
and @ (u, v, 0) is independent of z and u respectively.

Differentiating Eq. (8) and taking into account that the local stable and unstable
manifolds are given by the equations z = 0 and, respectively, u = 0, we find that

ohy
ou

oh
=@’ (v)|n;, =

=@ u.
oz (V)| N

u=z=0

u=z=0

Then the assumption (5) implies that in an appropriately chosen norm

doho -1
0z
The implicit function theorem implies that for small u and z the second equation of
(8) can be resolved with respect to z. Therefore there is a neighbourhood of the closed

invariant cylinder A, where the map @ : (u,v,z) +— (u, v, Zz) can be written in the
following “cross” form:

H ohy
— 1 <A,

ou

it =pu,v,7), z=q@,v,32), (10)
v=Fyw)+ f(u,v,?2), (11)
where

p0,v,2) =0, qg(u,v,0)=0, (12)
fO,v,2) =0, f(u,v,0)=0, (13)
IF;)Il <, I(F) ™ < e, (14)
8_p < A, 8_? <A, (15)

ou 0z

a2A<1, O<Ai<l<a. (16)
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These estimates follow from the upper bounds (4)—(6) and the equalities (8), (9) provided
the neighbourhood is sufficiently small.
Let Zs denote a 6-neighbourhood of A.

Lemma 1. There is 5o > 0 such that for any 6 € (0, 69) and any k > 0 the following
statements hold.

1. Any trajectory of length k such that (u;, v;, z;) = @ (ug, vo,20) € Zs fori =

0, ..., k satisfies the following estimates fori =0, ..., k:
luill < 837, lzi|l < 8257, (17)
lvi — F{o)ll < 8@M)X2, v — Fi il < 8(@n)*/2. (18)

2. The orbit (u;, v;, z;) is determined in a unique way for any given ug, vo, Zx Such
that |lugll, lzkll < & and vo € A, as well as for any given ug, v, zk such that
luoll, llzkll < 8 and v € A.

3. Moreover, as k — +00,

H 320 ‘ H e, v || 0. H dug ‘ ” 0o, 20) || _ 0. (19
d(uo, vo) 0zk vk, 7k) dug
uniformly for all ||ugl|, ||zk|| < 8 and all vy € A or vg € A.
4. We also have for all k large enough
8 8 b
920 H (u, vi) ‘ <ot (20)
B2k d(uo, vo)

[at any given (ug, vo) in the first inequality, and at any given zj in the second one],

and
H Quk

ouo

N H d(vo, z0)
9 (vk, 2k)

‘ <adk, @1
[at any given (vk, zi) in the first inequality, and at any given uy in the second one).
Proof. Using (10) and (11), we get
uist = pi, vi, Ziv1),  2i = q Wi, Vi, 2is1),  Vier = Fo(u) + f (i, vi, ziv), (22)
foralli =0, ...,k — 1. For a trajectory inside Zs Eqgs. (12) and (15) imply
lwivtll = Il pQui, vi, zieONl < Mluill, Nzill = Nlg @i, vis ZieD | < Mizigll. - (23)

Since ||uo||, ||zx|| < 8, it follows that the orbit {(u;, z;, v,-)}fzo satisfies (17).
For the future convenience let us define

Co(8) = S;P{IIPLII, IPEI Ngglls gzl 1 Fll A0 WA - 24)
8

Note that Cp(6) can be made as small as we need by decreasing § because (12) and (13)
imply that p/, :O,p% =0,q9,=0,q,=0, f, =0, f, =0, fZ/ =0at(u=0,z=0),
forall v € A.
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In order to prove inequalities (18), let V; = v; — Fé(vo). In particular Vy = 0.
Equation (22) implies

IVierll < sup I Fg@)I - Vil + ILf iy viy ziv) - (25)

vEA

Then Eq. (13) implies

If isviszie)ll < sup (L fll - Hluill < Co(®) [luill

(u,v,2)€Zs
If i, viozisDl < sup (2 lzivt | < Co() l1zist |-
(u,v,z)€Zs
Using Eq. (17) we get
Il (i, vi. zie) || < 8Co(8) min{al, AF71= 1, (26)

Now using Egs. (14), (26) and (25) we conclude that
Vi1l < || V|l +8Co(8) min{)’, )Lk*ifl}.

Using Vp = 0 and inequalities (16) we find that forall 1 < j <k

IVl < 8Co8) . o/ T P min{ad, AFT 1y < 500 (8) > oK min{al, 2kl

0<i<j—1 0<i<k—1
=5Co(5) Yoo @tk Y gt < st
0<i<(k—1)/2 (k=1)/2<i<k—1
Co(8 1 A
when § is chosen small enough to ensure 0¥ < 1. The first of
Jar | 1—ak a—A

inequalities (18) is proved. The second inequality follows immediately by the symmetry
of the problem (if we replace the map @ by its inverse, then Fy changes to F; Lito
(k — i), (1o, zx) to (zk, uo) and vo to vg).

Given ug, vo, zk, the orbit {(u;, z;, vi)}f-‘zo is a fixed point of the operator

k A A Ak
O : {(ui, vi, zi) Y=o = {(@i, Vi, Zi)}—gs
which acts on a sequence {(u;, v;, zi)}{.‘zo by

Uiv1 = pQui, vi, ziv1)s  Zi = qi, vi, Zis1),
ﬁl+1 :Fo(vl)-'rf(ul?vlazl-l-l) fOI'i:O,...,k—l, (27)

Ho =ug, Vo=V, Zk=Zk-

Recall that v = (y, ¢), where ¢ € S!, and y runs an interval I such that for all
sufficiently small § the points in the 6-neighbourhood Z; of the cylinder A have the y-
coordinates strictly inside /. It is convenient to extend the functions p, g, Fy, f in (10)
and (11)toall y € R! in such a way that they remain smooth, have uniformly continuous
derivatives, moreover the identities (12) and (13) hold, and the estimates (14) and (15)
remain true with a margin of safety. We assume that the functions p, ¢, Fy, f are not
changed for all points with y € I. If a sequence {(u;, v;, zi)}f.‘zo is a fixed point of the
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extended operator Q and lies entirely in Zs, then this sequence is also an orbit for the
original map ®.

It is convenient to consider the lift of the original map so that ¢ runs the whole real
axis and the functions p, g and Fyp + f — v are periodic in ¢. So, in the analysis of the
operator Q given by (27), we assume v € R

Denote by X = Xy 4 vy, the set of all sequences {(u;, v;, zi)}f?:O with the given
value of (ug, vo, zx), which also satisfy ||u;, z;|| < é foralli = 0, ..., k. By (23), if
llui, zil| < 8 foralli =0,...,k,then ||i;,z;|| <S8 foralli =0,...,k as well, thus
0X C X. Let us show that the operator Q is contracting on X in the norm

. By
I{(ui, vi, zi)}i—plle = max o Nui, vi, zill.
i=0,...,

Indeed, in this norm

d d d a 9 P
”Q/“a < max (Y_l ﬁ l + 71_7 i + ﬁ o 7?
ou v 07 ou v 9z

a a 0

B va | L) ot | 2] 4 |

u ov BZ

< max{a*‘“a*lco(aﬂco(a), 200(8) +ar, a =V | FY| +oFlC0(8)+2CO(8)},

where, for the derivatives in the right-hand side, we use the supremum norm taken over
all (u, v, 7) such that |lu, z|| < 8, and Co(8) is defined by (24). By (12)—(16), if 4 is
sufficiently small, then || Q|| < 1 uniformly for every element from X, independently
of the value of £ > 0. Since the set X is convex, it follows that the operator Q is indeed
contracting.

Thus, by contraction mapping principle, given any (ug, v, zx) such that ||ug, zx|| < 8
there exists indeed a unique length-k orbit with the given values of ug, vo and zz. We
already proved that this orbit must satisfy (17) and (18). Since vy € A implies Fé v €A
foralli =0, ...,k by the invariance of A with respect to Fy, estimates (17) and (18)
imply that the orbit lies in Zs as required.

By the symmetry of the problem, given any (uq, vk, zx) such that |[ug, zx|| < & and
Vi € A, there exists a unique length-k orbit with the given values of u(, vy and zx, and
this orbit lies in Z;.

As a fixed point of a smooth contracting operator, the obtained orbit must depend
smoothly on all data on which the operator depends smoothly. So (u;, v;, z;) depend
smoothly on (uq, vo, zx) (and, by the symmetry of the problem, on (uq, vg, zx) as well).
To complete the proof of the lemma, it remains to prove estimates (19)—(21).

