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Abstract: Given an n-dimensional C”-diffeomorphism g, its renormalized iteration
is an iteration of g, restricted to a certain n-dimensional ball and taken in some
C"-coordinates in which the ball acquires radius 1. We show that for any » > 1 the renor-
malized iterations of C"-close to identity maps of an n-dimensional unit ball B" (n > 2)
form a residual set among all orientation-preserving C”-diffeomorphisms B" — R".
In other words, any generic n-dimensional dynamical phenomenon can be obtained by
iterations of C"-close to identity maps, with the same dimension of the phase space. As
an application, we show that any C”-generic two-dimensional map that belongs to the
Newhouse domain (i.e., it has a so-called wild hyperbolic set, so it is not uniformly-
hyperbolic, nor uniformly partially-hyperbolic) and that neither contracts, nor expands
areas, is C"-universal in the sense that its iterations, after an appropriate coordinate
transformation, C”-approximate every orientation-preserving two-dimensional diffeo-
morphism arbitrarily well. In particular, every such universal map has an infinite set of
coexisting hyperbolic attractors and repellers.

1. Ruelle-Takens Problem and Universal Maps

1.1. Ruelle—Takens construction. Along-standing open problem in the theory of dynam-
ical systems is to describe which kind of dynamical phenomena can be expected in close
to identity maps. It started with a seminal paper [1] where it was shown that, given any
n > 2, any n-dimensional dynamics can be implemented by a C"-small perturbation
of the identity map of an n-dimensional torus. The paper received a lot of attention by
physicists, because it proposed a new view on the onset of hydrodynamical turbulence;
at the same time it caused much criticism. One of the reasons for the critique was that
the C"-small perturbations constructed in [1] were not small in C"*! which is quite
unphysical. The controversy was resolved in [2], where it was shown that for any » > 1
and n > 2, given any C"-diffeomorphism F of a closed n-dimensional ball, one can
find a C”-close to identity map g of the (n + 1)-dimensional closed unit ball B"*! such
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Fig. 1. An illustration to Ruelle-Takens construction

that the diffeomorphism F coincides with some iteration of the map g restricted to some
n-dimensional invariant manifold. Thus, the restriction on smoothness of perturbations
was removed by sacrificing one dimension of the phase space; anyway, other scenarios
of the transitions to turbulence had already been known.

From the purely mathematical point of view, the question still remained unsolved:
can an arbitrary n-dimensional dynamics be obtained by iterations of a C"-close to
identity map of B", i.e., in the same dimension of the phase space? The difficulty is that
the straightforward construction proposed in [1] does not work for high r in principle.
Indeed, given an orientation-preserving diffeomorphism F : B” — R", one can imbed
it into a continuous family F; of the diffeomorphisms such that 1 = F and Fy = id.
Then, given any N, the map F can be represented as a superposition of N maps

F=Fyo---oF,, where Fy=F  oF ! (1.1)

s/N (s=1)/N’

that are O (1/N)-close to identity. One can then choose N pairwise disjoint small balls
D, € B" of radius p ~ N~V/@=D and defineamap ¢ : B — B" suchthat¢ (x)|yep, =
Xs+1 + pFs(2=2) where x; is the center of Dy; the positions of the centers are chosen
in such a way (Fig. 1) that the distances ||xs+] — x;|| are uniformly close to zero for all
s, hence the map ¢ is C%-close to identity. By construction, ¢" | Dy 18 linearly conjugate
to F, i.e., the dynamics of ¢V | D, coincides with the dynamics of F. However, the

derivatives of ¢ of order k behave as N _l,ol_k ~ N ﬁ%'ll, i.e., at k > n they do not, in
general, tend to zero as N — +oo. Thus, an arbitrary n-dimensional dynamics can be
implemented by iterations of C"~!-close to identity maps of B", but the construction
gives no clue of whether the same can be said about the C”-close to identity maps.