We prove only the first limit in (19), as the second one follows from the first one due
to the symmetry of the problem with respect to change of @ to @~ !, It is enough to prove
(20) only, as (21) also follows by the symmetry. Denote 8; = ||d(u;, v;)/9(ug, vo)ll,

vi = |10zi/9(uo, vo)|l, where the derivatives are taken at z; fixed. By differentiating
(22), we obtain
ap, Fo+f) a(p, f) dq dq
i+1 < i+, Vi < |=—=| Vit1+|——=| Bi>
:31+l = 8(1,{ v) H H z Yi+1l Vi 9z Yi+1 a(u’ U) ,31

where the derivatives are taken at (u, v, ) = (u;, v, zi+1). Since u; and z; satisfy (17),
we obtain from (12) to (15) that for sufficiently small § (independent of i and k)

Biv1 < (@ — p)Bi + iviet, Vi < A — p)Vir1 + tk—i—1Bi, (28)
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where p is a small positive constant, and

a(p, f) dq
wj = sup T + sup 5 . (29)
lull<s3, wo.2)ezs || 02 lzll<sr, .v.2)ezs I 0 )
It follows from (12) and (13) that
nj—>0 as j— +o0. 30)
Recall also that, by definition,
Bo=1, »=0. (31)
Define the sequence M ; by the rule
Mj =alM;+ puj, (32)
for an arbitrarily chosen M. As aA < 1, it follows from (30) that
M;— 0 as j— +o0. 33)
By (28)
A—p
Vi — My—iBi < m(%‘ﬂ — My—i—1Bi+1)
+ M + hop oy B
e M va— P My y
Mk—i—1 k—i 1= My, k—i—1 | Pi
As the sequences (. ; and M both tend to zero, it follows that
li iMy_i—1 =0. 34
(am L nax | i Mo (34
If k is large enough, then u; My_;—1 < p/* < 1foralli =0, ...,k — 1. Thus,
Vi — Mi—iBi < A(Vie1 — Mi—i—1Bi+1) + [ k=it — Mi—i + aAMy—i—1] Bi,
which, by (32), implies
Vi — Mik—iBi < A(Vis1 — Mi—i—1Bi+1),
hence, for all k large enough, foreveryi =0, ...,k —1
Vi — Mi—iBi < 27 (i — Moy, (35)
in particular
vo — Mifo < M vk — MoPr). (36)

Now, by (31), we have yy < M}, so (33) implies dzo/d (ug, vo) — 0ask — +oo, which
agrees with (19). Note also that by (35) we have ;411 < Mi—_;i_1Bi+1. By (28), (34), this
gives us that for all k large enough, foreveryi =0, ...,k — 1

Bis1 < apfi,

which [see (31)] implies the second inequality in (20).
It remains to estimate o (ug, vk, z0)/0zx as k — +oo. To this aim, let 8; =
10(ui, vi)/dzk|l and y; = ||0z;/0zk|l, where the derivatives are taken at (uq, vg) fixed.
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Then by differentiating (10), (11), we will obtain the inequalities (29), hence the estimate
(36) holds at all sufficiently large k for the newly defined y;, B;. However, instead of
(31) we have now

Bo=0, m=1
Thus, we find from (36) that
v <Ak B <1/My

for all k sufficiently large. This immediately gives us the first inequality in (20), and
since My can be taken arbitrary, we also obtain that d(uy, vg)/dzx — 0 as k — +00,
which completes the proof of (19). O

Estimates provided by this lemma are close to those obtained by Shilnikov in [85].

3.2. “Lambda-lemma”. The following analogue of the “lambda-lemma” [23,79] fol-
lows from Lemma 1.

Proposition 1. If L C Zs is a surface of the form u = w(v, z), where w is a smooth
function defined for all v € A and all small z, then the images ®™ (L) N Zs converge
to Wi (A) N Zs as m — +00 in the C'-topology. If L C Zs is a surface of the form
z = w(v, u), where w is a smooth function defined for all v € A and all small u, then

the images @~ (L) N Zg converge to WISOC(A) N Zs as m — 400 in the Cl-top()logy.

Proof. By the symmetry of the problem, it is enough to consider only the case where L is
asurface of the formu = w(v, z). By Lemma 1, given any (1, vk, zx) the corresponding
orbit (u;, v;, z;) is defined uniquely. Denote as 1y the operator that sends (uq, vk, zx) to
(vo, z0), and as & the operator that sends (ug, vk, zx) to ux. The point (u, v, z) belongs
to @ L if and only if ug = w(vo, z0), i.e. the equation of ®XL is

up = & (o, vk, 2k) 37
where ug is defined from
uo = wnk (o, vk, zk))- (38)
By (17) and (19),

il + 197k /duoll — 0 as k — +oo,

therefore at each k large enough equation (38) defines u( uniquely as a smooth function
of (vg, zx). It follows from (21) that

810/ vk, zi) | = O(@X).

Thus, Eq. (37) defines uj as a smooth function wy (v, zx), for all ||zx|| < 8 and vy € A.
By (17), |lux|l — Oask — +oo. Moreover, since by (21) and (19) we have ||0&/dug|| =
O (A) and ||9& /0 (vk, zx)|| — 0 as k — +o0, it follows that

Frones B i e
d(k, zi) ||~ || 9uo || | 9(vk, z1) 9 (vk, k)
as k — +00 (recall that ad < 1). We see that for all k large enough the surface ®*L is

given by the equation u = wi (v, z) where wy tends to zero along with the first derivative
as k — +00. Since equation of W . is u = 0, this proves the proposition. O

08k

0 (vk, zk)

— 0

‘ = 0@V +
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3.3. Secondary homoclinic cylinders. Using Proposition 1 we can establish a sufficient
condition for the existence of infinitely many 1ndependent homoclinic cylinders. Let A
and A be compact invariant cylinders such that A C A C A. Let the intersection of
WH"(A) and W* (A) contain a homoclinic cylinder B which is simple relative to A and
A, and Fg(A) C A ie.

W“(A)N B € W*(A) N B. (39)

Proposition 2. There are infinitely many homoclinic cylinders B;, each corresponds to
a simple (relative to A and A) intersection of W"(A) with W*(A), and none of the
cylinders belongs to the orbit of another cylinder: B; N @"(B;) = ) for every m and

everyi # j.

Proof. Since the manifolds W“(A) and W¥(A) are invariant with respect to @, the
cylinder @™ (B) lies in W*(A) N W*(A) for all m € Z. This homoclinic sequence of
cylinders @™ (B) tends to A as m — =oo. Therefore, there are positive numbers m
and m_ such that the cylinders B~ = @~ (B) and B* = &"+(B) belong to a small
neighbourhood of A.

It is easy to show that if B is a simple homoclinic cylinder relative to A and A
then the cylinder @™ (B) with any m also has this property. Indeed, conditions [S1]
and [S2] follow directly from the invariance of the foliations E*¥ and E"* and the
invariance of the cylinders A and A. Moreover, the invariance of the foliations implies
@ (¥ (x)) = 7°(P(x)) and & (7 (x)) = 7" (P (x)) for every point x in W*(A) and
W*(A) respectively. Then

758 =donyod! (40)

and the scattering map takes the form
Fopy=Fyo Fpo Fo_l 1)

where Fy = @|4. Consequently, the scattering maps, which correspond to any two
cylinders such that one is the image of the other by an mth iteration of @, are conjugate
to each other by means of the mth iteration of Fy. Condition [S3] follows immediately
as Fp maps an essential curve to an essential curve. Thus the fulfilment of the simplicity
conditions for the cylinder B implies the fulfilment of the simplicity conditions for all
its iterations by @.

Thus, the cylinders B~ and B* satisfy B~ C W} (A) and B* C W} (A), and they
are simple relative to A and A. In the Fenichel coordinates, W}/ (A) has the equation
u = 0 and the leaves of the foliation E** in WZL(‘)C(A) are given by {u = 0, v = const}.
By the simplicity conditions [S1] and [S2], each leave of E** in Wl‘; C(A) intersects the
cylinder B~ at a single point and is transverse to W*(A) at this point. It follows that
there is a piece W of the manifold W*(A) which contains the homoclinic cylinder B~
and has the form z = w(v, u) where w is a smooth function defined for all v from some
neighbourhood of A and all small u.

Proposition 1 (where the invariant cylinder A is replaced by the invariant cylinder
A) implies that the images W; = &~/ (W) by the backward iterations of & accumulate
on WZSOC(A) in C!. Equation (39) implies that each of W; with i sufficiently large has a
non-empty and transverse intersection with W* (A) near B*. Since W; are, by construc-
tion, pieces of W¥(A), this gives us the sought infinite set of homoclinic cylinders B;
converging to the cylinder B*; obviously none of them belongs to the orbit of another



524 V. Gelfreich, D. Turaev

one. Since W; are C!-close to WISOC(A) near B™, it follows from the relative to A sim-
plicity of B* that W; intersect transversely each leaf of the foliation E** in W¥(A), the
uniqueness of the intersections is also inherited.

Thus, the scattering maps F; : A — int(A) are defined for each of the cylinders B;.
In order to check the simplicity of the homoclinic intersection at B;, we need to show
that the projections 3, B, 1 B; — int(A) by the leaves of the strong-stable foliation are
injective for all i (condltlon [S2]), and that the scattering maps are homotopic to identity
(condition [S3]). To check the injectivity, notice that

i) = P omy o (42)

by (40). So, it is enough to show the injectivity of 73 i B) To do this, note that the

cylinders @ (B;) are close to B~ at large i, so the maps 7° are close to 7, and

Pi(B;)
the latter map is injective by the simplicity of the homoclinic intersection at B™.

It remains to show that the scattering maps F; are homotopic to identity. As we just
mentioned, the maps 77 = rr;i B ° (mp )~ ! are close to identity at large i. The same

is true for the maps 7/ = 7y, o (7wg ) !, Using (42), we find

Fp, = :ftfgl_ ) (n'gl_)71 =d'o 7} o Fg-omp o P o (7{%4,)71 o Fgrom/, (43)
where Fp+ = my. o ()~ Land Fp- = Tp_o(my )" I are the scattering maps corre-
sponding to the cylinders B* and B™. By the simplicity of the homoclinic intersection at
B, these maps are homotopic to identity diffeomorphisms. The map @' in formula (43)
acts in a small neighbourhood Z of A and is homotopic to identity in Z. The maps 7.,
and 7y, are projections along the foliations in the local stable and unstable manifolds,
so they are homotopic to identity in Z. Thus, all the maps in the right-hand side of
formula (43) are homotopic to identity, which implies that the scattering maps Fp, are
homotopic to identity for all i large enough. The proposition is proved. O

This proposition shows that the assumptions of Theorem 2 imply the existence of an
infinite series of different homoclinic cylinders which are simple relative to A and A,
i.e. Theorem 2 reduces to Theorem 1. For our purposes, the existence of N > 8 such
cylinders is enough, so it will be our standing assumption for the rest of the paper. We

do not need the auxiliary invariant cylinder A anymore.

4. Shadowing in the Homoclinic Channel

4.1. Homoclinic channel. Let By, ..., By be homoclinic cylinders, each corresponds
to a simple homoclinic intersection relative to the compact invariant subcylinder A of
A, and none of the cylinders B, belongs to the orbit of another cylinder. Let us repeat
the definition of the scattering maps F;,. Since the homoclinic intersections are simple,
it follows that two maps, 7/ and 7}, from B, into int(A) are defined for every n by
the leaves of the foliations E** and E*®, respectively. Namely, v = 7 (x) if the points
x € B, and v € A belong to the same leaf of the foliation E**, and v = 7} (x) if x € B,
and v € A belong to the same leaf of the foliation £*°. The smoothness of the maps ;)
and 7} and their inverse maps follows from the transversality of the intersections of the
leaves with B,,. By assumption, AC 7 (By). Thus, for each homoclinic cylinder B,
we have a diffeomorphism F,, = 73 o (7*)~! which acts from A into int(A). In fact, as
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the strong transversality condition [S1] is open, there is a neighbourhood A’ of A such
that all the scattering maps F1, ..., Fy are diffeomorphisms of A’ into int(A).

Take sufficiently large positive m,. and m_ such that all the cylinders B;) = ®"+(Bj,)
and B, = ® "~ (B,) (n =1, ..., N)liein the §-neighbourhood of A, where § is small
enough. As By € W/ and B, € W/ , it follows that in the Fenichel coordinates
z=0on B}, and u = 0 on B, . Since the homoclinic cylinders are simple, the cylinder
B! intersects the leaves {v = const} of the foliation E** in W} _ transversely, no more
than at one point each, hence B; is a graph of a function, B} = {u = u} (v),z = 0},
where u* is a smooth function whose domain of definition contains A. Analogously,
B, := {z = z,, (v),u = 0} for a smooth function z~. Thus, points on B, and B,
are uniquely determined by their v-coordinates. Since in the Fenichel coordinates the
projections 7% and 7® do not change the v-components of a point, we may formally
treat the maps F,,, n =0, ..., N, as acting from B, to B:{ in the same way these maps
acton A.

Since the foliations E** and E** are invariant with respect to the map @, it follows

that @ (ELY) = E%(U) and @ (ES*) = E‘}‘;(v). Consequently, for any x € B, the points
Fo_m’ om!(x) and @ "~ (x) have the same v-coordinate. The same is true for the points

F(;" * o, (x) and @™+ (x). Thus, in the v-coordinates, we have
¢m*+m*|B; =F)"oF,0F)" (44)

Denote by T}, : (u, v, z) — (i1, U, Z) the map @+~ from a sufficiently small neigh-
bourhood of B, to a small neighbourhood of B;f. The transversality condition im-
plies that the image by the map 7, of any leaf of the foliation E“* in W , given by
{u = 0, v = const}, is transverse to W = {z = 0}. Consequently the derivative 97/9z
is invertible. Therefore, given any small (#, Z) and v € A we have a uniquely defined
(u, z, v) such that (u, z, v) = T, (u, z, v). So, we may write the map 7, in the following
form:

I/_tzpn(ua vv z)a ﬁan(“a vv Z)Zﬁn(v)"'fn(u»va Z)a qun(u,v, Z)’ (45)

where p;, q,, fu are smooth functions defined for small (u, z) and for v from a small
neighbourhood A” of A in A. We define F;, of (45) in such a way that

f2(0,v,0) =0. (46)

As u = 0 corresponds to an initial point in W? ., and Z = 0 corresponds to the image
of this point (by 7},) that lies in W ., the equalities u = 0 and z = 0 correspond to an
initial point in B, which has its image in B,;” . Thus, by (44), we have

Fp= @™ | = Ff'" o Fyo Fy 47)

where F,, is the scattering map. Since the cylinder A is invariant with respect to Fp, the
maps F, are defined in a neighbourhood of A, as the scattering maps F;, are. Thus, we
will further assume that the open neighbourhood A” of A in A is chosen such that the
modified scattering maps F, are all defined there, and theay are homotopic to identity
diffeomorphisms of A” into A, moreover

Fy" (A c A" (48)
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where A’ is a small neighbourhood of A in A where the scattering maps F,, are defined.’
Let us denote by Ty the map @ restricted to the §-neighbourhood Zs of A. Let us call
the union of the §-neighbourhood of A with certain, sufficiently small neighbourhoods
of the cylinders ®(B7), ..., d"™*m——V(B~) q homoclinic channel. For every finite
orbit in the homoclinic channel with the initial point Py € Z; there is a uniquely defined
sequence of points (Ps)fi 81 of this orbit which lie in Z; and satisfy

P2./+1=T(;('iP2j forj=0,...,J,

sz:TanZJ'_l forj=1,...,J,

where n ; may take values from 1, ..., N and k; > 0. We call the sequence P; a channel
orbit, and the sequence w = (kg,ny, ki, ...,ny,ky) is called the code of the orbit.
Given a code w, we say that a sequence (v*)u 2, of points in A is a shadow orbit, if

kj =
vi‘jﬂ =F)’ (vi“j) and vi"j = Fy, (vi"j_l). In the last definition, we assume that
vy €A forj=1,....J, (49)

so these points belong to the domain of F,, and the sequence is well defined. We note
that it is possible that some codes do not correspond to any shadow orbit. On the other
hand, any channel orbit (P )fi has a code w and defines a shadow orbit with the code
w and v equal to the v-coordinate of Pp.

4.2. Shadowing orbits of proper codes. Our next goal is to estimate the deviation of the
channel orbit Py from its shadow. In this section we restrict our attention to orbits which
correspond to a special class of codes. Namely, a finite code is called proper if for all s

ks > k and ks > ykss1 + D, (50)

for some k > 0, D > 0 and y > 1. In other words, ky is a sufficiently fast decreasing
sequence of sufficiently large numbers.

Lemma 2. Given any sufficiently large k, y and D, for any shadow orbit UG- s v

with a proper code ko, {ns, ks}1<s<y, given any u'™ and z°*' such that ||u'™| < 6,
|z°41)| < 8, in the 8-neighbourhood of A’ there exists a umquely deﬁned channel orbit

(P )ZJ0 wzth Py = (uy, v, z5) such that ug = u'™, vy = U5y 254 = = 2% and

Pyjy1 = TO sz, Pyj =Ty, P2j—1. Moreover,

lug — vl < 28(@i)fs/? < 28(@a) 2, 51)

and _ _
iy, Il < 825, lzoll < 82K, (52)

Remark 4. Usual shadowing results would require hyperbolicity (or its topological ana-
logues) from the maps Fp and F7i, ..., Fy, see e.g. [26]. We, however, do not make any
assumption on the dynamics of these maps in this lemma (e.g. we have not assumed the
symplecticity so far). Therefore we need to restrict here the class of shadow orbits to
those with proper codes only; we believe any significantly stronger shadowing statement
can not hold in this situation without further assumptions.

5 As Fy(A) = A C A”, the inclusion (48) can always be achieved by choosing A’ to be close enough to A.
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Proof of the lemma. For J = 0 the statement of the lemma is contained in Lemma 1,
so we will proceed by induction in J. Suppose that for any z with [|Z|| < & there is a

unique sequence (us, Vs, Zs), s=0,...,2J =1 with the code kg, ny, ..., kj_1, which
satisfies the condition ug = u'", vo = v and z,,_, = Z and such that the inequalities
llos — v}l < 28(aa)-1/? (53)

hold for all s < 2J — 1. In order to shorten our notation we suppress dependence on u'"
and vg which are assumed to be fixed. Then u,, | = 7(Z) and v,, | = ¢(Z) for some
functions t and ¢ respectively. Equations (49) and (53) imply that

¢(Z) € A forany p > 28(@n)/?, (54)

where A7 is the closed p-neighbourhood of A”.

- k . .
Since (i, ,, vy, ,,2) = Ty’ (uy; 5, V5, 5, 2,,,), equation (17) of Lemma 1 im-
plies that

Izl < saki-1 < sak. (55)

We will also include in our induction assumption a bound for the derivatives:
I, ¢'l <v (56)

for some sufficiently small constant v. Thus, in order to carry out the induction, when we
prove that the sought sequence (uj, v}, z;) is uniquely defined forall j =0, ...,2J +1
we must also show that

18ty )5 vay0) /027N < v (57)

with the same v.

k
Since (ity,,,, v,,,,, 2°") = Ty’ (u,,, v,,, 2,,), Lemma 1 implies that z, , is a uniquely
defined smooth function of (u,,, v,,) and z°*'. We denote it by o : (u,,, v,,, z2°) >
2,,- Equations (17) and (19) imply

loll < 8xks < 82k, (58)

and
o'l < v, (59)

for any v > 0 chosen in advance (if k is large enough), and
oo /a2 | < 3% (60)

Taking into account that (u2y, vy, z25) = Ty, (u2s—1, V271, z27—1) Where the map
Ty, has the form (45) with n = n;, we obtain the following system of equations

Uy = Pn, (t(zy, 1), (25, 1)y 0 (uy,, v,,, 20Uy,
Uy, = an (T(ZZJ—I)’ ¢(Z2171), O'(z,tzj7 v,,, Zout))’ ©1)

t
ZZJ—I = Qn] (T(ZZJ—I)’ ¢(Z2171)’ G(uzj’ Uzj’ Z()M ))
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In order to show that this system has a unique solution (2, v2y, z27—1) for every z°%!

we use the contraction mapping theorem. Indeed, take any z°*' with ||z°*'|| < § and
consider the map
i = pp(t(2), ¢(2), 0 (u,v,z7"),
U= Gu(1(2), $(2), o (u, v, 27"")), (62)
2= qn(t(2), $(2), 0 (u, v, 2"")),

where ||z]| <6, |Jlull <Sandv € AZ (for some p small enough).

The functions p,, g,, G, are defined by Eq. (45). By (54), (55), and (58), if k is
sufficiently large, then the values of T and o can be made arbitrarily small, and the range
of values of ¢ can be confined to an arbitrarily small neighbourhood of A”, i.e. (t, ¢, o)
belong to the domain of definition of (p, - ¢, G,,), and the map (62) is well-defined.

As the functions p,, ¢, G, are smooth, their derivatives are bounded:

Il P @ns Gl < C.