One could try to position the regions Dy differently, or make their radii vary, or change
their shape. This, however, hardly can lead to an essential increase in the maximal order
of the derivatives (of ¢) which tend to zero as N — +00. The reason lies in a well-known
fact from the averaging theory that the O (§)-close to identity map

X=x+56f(x)
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approximates a time shift of a certain autonomous flow with the accuracy O (6™) for an
arbitrarily large m (if f € C®). Hence, the number of iterations necessary in order to
obtain a dynamics that is far from that of an autonomous flow, has to grow faster than
O (8™™), for every m. As we see, in order to obtain such kind of dynamics, one has to
control a very large number of iterations of close to identity maps, hence decompositions
much longer than that given by (1.1) have to be considered.

1.2. Main result. In this paper we propose such a decomposition (Theorem 7), using
which we show that

an arbitrary C"-generic orientation-preserving n-dimensional dynamics can be
obtained by iterations of C"-close to identity maps of B", n > 2.

To make the formulations precise, we borrow some definitions from [3]. Let g be a
C”-diffeomorphism of a closed n-dimensional ball D. Take an integer m > 0 and any
C"-diffeomorphism v of R" such that v/ (B") C int (D). The map g .y = v logmo
Y| g is a C"-diffeomorphism that maps B” into R". We will call the maps g, v obtained
by this procedure renormalized iterations of g.

Theorem 1. In the space of C"-smooth orientation-preserving diffeomorphisms that
map B" into R"(n > 2) there is a residual set S, such that for every map F € S,, for
every § > 0, and for every n-dimensional ball D there existsamap g : R — R", equal
to identity outside D, such that ||g —id||cr < 8, and F is a renormalized iteration of g.

In other words, a generic C"-diffeomorphism B” — R is, up to a smooth coordinate
transformation, an iteration of an arbitrarily close to identity map. In fact, the theorem
is an immediate consequence of the following

Lemma 1. Given any ball D C R" and any orientation-preserving C”-diffeomorphism
F : B" — R", for any § > 0and & > 0 there exists a map g, equal to identity outside
D, such that ||g — id||cr < § and [|F — gmyllcr < & for some renormalized iteration
gmy = V1 o g™ o Y| gn. Moreover, the map g and the coordinate transformation

can be constructed in such a way that the sets g' (Y (B")(i = 0,...,m — 2) do not
intersect g™~ (y (B™)).

It is easy to see that this lemma indeed implies Theorem 1. As the sets gi (Y (B™)
(i =0,...,m —2)do not intersect g"" ! (1 (B™)), it follows that by adding to g small
perturbations, localized in g”~!'(y (B")), we can make &m,y TUN an open subset in
the space of C”-diffeomorphisms B" — R". Thus, by Lemma 1, the set S,(8) of all
renormalized iterations of the maps g such that ||g — id||cr < & (and g equals identity
outside D) contains a subset that is dense and open in the space of C” -smooth orientation-
preserving diffeomorphisms of B” into R", for every § > 0. Hence, the intersection S,
of these sets over all § > 0 is residual. The set S, is independent of the choice of the ball
D (because there always exists a conjugacy that takes one such ball to another), which
gives us the theorem.

We prove Lemma 1 in Sect. 4. The first step in our construction of the approximations
of the given map F by renormalized iterations is a representation of F as a superpo-
sition of a pair of certain special maps and some volume-preserving diffeomorphisms
(Lemma 3). Each of the “special maps” can be realized as a flow map through a kind
of saddle-node bifurcation (see Fig. 2), reminiscent of the so-called Kotova—Stanzo—
Ilyashenko lips (see [4-6]). For the volume-preserving diffeomorphisms we exploit the
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results obtained in [3] for symplectic diffeomorphisms and prove (Lemma 4) the exis-
tence of an arbitrarily good (in the C"-norm on any compact) polynomial approximation
by a superposition of volume-preserving Hénon-like maps. It is known that Hénon-like
maps often appear as rescaled first-return maps near a homoclinic tangency.! In this
paper we find a kind of homoclinic tangency that does incorporate all the Hénon-like
maps that appear in our volume-preserving polynomial approximations.