We chose v in (56) and (59) such that Cv < 1. Then ||Z|| <6, ||u|| < §and v € A/p’. The
first two inequalities hold as p, and g, are components of the map 7;, which acts from a
small neighbourhood of the cylinder B, to a small neighbourhood of the cylinder B!,
and both cylinders belong to the §-neighbourhood of A. In order to show that v € AZ we

note that the induction assumption (53) implies ||¢(z) — v¥, || <28 (ot)\)k!fl /2 Since

2J-1
Gp = Fy + fu, and v}, = F, (v}, ), it follows that

1Gu(z, ¢, 0) — v}, Il < Cllp —v], I+ fu(z, ¢, 0)].
Taking into account that f;, vanishes at 7 = 0, 0 = 0 [see (46)], we obtain
Ifall < CllT,oll < CAM

due to (55) and (58). Combining these inequalities, we find that
19— 5, Il = €8 (21242 ). (63)

Since kj > k and k is large, we obtain that
v —v3;1l < p.

Since v3; € A”, we have v = G, (7, ¢,0) € A}.

Thus the map (62) maps the set ||z]| < 8, |lul]] < § and v € A;; into itself. The
chain rule together with the bounds (56) and (59) imply that this map is a contraction.
Consequently, system (61) has a unique solution (u,,, v,,, z,,_,) as required.

Moreover, after differentiating Eq. (61) and using (60) we obtain

C
19y, , v,,)/027" || < cu*k’ = o) (64)

1 —
where the last bound follows from e < 1 [see (16)]. Recalling that (u,, ., v,,,,, 2°*") =

k
Ty’ (u,,, v,,,2,,) and using (19), (20) and (64), we find that |3 (u,,, , v,,,,)/9z°* || can
be made as small as we need by taking k; large enough. Thus (57) holds true indeed for
k large enough.
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So we have proved the existence and uniqueness of the sequence (uy, vy, z5) With
s =0,...,2J + 1. It remains to demonstrate inequalities (51) and (52).

For s < 2J — 1, inequality (51) follows from the induction assumption (53) as
k, , > k,. For j = 2J inequality (51) follows from (63) applied to the fixed point of
the map. In order to check (51) for s = 2J + 1, we recall that (u,,,,, v,,,,, 2,,) =
Ty’ (), vy, 25,) and v¥, | = Fy (v%). Then Egs. (14), (18) and (63) with & = vay
imply

k k
[v2ss1 = V3| < I (v20) = Fy? W3 )1 + 8 (@) 7/
< llvay — v3, " + 8(an)cr/?

=Cé (2(a/\)k1—1 24 /\"f) ok + (@)t

This inequality implies (51) for s = 2J + 1 provided the first term in the last line is
not larger than the second one, i.e.,

1
2C (an)/? ((ak)(k/l_k’)/z(a/k)kf/2+ 5) <1

Taking into account (50) we see that this inequality can be achieved if 2C (oc)\)’;/ 2<1
and (an) V= DRHAD (g /30K < %. The first inequality holds if k is sufficiently large and
the second one follows from

2t fin 2 (A)D<1
> 21In — n—, < -.
v W) an 4

Finally, inequality (52) is an immediate corollary of (17). O

4.3. Replacing a code with a proper code. Since the diffeomorphism Fj is area-preserving,
the Poincare Recurrence Theorem implies that recurrent (Poisson stable) orbits of Fj
are dense in the invariant cylinder A. This fact, as the following lemma shows, allows
an arbitrary orbit of the iterated function system {Fy, F1, ..., Fx} to be approximated
by a shadow with a proper code. We recall that Fy : A — A is the restriction of the map
® onto A, and F,, : A’ — int(A) with n > 1 are scattering maps.

Lemma 3. Let v, ..., v,,,, be asequence of points, i; > Oandn; € {1,..., N}, such
that )
v = Fy (v))  j=0,...,J, 65)
v2j = Fuy(v2j—1) j=1,....J,
V-1 € A’ and v2; € int(A). Let Uy, U,,,, be open subsets of A such that vy € Uy
and v,,,, € U,,.,. Then for any positive k, y and D, there exists a sequence of points

v§ € int(A) such that vy € Uo, v}, € U,,,, and

ki .
vé‘jH =F0’(v§‘j) j=0,...,J,

vy = Fay 03 ) j=1,

with the same n j as in (65), vé‘/._l € A" (the domain of the maps Fy,) for j =1, ..., J,
and the numbers k; form a proper sequence in the sense of (50).
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Proof. The definition of the modified scattering maps F, [see (47)] implies that it is
enough to show that there exists a sequence of points U such that 09 € Uy, 0,,,, € U,,,,»
and

A P .
Uoje1 = Fy' (02j)) (G =0,....J), ©6)
Upj = Fp;(02j-1) (G=1,...,J)
where n; are taken from (65), 02;—1 € A’ for j = 1,..., J, and the numbers ,gj are

such that numbers k; = 12]- —(my+m_)for0<j<J-—landk; = 121 — my4 form a
proper sequence. Then the sequence v} is defined by the following equations
v = Do, vy, =Dy U;/—l = FoimiﬁZj—lv U;j =Fy oy (j=1....)).
Note that (48) implies v’zkjf1 c A,

We construct the sequence ; by induction in J. Let J = 0. Since v9 € Up and
v = F(;O (vg) € Uy, there is Ucu 1, a small open neighbourhood of vy in A’ such that
Fy “{J c Uy. The Poincaré recurrence theorem implies that for any K there is k > K
such that Fo_k0 no L0 LetK =k —ig+my+m_ andl%o =k +ip. Then

ko = ko —m_ —my > k. (67)

Moreover, for any vy € Fo_k_iol} NF-io0 =+ (), we have 0y € Up and 07 := Fé‘“(ﬁo) €
Uj.

Now let J > 1. The induction assumption implies that for any open subset U, C A’
such that v, € U» there is a point v’ € U, such that F(v') € U,,,,, where F =

1_[ F(;( 7o Fp o Fé‘ " and the numbers k ; are such that the sequence k; defined by
2<j=J

kj=ky—my and k;=k;j—m_—my, 2<j<J—1, (68)

is proper.

There is a small open neighbourhood U of v; in A’ such that F o F,,, (U;) € U,,,,.
Since vy € Uy and v = Féo (vg) € Uy, there is Uc U1, a small open neighbourhood
of vy in A" such that F~ “{J c Uy. The Poincaré recurrence theorem implies that for
any K there is k > K such that Fo_k(j nU #W.Let K = yki+ D —ig+my+m_ and
]20 =k +i¢p. Then )

k() —m_ —my = )/k] + D, (69)
where k1 given by (68). Let kg = 120 — my — m_. Then the sequence ko, ..., ky is
proper [see (50)], and Eq. (66) define a sequence 0y such that v,,,, € U,,,,, as 0,,,, =
FoFy(01) € FoF, (U)CU, O

We say that two points vg and v, are connected by an orbit of the iterated function
system {Fp, ..., Fy} if v,,,, is an image of vy by a certain sequence of maps F.
Obviously, this means that v and vy, are the first and the last points in a sequence of
points v constructed by the rule (65) withm = 2J +1. Since the corresponding sequence
v} constructed in Lemma 3 is a shadow of proper code, we may use Lemma 2. Thus,
combining Lemmas 3 and 2, we obtain the following statement.

J+1°

Lemma 4. Let the map Fy be area-preserving. Let two points vg € A and v, € A be
connected by an orbit of the iterated function system {Fy, ..., Fn}. Then, for any ¢ > 0
the &-neighbourhoods of vy and v, in R*? are connected by an orbit of the map ®.
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5. Symplectic Properties of Scattering Maps

Let N C M be an open subset of a smooth symplectic manifold M endowed with a
closed non-degenerate symplectic form §2. We consider a diffeomorphism @ : N —
@(N) C M which preserves §2. We assume that A C N is a symmetrically normally
hyperbolic invariant manifold. An important example is M = R?? and A is a two-
dimensional compact cylinder bounded by two invariant curves of @. We review some
properties of the manifold A, its stable and unstable manifolds, and homoclinics to A.
Similar results can be found e.g. in [32].

We start with establishing some useful geometric properties of the stable and un-
stable manifolds and the scattering maps. These properties are based on a symplectic
orthogonality property of the next proposition.

Proposition 3. If A is a symmetrically normally-hyperbolic invariant manifold and x €
A, then TyWS(A) Lo TyE* (x) forany y € E**(x) and Ty E**(x) Lo T,W"(A) for
any y € E"(x).

Proof. Lety € W¥(A). Take any w € TyE*(x) and u € T, W*(A). Since the map @
preserves the form 2, we have for any m € N:

Qw, u) = 20" w, (®)"u) = (@A) 2@ ™ (@) w, A\ (&) u) = O ((ar)™).

Taking the limitm — +oo, we find that 2 (w, u) = 0,1i.e.u Lo v. Thus, we have proved
TyE*(x) Lo TyW*(A). In a similar way we conclude that T\, E“*(x) Lo T,W"(A)
forany y € W*(A). O

Proposition 4. The restriction of the symplectic form 2 to the symmetrically normally-
hyperbolic invariant manifold A is non-degenerate.

Proof. 1f the proposition is not true and the restriction of the symplectic form is degen-
erate, then there are x € A and a non-zero vector w € Ty(A) suchthatw Lo Ty (A).On
the over hand w € Ty A = T, W (A) N T, W"(A) implies that w Lo T, E{* and w Lo
T, E%". The normal hyperbolicity assumptions imply that TM = T\ EY @ T, E¥* @ T, A
for any x € A. Consequently, w 1 T, M, which contradicts to the non-degeneracy of
£2, and the proposition follows immediately. O

We remind that a homoclinic intersection of W (A) and W* (A) ata point y is strongly
transverse if E ’;” is transverse to W*(A) and E;s is transverse to W*(A) at the point y.

Proposition 5. If y € E""(x1) NE** (x3) for some x1, x2 € Aand TyM = Ty E"" (x1) ®
TyWS(A) then TyM = T, E** (x2) @ Ty W"(A) and, consequently, the homoclinic inter-
section at y is strongly transverse.

The proof of this proposition is completely straightforward: it is sufficient to note
that under the assumptions of the proposition any vector from 7y E** (x2) N T, W*(A) is
§2-orthogonal to all vectors due to Proposition 3. The proposition implies that the strong
transversality is equivalent to the transversality of the strong stable leaves to the unstable
manifold (or the transversality of the strong unstable leaves to the stable manifold). This
property reduces the number of conditions which are necessary to verify the strong
transversality of a homoclinic intersection.

For every y € W*%(A) there is a unique x € A such that y € E*(x). We define
the projection 7° : W¥(A) — A by setting 7°(y) = x. Let v = (v, v2, ...) be some
coordinates on A defined in a small neighbourhood U of the point x. Define coordinates
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(u,v) in (@*)~1U) such that u = 0 corresponds to a point in A and v = const
corresponds to a strong-stable leave of E**. In these coordinates 7° : (u, v) — (u, 0).

Since TyE*(x) Lo T,W°(A), we see that in these coordinates £2|wsa)
= Zi’j ajj(u, v)dv; A dv;. On the other hand, the symplectic form is closed, i.e.,

d$§2 = 0. So we have d2|wsa) = Zi’j,k %%jduk A dv; Advj = 0. Consequently the
coefficients a;; do not depend on u and §2|ys(4) = Zi’j a;j(v)dv; Adv;.

Let B be any section of W¥(A) transverse to the strongly stable leaves. Then the
restriction 7¥|p : B — A is a local diffeomorphism. Moreover, since the projection
is the identity in the coordinates u, we find that 7| is a symplectomorphism, i.e. it
transforms §2|p into £2|4. In particular, £2|p is non-degenerate, i.e. B is a symplectic
manifold.

Obviously, a similar statement is true for the stable manifolds replaced by the unstable
ones: for any section B of W (A) transverse to the strongly unstable leaves, the projection
w" . B — A by the strongly unstable leaves is locally a symplectomorphism. Thus, we
obtain the following

Proposition 6. Ify € WS (A)NW"(A) is a strongly transverse homoclinic point and B is
a sufficiently small neighbourhood of y inside W*(A) N W (A), then the scattering map
Fp =n%|go("|g)~" : BY — B is a symplectomorphism, where B = 'S (B) C
A.

We can define the scattering map Fp relative to any connected subset B of WS(A) N
W"(A) that consists of strongly transverse homoclinic points. When B is not a small
neighbourhood of a single point, the scattering map Fp does not need to be single-valued
nor injective (eventhough every branch of it is a local diffeomorphism). In this paper we
assume B to be a simple homoclinic cylinder. Then the scattering map is single-valued
and injective, so it is a symplectic diffeomorphism defined on a large open subset A" of
A.

Assume the symplectic form is exact, i.e., 2 = d¢}, where ¥ is a differential 1-form.
For example, in the case of our interest, M = R Q — dp Ndq,and 9 = pdq. The

symplectic map @ is exact if
/ B /(15
14 )

for every smooth closed curve y. Obviously, the exactness of @ implies the exactness
of the map Fp = @|4.

Proposition 7. Let A’ C A be a region such that the scattering map Fpg is a diffeomor-
phism A — Fg(A’) C A. If for each point x € A’ the corresponding leaves E""(x)
and E*S(Fg(x)) intersect B exactly at one point, then the restriction of Fg on A’ is
exact.

Proof. Let us prove that the map (7%|p)~! is exact on A’. The proof of the exactness
of the map (7%|p)~! on Fp(A’) is exactly the same, so the exactness of Fp will follow
immediately. Take any smooth closed curve y C A’. By assumption, for any x € y
there is a unique point y(x) € B such that y € E**(x), the union of the points y(x)
overall x € y gives the curve (7%|) "'y = 7 C B. As the strongly unstable leaves are
simply-connected [each is a diffeomorphic copy of R¥ where 2k = dim(M) — dim(A)]
and depend smoothly on the base point x, one can connect each point x € y with the
corresponding point y(x) € y by a smooth arc £(x) that lies in E**(x) so that the union
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of these arcs forms a smooth two-dimensional surface S C W*(A), an annulus bounded
by y and y. By Stokes theorem,

e

At every point y € S the tangent plane contains a vector tangent to one of the curves
£(x) which lies in the E“*(x), so §£2 vanishes on 7}, S by Proposition 3. Thus, f ¢§2=0,

which gives us the required identity fy O =/ 5 ¥ for every smooth closed curve y in
A'. o

Note that, surprisingly, the exactness of the scattering map in the statement above
does not require the exactness of the map @ itself.

6. Transport in an Iterated Functions System and Obstruction Curves

The symplecticity of the map Fy = &[4 established in Proposition 4 means that this
map is area-preserving (with the area of a domain obtained by integrating £2|4 over this
domain). Therefore, as shown in Sect. 4.3, for two open sets to be connected by an orbit
from the homoclinic channel it is enough for these sets to be connected by the orbits of
the iterated function system {Fp, Fi, ..., Fy}. As we showed in Sect. 5 all these maps
are exact symplectomorphisms. The diffeomorphism Fj is defined everywhere on the
cylinder A which is invariant with respect to Fp, i.e. Fp(A) = A. The scattering maps
F,,n =1,..., N, are defined on a subset A" of the cylinder A and, as follows from
the simplicity assumptions [S1]-[S3], they are homotopic to identity diffeomorphisms
A" — A. The exact symplecticity of the maps F, implies that the area between any
curve y and its image F, (y) is zero. Hence, F,,(y) Ny # ¥ for any simple essential
curve y C A'.

We assume that there exist coordinates v = (y, ¢) in A such that the map Fy :
(y, ) — (@, y) in these coordinates satisfies the twist condition, i.e.

.
% 40
dy

everywhere in this cylinder (we assume that ¢ € S! is the angular variable).

Let A be a compact cylinder in A’ bounded by two simple essential curves y* and
y~ such that y~ N y* = @ (we no longer need to assume that A is invariant). Let
y* corresponds to larger values of y than y~ does. The set A\int(A) consists of two
connected components, the upper component A* contains y* and the lower component
A~ contains y ~. If A contains an essential curve y* which s invariant for all of the maps
F,,n =0, ..., N, then the curve y* divides the cylinder A into two invariant parts, so
no trajectory of the iterated function system {Fy, Fi, ..., Fy} which starts within A~
can get to A*. In other words, the absence of essential common invariant curves in A
is a necessary condition for the orbits of iterated function system to connect A~ with
A*. The following theorem shows that this condition is also sufficient. This theorem
generalises a result by Moeckel [75].

Theorem 3. Let Fy, . .., Fy be exact symplectomorphisms A’ — A, homotopic to iden-
tity. Let A be invariant with respect to a symplectic diffeomorphism Fy which satisfies
the twist condition on A. Suppose no essential curve in A is a common invariant curve
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for the maps F, withn = 0,1, ..., N. Then there is a finite trajectory (v;)1", C A

of the iterated function system {Fy, Fi, ..., Fy} that starts on y~ and ends on y* (i.e.
Vo €Y, vy € ¥, and viy1 = Fy, (v;) for some sequence of ki € {0, ..., N}).

Remark 5. As the common invariant curve is, in particular, an invariant curve of the twist
map Fp, the Birkhoff theory implies that it is necessarily a graph of a Lipschitz function
y = y*(¢), soitis sufficient to verify the absence of common invariant Lipschitz curves.

Remark 6. Our statement makes an important change in the setup of the problem com-
pared to e.g. [67,75] as we do not ask the boundaries ¥y~ and y* to be invariant with
respect to any of the maps F,,,n =0, ..., N. Indeed, it is not natural to assume that the
scattering maps preserve the boundaries as this would require certain non-transversality
of stable and unstable manifolds associated with the @-invariant curves on the boundary.

Proof of Theorem 3. We say thatamap F : A’ — A has a strong intersection property
if F(y)Ny # @ for any simple essential curve y C A’ and, moreover, if F(y) # y, then
F(y) has points in both components of A\y. The symplectomorphisms F,, : A" — A,
which are exact and homotopic to identity, have the intersection property.

The boundary of the Fy-invariant cylinder A consists of two non-intersecting essential
curves. We refer to the boundary curve with larger values of the coordinate y as the upper
boundary of A. Let y C A’ be a simple essential curve and let y” be the boundary of
the connected component of A\(y U F, (y)) adjacent to the upper boundary of A. This
is also a simple essential curve. Denote by 7, the operator that replaces the curve y
by y". By construction, F, (y) has no points below y and the intersection property of
F,, implies that y N F,(y) # @. If F,(y ) Ny # @ for some n, we have found a
connecting orbit. Indeed, take vy € F,,(y ~) N y* and let vy = Fn_1 (v1).

We continue by induction. Let m = 0, yp = y~. Let us construct, inductively, a
sequence of simple essential curves y,, C A, such that each point of y,, can be reached
by a trajectory which starts on y ~ and has the length not larger than m. Suppose we have
constructed such y,, for some m > 0. If F,(y) N y* # @ for some n, the inductive
process is terminated as the intersection point belongs to a trajectory which starts on y ~
and finishes on y* as required. Otherwise define y;,+1 as the boundary of that connected
component of A\ (U, F, (¥,)) which is adjacent to the upper boundary of A. Obviously,
Ym+1 18 a simple essential curve. The intersection property implies Fp, (i) N Ym # 9.
Then taking into account that for every n the curve F, (y,,) has no points below y,, and
does not intersects y*, we conclude that the curve y;,;1 belongs to a cylinder bounded
by ¥ and y*. So yu41 C A.

We claim that this process terminates after a finite number of steps because otherwise
the maps F,, would have a common invariant essential curve in A.