Thus, we show that the map F' can be approximated arbitrarily well by a superposition
of maps related to certain homoclinic bifurcations. The last step is to build a close to
identity map which displays these bifurcations simultaneously. This is achieved by an
arbitrarily small perturbation of the time-§ map of a certain C*° flow (the time § map
of a flow is, obviously, O (§)-close to identity). A more detailed scheme of the proof is
described in the beginning of Sect. 4.

Note that the approximation (that we construct in Lemma 4) of any volume-preserving
diffeomorphism of a unit ball into R"” by a polynomial volume-preserving diffeomor-
phism is not straightforward, because the Jacobian of the approximating diffeomorphism
should be equal to 1 everywhere, and this constraint is quite strong for polynomial maps.
Had the approximation result been true for all volume-preserving maps, i.e., not nec-
essarily diffeomorphisms, it would produce a counterexample to the famous “Jacobian
conjecture”; however, our approximation uses in an essential way the injectivity of the
map that has to be approximated (we represent the map as a shift by the orbits of some
smooth non-autonomous flow).

It should be mentioned that Theorem 1 does not hold true at n = 1. Indeed, if a map
F on the interval B! has two fixed points (with the multipliers different from 1), then
every close map F has a pair of fixed points P; > as well. If such F is a renormalized
iteration of a diffeomorphism g, i.e., if F= ¥ ~1 o g™ o, then g will also have a pair
of fixed points, ¥ (Py) and ¥ (P>) (at n > 1 this is not true). The interval between P;
and P, will therefore be invariant with respect to ¥ ! o g o 4, hence ¥ ~! o g o ¥ will

be a root of degree m > 1 of the map F on this interval. Now note that the maps of
the interval that have a root are not dense in C2, according to [31]. Thus, we obtain that
renormalized iterations are not dense either.

One can check through the proof of Theorem 1 that it holds true for finite-parameter
families of orientation-preserving diffeomorphisms:

Theorem 2. In the space of k-parameter families Fy, € € B¥, of C"-smooth orientation-
preserving diffeomorphisms of B" into R"(n > 2) there is a residual set Sy, such that
for every F, € Sy, and for every § > 0 there exists g : D x BX — D such that
|lge —id||cr < 8 and F, = ;1 o g o Y| pn for some m > 0 and some family v, of
C"-diffeomorphisms of R".

The proof is obtained verbatim the proof of Theorem 1 in Sects. 3, 4 (just add the
subscript ¢ everywhere). Thus, we find that any dynamical phenomenon that occurs
generically in finite-parameter families of dynamical systems can be encountered in
maps arbitrarily close to identity (with the same dimension of the phase space).

1 This fact goes back to [7,8] and, since then, was exploited in many papers, e.g. in [9-22], and in the
conservative case, which is most relevant for this paper, in [23-28] and many other works; see detailed
reviews in [29,30].
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1.3. Guiding principle. To put the result into a general perspective, we recall that one
of the main sources of difficulties in the theory of dynamical systems is that struc-
turally stable systems are not dense in the space of all systems [32-35]; moreover,
most natural examples of chaotic dynamics are indeed structurally unstable (like e.g.
the famous Lorenz attractor [37—40]). Understanding the dynamics of systems from the
open regions of structural instability (i.e., the regions where arbitrarily close to every
system there is a system that is not topologically conjugate to it) has been the sub-
ject of active research for the past four decades. It often happens, and helps a lot, that
structurally unstable systems may possess certain robust properties, i.e., dynamical prop-
erties which are not destroyed by small perturbations. For example, systems with Lorenz
attractor are pseudohyperbolic [30,41,42] (or volume-hyperbolic in the terminology of
[43,44]), and this is, in fact, the very property (expansion of volumes transverse to a
strong-stable invariant foliation) that allowed for a very detailed description of these
systems [37-40,45-48]. Another robust property is uniform partial hyperbolicity, i.e.,
a robust existence of a strong-unstable invariant foliation [33,49-51]. These are partial
cases of the so-called dominated splitting (see e.g. [52,53] for review). In fact, not so
much of robust properties are known; it could even happen that beyond the mentioned
partial hyperbolicity and volume-hyperbolicity no other robust dynamical properties
exist.