Indeed, suppose that the process does not terminate. Then the curves y,, C A form a
“bounded and monotone” sequence. Namely, if we denote as y; the upper boundary of
A, then the closed cylinders [y;,, y; ] bounded by the curves y,, and y;; form a monotone
sequence of closed sets (as y,+1 has no points below y,,). Then U* = Nm=0VYm> yg ]
is closed and has non-empty interior since [y*, ;] C U*. Let U* be the connected
component of int(U*) adjacent to the upper boundary vy - Let y* = aU*cyy (ie. U™
is the disjoint union of y* and y;").

Let us show that y* is an essential curve, invariant with respect to Fy. First, we
note that for any point p* € y* there is a sequence of points p, € ¥, such that
lim,, 00 pm = p*. Indeed, otherwise there is an open neighbourhood Q of p* and an
unbounded subsequence my such that y,, N Q = @. Then Q C int[y,,, y(;' ] (recall
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that Q intersects y* and y* C [V, y(;“ ] for each my). Since the sequence of cylinders
is monotone, it follows that Q C int[yy,, y(;r ] for all m. Thus Q C int(f] *), which
contradicts to p* € y*.

We can approximate the sequence p,, by a sequence of points p,, — p™* such that
p,, lies outside [y, y;'1 (below y,,) for each m, i.e. p,, & U*. Thus, each point of y*
is a limit of a sequence of points which do not lie in U*, i.e. y* forms the boundary of
the closure of U* (a priori, some points of the boundary of an opens set may not lie in
the boundary of the closure of the set).

It also follows that F,,(y*) N U* = @ for all n. Indeed, suppose F,(p*) € U* for
some p* € y*. Then, since p* is a limit of points lying in the curves y,, and U* is open,
there is p,, € Y such that F,(p,,) € U*, which is impossible as, by the construction,
F,,(ym) lies below y,,+1 and, hence, has no points inside U*.

In particular, we have Fy(y*) N U* = @, which means that U* C Fy(U*) and

cl(U™) C Fo(cl(U*)). (70)

Would the image of any point g € c/(U*) by the map Fy lies outside c/(U*), then the
images of all points from U* which are close enough to ¢ would also lie outside cl(U™),
i.e. the set Fy(cl/(U*)) would have an open subset outside of c/(U™*) (recall that U* is
open). Thus, the Lebesgue measure of Fy(cl/(U*)) would be strictly greater than the
measure of ¢/(U*), which is a contradiction with the area-preservation property of Fj.
Therefore, it follows from (70) that, in fact, Fy(cI(U*)) = cl(U*),i.e. U* is an invariant
domain for the twist map Fy. Now, Birkhoff theorem implies that the boundary y* of
U* is a simple essential curve, invariant with respect to Fy.

The set U* is one of the two connected components of A\y*. Since F,,(y*)NU* =
for all n, the strong intersection property implies that F,,(y*) = y* for all n. We have
proved that the non-existence of a connecting trajectory is equivalent to the existence of
a common invariant curve. 0O

Theorem 3 is valid for any two non-intersecting essential curves in A’: either they are
connected by an orbit of the iterated function system, or there is an essential curve y*
between them which is invariant with respect to all maps F,,. It follows that the absence
of a common invariant essential curve in A is equivalent to the existence of an orbit of
the iterated function systems which connects int(A*) with int(A~) (move the curves
y* and y~ inside int(A*) and, respectively, int(A ™), and apply Theorem 3 to these
curves). Since the existence of such orbit is an open property, Theorem 3 implies that
the cylinder A contains no essential curve invariant with respect to all maps Fy, ..., Fy
for an open set of maps from Vy. In the next Section we show that this set of maps is
also dense in Vy . This will finish the proof of the Main Theorem: it follows immediately
from Theorem 3 and Lemma 4 that for any map @ from this open and dense set any two
neighbourhoods of ¥~ and y* are connected by @.

7. Simultaneous Destruction of All Obstruction Curves

We finish the proof of the Main Theorem by showing that for a map @ from a dense
subset of the set Vy the corresponding maps Fy, Fi, ..., Fy do not have a common
essential invariant curve, provided N > 8. As Fp is a twist map, we can restrict the
problem to Lipshitz invariant curves only. Recall that for any map @ from Vy there
exists a compact normally-hyperbolic invariant cylinder A. We introduce coordinates
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(v, @) on A such that the restriction F of @ on A has a twist property. In these coordinates
Fo:(y,¢)— (y,9) and

for all (y, ¢) € A. By the Birkhoff theorem, every essential invariant curve of Fj is
Lipschitz:

y=y(@), |ylpn) —y(p2)l = Llg1 — ¢2l,
where the Lipschitz constant L satisfies

dg y d¢ dy / ¢
dp | |oy|’ ayll’

L < sup max{
veA

Given map @ € Vy, we can choose the constant L the same for all maps from a
neighbourhood of @ in Vy (since the maps which are close in Vy are also C'-close,
and the corresponding cylinders A are C'-close as well). _

By the assumptions of the Main Theorem, we have a compact subcylinder A in
A such that N > 8 scattering maps are defined on a neighbourhood A" of A. The
cylinder A depends continuously on the map @, so we can choose A’ to be the same (in
appropriately chosen coordinates (y, ¢)) for all maps close to @. We can also assume
that the maps Fy, ..., Fy are defined in some neighbourhood of the closure of A’. Note
that the scattering maps depend continuously on the map @ in the following sense: if
two maps @ are C2-close, then the corresponding scattering maps are C'-close.

Theorem 4. Arbitrarily close to any map @, in Vy there exists a map for which the cor-
responding scattering maps F1, ..., F3 have no common L-Lipschitz invariant curves
inA.

Proof. Consider the space of all L-Lipshitz (periodic) functions y = y(¢) endowed with
the C-metric. Let £ be the subset of this space which consists of all functions whose
graphs lie in the closure of A’ and are invariant, simultaneously, for all the scattering
maps Fi, ..., Fg generated by the map @. If £ = ¢, there is nothing to prove. If £ # @,
we note that £ is compact, so given any § > 0 there is a finite set of L-Lipshitz curves
C1, ..., C4 such that each of them is invariant with respect to all the maps F, ..., Fg
and every other common invariant L-Lipshitz curve lies in the §-neighbourhood of one
of the curves Cs, i.e. it belongs to the cylinder A := {|y — ys(¢)| < 8} where y = y;(¢)
is the equation of the curve Cs. Moreover, the set of the L-Lipshitz common invariant
curves of the scattering maps depends upper-semicontinuously on the map @ [if we have
a sequence of maps @ * that converges to @ in C?, then the corresponding scattering
maps F ;k) converge to the scattering maps F; in C I: and if the maps F ;k) each have an
L-Lipshitz invariant curve, then the set of the limit points of these curves as k — +00
is the union of a set of L-Lipshitz curves each of which is invariant with respect to the
scattering maps £ ]. Thus, for all maps from Vyy which are sufficiently close to @, every
common invariant L-Lipshitz curve of the scattering maps that lies in A’ lies entirely in
one of the cylinders Ay, ..., Ag.

Below [see (73)] we will fix, once and for all, a certain value of § > 0 which will
give us a finite set of these cylinders A;. We will show for each such cylinder A that
arbitrarily close to @ in Vy there exists a map for which the corresponding scattering
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maps Fi, ..., Fg have no common L-Lipschitz invariant curves in A. This will prove
the theorem. Indeed, the absence of the common invariant L-Lipshitz curves in any
given (open) cylinder is an open property. So, we first perturb the map @ to get rid
of all common invariant L-Lipshitz curves in the cylinder A, then we add another
small perturbation to kill all common invariant L-Lipshitz curves in Ap—by choosing
the perturbation small enough we guarantee that no new common invariant L-Lipshitz
curves emerge in A1, etc. Then, after finitely many steps of the procedure, we will have
all the cylinders Ay, ..., A, cleaned of common invariant L-Lipshitz curves.

Let R > 1 be a constant that bounds the derivatives of the scattering maps:

oF;
<R (71)
a(y, 9)
forall (y,p) € A’, j =1,...,8, and all maps that are close enough to @ in V. Recall

that ¢ is an angular variable that runs a circle S'; we assume that the length of the circle is
2. Choose 4 arcs J; C Sl,i e {1,2,3,4},suchthat J;UJ, = J3UJs = S'. Moreover,
denote J;x = J;\Ji and let us assume that Ji», J34, J21 and J43 are disjoint and located
in the circle in the same order as they are listed here (following the orientation of the
circle). Neither of the arcs J; constitutes the whole circle, so their lengths are smaller

than 27r. Choose any L-Lipshitz curve C : y = y.(¢) which is invariant with respect
to all maps Fi, ..., Fg. Each arc J; corresponds to an arc f, {y = y.(9), 9 € Ji} of
the curve C. Since C is invariant with respect to each of the maps F;, the image F; (Ji)
also lies in C. Hence it is given by Fj(fi) ={y=y.(0), 0 € J_l.j} where J_l.j is an arc
in S! which does not cover the whole of S!, so its length is strictly less than 2. Since
the set £ of all common invariant L-Lipshitz curves is compact, we have

K = max max length(J_ij) < 2m. (72)
cel i,j
Now, we choose
2r — K
8= > 0. (73)
R

As it was explained above, the compactness of £ implies that every possible common
invariant L-Lipshitz curve lies in one of a finitely many cylinders Ag; each of these
cylinders is the §-neighbourhood of some invariant L-Lipshitz curve C; : {y = ys(¢)}.
Take any of these cylinders. Note that, by virtue of (71), the image F; (A;N{g € J;}) lies
inside the (R4)-neighbourhood of the curve F;(Cs N {¢ € J;}). This curve is a subset of
the invariant curve Cy, and it corresponds to an interval of ¢ values such that the length
of this interval does not exceed the constant K defined by (72). Thus, by (73),

Fi(A;N{p € i) C{ly — ys(@)] < RS, ¢ € Jyij} (74)

where Jg; j is a certain arc whose length is strictly less than 27, i.e. it does not cover the
entire S'. As F '/ depends continuously on the map @, inclusion (74) holds for all maps
from Vy which are close enough to @.

Now, let us imbed the map @ into a two-parameter analytic family of maps @, ,.,
from Vy such that @9 = @. We will show (Lemmas 5, 6) that this family can be chosen
such that there exist arbitrarily small values of & = (w1, ) for which the scattering
maps I, ..., Fg defined by the map @, have no common L-Lipschitz invariant curves
in the cylinder A;. The map @, that corresponds to a small value of p is a small
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perturbation of @, so this gives us the required arbitrarily small perturbations that clear
the cylinder A of the common L-Lipshitz invariant curves of the scattering maps. By
performing this perturbations consecutively for each of the cylinders Ay, ..., A; we
will obtain the result of the theorem.

Note that the invariant cylinder A, its stable and unstable manifolds, as well as
the strong stable and strong unstable foliations depend smoothly on w, therefore the
scattering maps also depend smoothly on w. This means that for all small © we can
introduce coordinates (y, ¢) on the u-dependent cylinder A such that the maps Fj,
Jj=0,..., N, will be given each by a pair of smooth functions Y;, ¥; of (y, ¢, u):

Fi:(y,o) = ;0. 1), iy, 0, ).
Let our family @, be chosen such that for all (¢, y) € Ay

aWj .
—L <1 forallj =1,...,8, (75)
oy, u2)
Y Y
{ 1234) ‘ 5678| (76)
Ao o

aYj+4

aY;
j=12: a—j>2(L+l) and >2(L+1) when®;(p,y,n) € Jj,
"1 ’
(77)

9 Y,
j=34 Lo 2L+1) and ZIH
g

< —=2(L+1) when®;(p,y,n) € Jj,
(78)

w2

where L is the Lipschitz constant in the condition of the theorem, and J; are the four
arcs defined above. Lemma 6 establishes the existence of a family @,, which satisfies
these properties. Then the main theorem follows from the following statement.

Lemma 5. For every family of maps @, i = (jt1, u2), such that the derivatives of the
scattering maps Fy, ..., Fg satisfy estimates (75)—(78) for all (¢, y) € A, the set of
parameter values for which the scattering maps F1, ..., F3 have an L-Lipshitz common
invariant essential curve in As has measure zero. In particular, there exist arbitrarily
small values of | for which the maps Fy, ..., Fg have no L-Lipshitz common invariant
essential curves in the cylinder As.

Proof. Take any two, may be equal, values of u: u = u* and © = u™*, such that at
u = w* the maps Fi, ..., Fg have a common L-Lipschitz invariant curve £* : {y =
y*(¢), ¢ € S'} C Ay and at o = p** they have a common L-Lipschitz invariant curve
L {y = y**(¢), ¢ € S'} C Ay. Let us show that the following condition holds:

™ — ™| < R|y*(0) — y™(0)], (79)

where R is defined in (71) and ||| = max{|w1], |u2}-
We note that without losing in generality we may assume that

y*(0) = y*(0), (80)
lus — p5*| < |y —ui*l  and  uj > puit. (81)

If necessary, these inequalities can be achieved by swapping y and (—y), u and (—u),
Fi < F3, F) <> F4, F5s <> F7, Fg <> Fg,aswell as u; <> w2 and Fi 234 <> F56.73.
Conditions (75)—(78) are symmetric with respect to these changes.
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Now suppose (79) is not true, i.e.

Ap

0 <y*(0) —y™(0) < = (82)

where
Ap = pui —pui™ > 0.

Since J3 U J; = S!, we have that ¢ = 0 lies at least in one of the arcs J3 or Js. For
definiteness, we assume 0 € J3. Let (¢*, y*) = F3(0, y*(0), ™) and (¢™*, y**) =
F3(0, y*(0), u**), i.e.

@™ = ¥3(0,y%(0), u*), y* =7Y3(0,y*(0), u*),
™ =3 (0, y*(0), u**), 3 = Y3(0, y**(0), u*).

Standard estimates based on the mean value theorem and formulas (71), (75), (76), (78),
(81), (82) imply that

lo™ — ™| <2Ap, 3 =3 < =2LAp.

Since the curves y = y*(¢) and y = y**(¢) are invariant with respect to F3 (at u = u*
and u = p** respectively), it follows that y* = y*(¢*), y** = y**(¢**). Because of
the L-Lipschitz property, we find that

V@) =y (@) = 3T =TTy (@) — v (@) < —2LAp+2LAp < 0.
Then taking into account (80) we conclude that
L*N L £ 0.

Recall that the cylinder A depends on u, so the two curves £* and L£** lie, strictly
speaking on different cylinders. Therefore, in order to stay completely rigorous, when
we say that these two curves intersect, we mean that there is a value of ¢ such that
(@) =y (p).

Now, let us call an arc I C S' positive if y*(¢) > y**(¢) for all ¢ € int(I) and
y*(p) = y**(¢p) at the end points of 1. We call an arc negative, if y*(¢) = y**(¢p) at
its end points and y*(¢) < y**(¢) on its interior. It is convenient to allow arcs to have
empty interiors, i.e. any point from £* N L** is considered to be both a positive and a
negative arc at the same time.

We have just proved that there is at least one negative and at least one positive arc.
For a positive arc I, let L7 = {y = y*(¢), ¢ € I'} and L]" = {y = y"(¢), ¢ € I}
be the corresponding pieces of the curves £* and £**, and let D; = {y*(¢) = y >
y**(¢), ¢ € I} be the region bounded by £ and L£}*. Let us show that if I < J; for
Jj = 1lor j =2, then, with this j, the image of L by the map F; at u = u* lies strictly
inside £}, which corresponds to a positive arc /" and

length(I') > Ap > 0, (83)
area(Dy) > area(Dy). (84)
Indeed, denote as F the map Fj at o = p* and F;* the map Fj at p = p**. Take any

point M = (¢, y*(p)) € L3,s0 ¢ € I.Let M* = (¢*, y*(¢*)) € L* be the image of
M by the map F}, and M = (¢,y) € F*(L7) be the image of M by the map F*.
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Since [ is a positive arc, we have that for any ¢ € I the point M is either on the curve
L** or above it. Since L£** is invariant with respect to F;.“*, the point M" also does not
lie below L£**, i.e.

Yz ¥y (). (85)

‘We have

¢ =Yi(p, y (@), ™), ¥y =Y,y (@), u™),
P =Wi(p, y (@), u), ¥ (e") =Y,y (@), u*).

Then inequalities (75)—(77) imply that

lp* —¢'| < A, y (") —y > QCL+1)Ar

(recall that we assume / C J;, hence ¢ € J;). By (85) and the L-Lipschitz property of
L** we obtain

Y (@) = y*(e") > (L+ DA >0, (86)

and
yi(@)—y > L+DHAp>0. (87)

Denote I:"j (@) = ¥, y*(p), u"), ie., FJ is the restriction of the map FJ* on the
invariant curve £*. We have just showed that if ¢ € I, where I C J; is a positive arc,
then ¢* = F () satisfies (86), i.e. it is inside some positive arc I’. Moreover, at the
end points of I’ we must have y* — y** = 0 while at the points of F;(I) € I’ we have
y* — y** > LApu by (86), hence the length of I’ is bounded from below as in (83), by
virtue of the 2L-Lipschitz property of the function y*(¢) — y**(¢).

We have shown that F;‘ (£7) C L7, and Fj**([f;*) C L77 where I is a positive arc.
As the point M runs L7, the point M’ runs the curve £ = F**(L7), and it follows from
(85), (87) that the curve L’ lies between L£* and L£**, strictly below £*. Since the end
points of £ coincide with the end points of F F*(L£7") and the latter lie inside £77, it
follows that £’ lies between C’;, and C’;ﬁ", strictly below L%,. Therefore the area of the
region F*(Dy) bounded by the curves L' and F F(L77) is strictly smaller than the area
of the region D} bounded by the curves Ly and[’;?‘. As the map F; is area-preserving,
area(Fj**Dl) = area(Dy), and (84) follows.

Thus, we start with any positive arc I which is contained entirely inside J; or J; and
obtain a sequence I of positive arcs such that o = I and F i, (Is) C Igy1, where we
chose j; = 1if Iy C Ji,and jg = 2if Iy € Jp and Iy € J;.If for some s the arc I is not
entirely contained neither in Ji nor in J2, the sequence is terminated. By (84), the area of
the region Dy, is a strictly increasing function of s, so the arcs with different s can never
coincide. The definition of a positive arc implies that the intersection of interiors for two
different positive arcs is always empty. Thus, the arcs int (Iy) are mutually disjoint. By
(83), no more than i—’; of such arcs can coexist in S'. We conclude that the sequence
Iy must terminate. This means the last arc in the sequence is not contained entirely
neither in J; nor in J, i.e. we have proved that there is a positive arc I* such that both
I*NJp #@and It N Jy # 0.

Similarly, one proves that there exists a negative arc /~ such that /= N J34 # ¥ and
I~ N Jaz # 0. Since Jy2, J34, J21 and Jy3 are placed on S! in this order, we find that
the interiors of I* and I~ intersect, which is impossible by the definition of positive and
negative arcs. Thus, by contradiction, we have established estimate (79).
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Let M C RR? be the set of all w such that the maps Fi, ..., Fg have at least one
common L-Lipschitz invariant curve in the cylinder A;. Let ) be the set which consists
of all intersection points of these curves with the axis ¢ = 0. By (79), for each yg € Y
there is exactly one ;1 € M such that the corresponding system of scattering maps has
a common L-Lipshitz invariant curve that lies in A and intersects the line ¢ = 0 at
y = yo. Estimate (79) also implies that yp — w is an R-Lipschitz function ) — M.
For any Lipschitz function from a subset of R to R?, the Lebesgue measure of the image
vanishes. Thus, as ) is a subset of an interval, it follows that mes(M) = 0. The lemma
is proved. O

We stress that Lemma 5 holds for any family of symplectic maps @, which satisfy the
conditions (75)—(78). In order to finish the prove of the main theorem, it remains to show
that such family can be constructed inside the space Vy of analytic exact-symplectic
maps. This is given by the lemma below.