There is significant progress in the theory of C'-robust dynamical properties (see
[53,54] for review). A similar general theory of C”-robust properties with r > 2 does
not exist. Moreover, there is no a priori reason why C”-robust properties should be
C'-robust, i.e., why it so often happens that possible restrictions to the dynamics (like
the above mentioned partial hyperbolicity and volume hyperbolicity) can be formulated
in terms of the first derivatives only. Still, the following claim [74] can be demonstrated
for various examples of homoclinic bifurcations (see [55-57]), and can be used as a
guiding principle in the study of bifurcations of systems with a non-trivial dynamics:

given an n-dimensional system with a compact invariant set that is neither partially
hyperbolic nor volume-hyperbolic, every dynamics that is possible in B" should be
expected to occur at the bifurcations of this particular system subject to C°°-small
perturbations.

This statement is not a theorem and it might not be true in some situations, still
it gives a useful view on global bifurcations. In particular, it was explicitly applied in
[58] to Galerkin approximations of damped nonlinear wave equations in order to obtain
estimates from below on the dimension of the maximal attractor in the situation where
classical methods [59] do not work.

Theorem 1 gives one more example to the above stated principle: the identity map has
no kind of hyperbolic structure, neither it contracts nor expands volumes, so it should
not be surprising that its bifurcations lead to an ultimately rich dynamics.

1.4. Universal maps and coexistence of hyperbolic attractors. The same idea can be
expressed in somewhat different terms (cf. [3,28,56] and, for the C l-perspective, see
[54,60]). Let us call the set of all renormalized iterations of a map g : D — D its
dynamical conjugacy class. The map will be called C”-universal if its dynamical con-
jugacy class is C"-dense among all orientation-preserving C” -diffeomorphisms of the
closed unit ball B" into R". By the definition, the dynamics of any single universal map
is ultimately complicated and rich, and the detailed understanding of it is not simpler
than understanding of all diffeomorphisms B” — R" altogether.
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At first glance, the mere existence of C”-universal maps of a closed ball is not obvious
for sufficiently large r. However, Theorem 1 immediately implies the following

Theorem 3. For every r > 1, C"-universal diffeomorphisms of a given closed ball D
exist arbitrarily close, in the C" -metric, to the identity map.

Proof. Take an arbitrary sequence of pairwise disjoint closed balls D; C D, a sequence
of maps F; which is C"-dense in space of orientation-preserving C"-diffeomorphisms
B" — R", and a sequence ¢; — +0 as j — +oo. By Theorem 1, given any &, there
exist maps g; such that g; is identity outside D;, some renormalized iteration of g; is
gj-closeto Fj,and ||g; —id| cr < 8. By construction, the map g(x) = g;(x) atx € D;
(j=1,2,...)and g(x) = x atx € D\ U?il Dj is C"-universal and §-close to identity.
O

As an immediate consequence of Theorem 3, we obtain the following result.

Theorem 4. Arbitrarily close to the identity map in the space of C”-diffeomorphisms
B" — B"(any r > 1, any n > 2) there exist maps with infinitely many coexisting
uniformly-hyperbolic attractors (and uniformly-hyperbolic repellers) of all topological
types possible in B".