Lemma 6. Any map @ € Vy can be imbedded into an analytic family of analytic exact-
symplectic maps @, that satisfies conditions (75)—(78).

Proof. We define @, = X, o @, where X, is an analytic family of exact-symplectic
maps such that Xo = id. We set X, = X &1}) ° X,%) where X ,(L) is the time-y; shift along
the orbits of the vector field defined by an analytic Hamiltonian function H; (i = 1, 2).
Since we are interested in small pu, it is enough to check the conditions (75)—(78) at
w = 0 only. Therefore the family @, = X, o @ satisfies (75)—(78) for all small p,
provided the conditions

9% _
<1 (=1,...,8),
i ui=0
forall ¢ € S': (88)
Y
1 <1 (=9-4i...,12—4D),
i wni=0
Y jrai—
forall ¢ € J; with j = 1, 2: % > 2(L+1),
i wi=0
(89)
Y jai—
forall ¢ € J; with j = 3, 4: % < 2L +1),
i ni=0

are satisfied by the scattering maps for the families q)gl.) = ijl) o®,i = 1,2, forall
(¢, y) € As.

Let us construct a family of maps X ,(Ll) for which these conditions are satisfied (the
construction for i = 2 is essentially the same). Inequalities (88) and (89) are strict and
involve only the first derivatives of the scattering maps. A CZ-small change of the family

‘15;(11]) leads to a C'!-small change of the strong-stable and strong-unstable foliations and,
therefore, a C'-small change of the scattering maps. Thus, it is enough to build a C2-
smooth family of maps X 1(*11) [generated by a C3-smooth Hamiltonian H 1] such that the

corresponding scattering maps satisfy (88) and (89). Then for any sufficiently C3-close
approximation of H") by an analytic Hamiltonian [the analiticity of H1 and H® is
needed for the family @, to be analytic, i.e. lie in V] conditions (75) and (78) will still
be satisfied (the idea of constructing analytic perturbations by approximating smooth
parametric families of perturbations can be traced back to [16], it was also used in [S1]).
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We construct the C3-smooth Hamiltonian A" localised in a small neighbourhood
of the cylinders @ (B1), @ (B3), ®(B3), @ (B4). Thus, the maps X ,(Lll) differ from identity

only in a small neighbourhood of these cylinders, so the maps @ ,(Ll) differ from @ in a
small neighbourhood of the cylinders By, ..., B4 only. The perturbation we build near
one of these cylinders does not affect the scattering maps near the other cylinders, so we
restrict our attention to the cylinder By only. We further omit the subscript “1" whenever
possible and let T = p1. Thus we consider a homoclinic cylinder B and continue with
building a C3-smooth Hamiltonian H localised in a small neighbourhood of the cylinder
@ (B) such that for the corresponding flow map X, the derivative with respect to T of
the scattering map F defined by the map @, = X, o @ satisfies, for all (¢, y) € Ay, the
following inequalities:

oy

— <1 forall<peS1,

0T =0 (90)
Y

— >2(L+1) forallgeJ,

at =0

where J is a certain arc that does not contain the whole S!, and
F(AsN{peJ)) Clypel} ©1)

where J is an arc that does not contain the whole of S! [see 7M)].

Let w" denote a piece of the unstable manifold W*(A) that contains the cylinder
B [i.e. w" is a small neighbourhood of the cylinder B in W*(A)] and w*® be a small
neighbourhood of @ (B) in W¥(A), so B = @ (w") N w®. Since the map &, differs
from @ in a small neighbourhood of the cylinder B only, the pieces w" and w*® do not
depend on t, nor the strong unstable foliation of the piece of W*(A) between A and
w" depends on t, neither the strong stable foliation of the piece of W*(A) between w*
and A does. Thus, given any C'-family of cylinders B; close to B the projection map
b4 Er : B, — A by the leaves of the strong unstable foliation is of class C'; moreover,

if two such families of cylinders are C!-close, then the corresponding projection maps
ngf are also C'-close. The same holds true for the projection map my By — A
T

by the leaves of the strong stable foliation, where we denote as B, any C !_family of
cylinders close to @ (B). As the perturbation X is localised in a small neighbourhood
of the cylinder @ (B), we find that the scattering map F satisfies

F=Fy'omy oXro®o(mp) ", (92)

where B; = w" N @;l(ws) is a homocinic cylinder close to B, and B, = ®,(B;). If
we add to the family X, any C'-small perturbation localised in a small neighbourhood
of ®(B), this will result in C'-small perturbations of the family of cylinders B! and
B . Thus, the perturbation to the corresponding family of scattering maps defined by
(92) will be also C'-small. It follows that it is enough to build a C!-family of maps X,
(generated by a C2-smooth Hamiltonian H) localised in a small neighbourhood of the
cylinder @ (B) such that the corresponding family of scattering maps satisfies (90). Then
any C3-Hamiltonian which is C2-close to H and is localised in a small neighbourhood
of @ (B) produces a family of scattering maps that still satisfies (90).

This reduction of smoothness requirement (from H € C3 to H € C?) is important
since it allows to construct the Hamiltonian H such that the vector field it generates
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is tangent to the given homoclinic cylinder B (for which only C?-smoothness can be
guaranteed by our spectral gap assumptions). Once this is done, the cylinder @ (B) will
be invariant with respect to the map X, i.e. @ (B) = @ (B) for all . This means the
trajectory of B remains the same for all 7, i.e. it remains a homoclinic cylinder. Thus,
formula (92) for the scattering map will recast as

F=FyomygoXcodo(ry) ™, (93)

and the only 7-dependent term in the right-hand side is X ;.

In order to build the required Hamiltonian, we introduce C2%-coordinates (x, v) near
@ (B) such that the cylinder @ (B) is given by x = 0 (so v gives the coordinates on the
cylinder and x runs a neighbourhood of zero in R??~2). The cylinder is transverse to the
strong-stable and strong-unstable foliations, so if we denote as N (v) the direct sum of
the tangents to the leaves of the strong-stable and unstable foliations that pass through
the point (x = 0, v) € @(B), then the field N (v) will have a form dv = P (v)dx. Note
that N depends smoothly on v [as the fields of tangents to the strong stable and strong
unstable leaves are smooth when the large spectral gap assumption (6) is fulfilled], i.e. the
function P (v) is at least C'. As the homoclinic cylinder @ (B) belongs both to the stable
and unstable manifolds of A, it follows from Proposition 3 that a vector is tangent to
@ (B)ifanonlyifitis §2-orthogonal to N. Thus, the vector field X =07 'VH generated
by the Hamiltonian H will be tangent to @ (B) if the gradient of H is orthogonal to N
at the points of @ (B), i.e.

oH 0H
—(0,v)+ —(@O,v)P(v) =0. 94)
0x v

This condition is satisfied e.g. by any function of the form

2d—2

H(x,v) =h(v) — Z Xzfpz(vl + 51X, V2 + 52X)E (1, $2)d°s

where /1 is any C2-function on @ (B), the vector-function p(v) = (p1(v), ..., pra—2(v))
is givenby p(v) = h'(v) P(v), the x;’s are the coordinates of the vector x, and (vy, vp) =
v,andéisa C 2_smooth function on a plane, localised in a small neighbourhood of zero,
such that [ £(s)d*s = 1. Integrating by parts, we find

2d-2

OH OH _ dh 9Xi 2
P pi (v +sx;)[sE' (s)+E(s)]d E = ij (v)+ Z /p,(v+sx,) d

After substituting x = 0 into these formulas, we see that (94) is satisfied indeed. Since
g € Cland & € C?, it follows that H € C2, so given any C>-function / on the cylinder
@ (B) we can extend it to a C2-function H defined in a neighbourhood of this cylinder,
such that the vector field generated by the Hamiltonian H is tangent to the cylinder.
As we explained above, under this condition the scattering map is given by (93), so

the vector field
~ ( - ov oY )
Y =
=0

ot

17

s
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of the r-derivatives of the scattering map F on the cylinder A is given by

~ 0 1 nd —1
FZ%(FO on;(m)oxmo(ﬂg) , (95)

where X = 271 (v)h/(v) is the vector field of the flow on the cylinder @ (B), which is
generated by the Hamiltonian 4. Let £2 (v) denote the antisymmetric (2 x 2)-matrix that
defines the restriction of the symplectic form on the cylinder at the point v. In order to
satisfy (90), we need to have

|@| <1 forallgeS',

. (96)
Y>2(L+1) foralgeJ.
Itis seen from (95) that if conditions (96) are satisfied by F for some choice of the vector
field X, they are satisfied by F for any C%-small perturbation of X. Thus, it is enough
to find any C !_smooth Hamiltonian function /(v) such that the field F defined by (95)
satisfies (96), then for any C 2_smooth function which is C'-close to & the derivative of
the scattering map F with respect to t will satisfy (90), and the lemma will be proven.
In order to build the sought C'-function h(v), we introduce C'-coordinates v =
(¢, y) on the cylinder @ (B) such that the diffeomorphism FO_1 o n;},(B) :d(B) —> Ais
identity. Then (95) recasts as

ﬁ:)?o F|T=O

[see (93)]. As X is a Hamiltonian vector field, its ¢-component is given by —w ™~ ' — and

the y-component is ™! %, where the CO-function w (¢, y) > Oissuchthatw (g, y) dyA

dg is the symplectic form on the cylinder @ (B). Thus, conditions (96) take the form

oh
’8— <w(p,y) forall(p,y) € F(Ay),
y
oh
3o > 2(L+ Dw(p,y) forall(p,y) e F(A;N{p € J}).
2

We finish the proof of the lemma by noticing that these conditions are satisfied by a
y-independent function 4 such that

h(p) =My at (pef

where the constant M is given by M = 1+2(L + 1) supp,4 ) @, and the arc J is defined

by (91). Since / must be periodic in ¢, it is important that J does not cover the whole
of SI. O
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