Proof. This is true because a hyperbolic attractor is a structurally stable object: given a
map with a uniformly-hyperbolic attractor, any C'-close map has a hyperbolic attrac-
tor topologically conjugate to the original one. For every n > 2 there exists a C"-
diffeomorphism B” — R" with a hyperbolic attractor [61]. Hence, infinitely many of
the maps F; defined in the proof of Theorem 3 have a hyperbolic attractor as well. It
follows that each universal map constructed in Theorem 3 has infinitely many hyperbolic
attractors; the same is true for hyperbolic repellers. O

We will discuss the coexistence of infinitely many attractors in more detail in the
next Section. Here, the possibility of the birth of even a single hyperbolic attractor
by a small perturbation of the identity map is enough for us. Thus, we can further
pursue the approach of [1] and claim that a hyperbolic attractor can be born at the third
Andronov—Hopf bifurcation. Recall that at the primary Andronov—Hopf bifurcation a
limit cycle is born from an equilibrium state, and at the secondary Andronov—Hopf
bifurcation a two-dimensional invariant torus is born from the limit cycle. The third
Andronov—Hopf bifurcation occurs when a three-dimensional invariant torus is born
from the two-dimensional one (filled by quasiperiodic orbits). The so-called Landau—
Hopf scenario of the onset of turbulence envisioned a chain of further Andronov—Hopf
bifurcations that would lead to a creation of an invariant torus of a sufficiently high
dimension, i.e., to a quasiperiodic regime with a high number of rationally independent
frequencies (see more discussion in [62]). However, as Ruelle and Takens pointed out in
[1], the dynamics on the invariant torus is not necessarily quasiperiodic: at the moment
the torus is born, the system can be perturbed in such a way that every orbit on the torus
will become periodic, hence the Poincaré map will be the identity; hence, as it follows
from our results above, a further small perturbation may lead to a chaotic dynamics for
a flow on the torus of dimension 3 or higher.

2. Universal Maps in the Newhouse Domain

In general, it follows from Theorem 3 that every time we have a periodic orbit for which
the corresponding Poincaré map is, locally, identity:

X =x,
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or coincides with identity up to flat (i.e. sufficiently high order) terms:
x=x+o(lx["),

a C"-small perturbation of the system can make the Poincaré map universal, i.e. bifurca-
tions of this orbit can produce dynamics as complicated as it only possible for the given
dimension of the phase space. Thus, arbitrarily complicated dynamical phenomena can
be uncovered by the study of bifurcations of periodic orbits alone.

In order to show how powerful this observation can be, let us apply it to the analysis
of the dynamics of two-dimensional diffeomorphisms from the Newhouse domain. In
the space of C"-smooth dynamical systems on any smooth manifold, we define the New-
house domain as the interior of the closure of the set of systems that have a homoclinic
tangency (a tangency between the stable and unstable manifolds of a saddle periodic
orbit; for a saddle periodic orbit to exist, the dimension of the phase space should be
at least 3 in the case of continuous time and at least 2 for discrete dynamical systems).
A non-trivial fact [10,11,13,34,35] is that the Newhouse domain at » > 2 is always
non-empty and adjoins to every system with a homoclinic tangency.

Importantly, most of known global bifurcations which lead to the emergence of
chaotic dynamics or happen within the class of systems with complex (chaotic) behavior
are accompanied by a creation of homoclinic tangencies. Therefore, Newhouse regions
in the space of parameters can be detected for virtually every dynamical model with chaos
(see more discussion in [3,15-18,28,56,63]). In my opinion, the ubiquitous presence
of homoclinic tangencies in the dynamical models of a natural origin makes the study
of maps from the Newhouse domain one of the most important problems of chaotic
dynamics (at least for two-dimensional maps; in higher dimensions, the study of Diaz
heterodimensional cycles [60,64,65] should be added to the list, as well as of other types
of heteroclinic cycles). It should also be mentioned that a commonly shared believe (one
of the Palis conjectures [66]) is that the space of two-dimensional C"-diffeomorphisms
with7 > 2is the closure of the union of just two open sets: axiom A systems (that includes
Morse—Smale systems with simple dynamics), and the Newhouse domain. There is no
hope yet of a proof of this conjecture (a known proof [67] of an analogous statement at
r = 1 cannot be generalized to a higher smoothness). It might, of course, happen that
this conjecture is not true at all. Still, it is an empirical fact that homoclinic tangencies
appear easily in various models, i.e. if a two-dimensional map with a chaotic dynamics
is not uniformly hyperbolic, it quite probably lies in the Newhouse domain.

Typically, a map from the Newhouse domain possesses a basic (i.e. compact, non-
trivial, zero-dimensional, locally-maximal, and transitive) hyperbolic set which is wild—
the term meaning that for the map itself, and for every C”"-close map (r > 2), there
exists an orbit within this set such that its stable and unstable manifolds have a quadratic
tangency [34,35,68]. For a given orbit, the corresponding tangency is a codimension-1
bifurcation phenomenon, so it can always be removed by a small smooth perturbation; the
wildness, nevertheless, means that once the original tangency is removed a new tangency
always appears, corresponding to some other orbit from the same basic hyperbolic set.

A wild hyperbolic set of a C” -diffeomorphism of a two-dimensional smooth manifold
will be called ultimately wild if it contains a pair of periodic orbits such that at one
periodic orbit the so-called saddle value is less than 1 and at the other periodic orbit it is
greater than 1. The open subset of the Newhouse domain which corresponds to maps with
ultimately wild hyperbolic sets will be called the absolute Newhouse domain. If Q is a
period g pointof amap f (i.e. f9Q = Q), the saddle value is, by definition, the absolute
value of the Jacobian of the map f¢ at Q. Thus, if it is greater than 1, then the map f
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expands area near Q, and it is area-contracting near Q if the saddle value is less than 1.
So, no map from the absolute Newhouse domain is area-contracting, nor area-expanding.
Moreover, the persistent tangencies between the stable and unstable manifolds of the
wild hyperbolic set mean that none of these maps is uniformly hyperbolic, nor uniformly
partially-hyperbolic. Thus, there is no obvious restrictions on the dynamics of two-
dimensional diffeomorphisms from the absolute Newhouse domain, and the following
theorem is, therefore, in agreement with the general “guiding principle” formulated in
Sect. 1.3.

Theorem 5. Foreveryr > 2, a C"-generic diffeomorphism from the absolute Newhouse
domain in the space of two-dimensional diffeomorphisms is C” -universal.

Proof. Fix any r > 2 and let a C”-diffeomorphism of a smooth two-dimensional man-
ifold possess an ultimately wild basic hyperbolic set A. Let P and Q be two saddle
periodic points in A (fPP = P and f9Q = Q) such that f? contracts areas near P
and f9 expands areas near Q. As the periodic points P and Q are hyperbolic, they are
preserved at all sufficiently small perturbations. Recall also that the unstable manifold of
every point in the basic hyperbolic set has a transverse intersection with the stable man-
ifold of every other orbit in this set. Therefore, the invariant unstable manifold W*(P)
intersects the invariant stable manifold W*(Q) transversely at the points of some hete-
roclinic orbit I'p . By the transversality, this orbit is preserved for all maps sufficiently
close to f. According to [28], given every m > 1, in any neighborhood of f in the
C”-topology, there is a C°°-diffeomoprphism for which the unstable manifold W*(Q)
has a tangency of order m to the stable manifold W*(P) at the points of some hetero-
clinic orbit I"g p (Fig. 3). This is a non-trivial statement: while the possibility to obtain a
quadratic tangency (i.e. m = 1) by an arbitrarily small perturbation follows immediately
from the wildness of A and from the fact that the stable and unstable manifold of any
given periodic orbit in the basic hyperbolic set are dense within the union of stable and,
respectively, unstable manifolds of all orbits in this set [34,35], the tangencies of higher
orders are due to the existence of moduli of local §2-conjugacy [16—18,69].

Let f € C*® be a C"-close to f diffeomorphism for which the above described
heteroclinic cycle exists. This cycle is a closed set C that consists of 4 orbits: two
periodic orbits (the period p orbit of P and the period ¢ orbit of Q) such that f7”
contracts areas near P and f¢ expands areas near Q, a transverse heteroclinic I'pp and
the orbit I'gp of heteroclinic tangency of a sufficiently high order m. We will further
assume that m > r + 1. In Sect. 5 we prove the following

Lemma 2. Given any neighborhood U of the heteroclinic cycle C, arbitrarily C"-close
to f there is a diffeomorphism f for which in U there is an open region V filled by
periodic orbits of the same period.

We will call the open region V a periodic spot. For every orbit in the periodic spot the
corresponding Poincaré map (the map f * where k is the period of the spot) is, locally,
identity x = x. Hence, as we mentioned in the beginning of this Section, it follows from
Theorem 3 that in any C"-neighborhood of f there exist C”-universal maps.

We have just shown (modulo Lemma 2 a proof of which we postpone until Sect. 5) that
the universal maps are C"-dense in the absolute Newhouse domain. This immediately
implies the genericity of the universal maps. Indeed, given an orientation-preserving
C’-diffeomorphism g of the unit disk into R?, denote as S (g, 6) the set of all C"-
diffeomorphisms from the absolute Newhouse domain whose dynamical conjugacy class
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intersects the open §-neighborhood of g (i.e. whose certain renormalized iteration is at
a C’-distance smaller than § from g). This set, by definition, contains all universal
maps—hence, it is dense in the absolute Newhouse domain. This set is also open by def-
inition. Take a countable sequence of maps g; which is dense in the space of orientation-
preserving C” -diffeomorphisms of the unit disk into R?, and a sequence & j of positive
reals converging to zero. By construction, the countable intersection N; ;S(g;, ;) is a
residual subset of the absolute Newhouse domain, and every map that belongs to this
set is universal. O

Inessence, this theorem gives an exhaustive characterization of the richness of dynam-
ical behavior in the absolute Newhouse domain: every two-dimensional dynamics can be
approximated by iterations of any generic map from this domain. In a much simpler case
of the Newhouse domain in the space of area-preserving maps, a similar statement is con-
tained in [28]: iterations of a generic area-preserving map from the Newhouse domain
approximate all symplectic dynamics in a two-dimensional disc. For area-contracting
maps, it follows from [ 18] that the closure of the dynamical conjugacy class of a generic
map from the Newhouse domain contains all one-dimensional maps (we cannot have
truly two-dimensional dynamics there, as the areas are contracted). As we mentioned,
any two-dimensional map without a uniformly-hyperbolic structure, falls, hypotheti-
cally, in one of the three types of the Newhouse domain (or in the boundary of these
domains): the first is filled by area-contracting maps, the second by area-expanding
maps (i.e. the maps inverse to the maps of the first type), and the third is the absolute
Newhouse domain. If, indeed, this conjectural decomposition of the space of C”-smooth
two-dimensional diffeomorphisms holds true, then our Theorem 5 somehow completes
the description of two-dimensional dynamics.

The three types of Newhouse domains of two-dimensional maps were introduced in
[19]. Ithas been known since [34] that a generic area-contracting map from the Newhouse
domain has an infinite set of stable periodic orbits, and the closure of this set contains
a (wild) hyperbolic set. The latter fact is especially important: while chaotic dynamics
is usually associated with hyperbolic sets, i.e., with saddle orbits, the Newhouse result
shows that stable periodic motions can imitate chaos arbitrarily well, and they indeed do
it generically [34,36]. For various situations, one also establishes a generic coexistence of
infinitely many nontrivial attractors (quasiperiodic [14,15,20], Henon-like [ 12], Lorenz-
like [14,21,22]). In [19], for the Newhouse domain of the third type, it was shown that a
generic map has both an infinite set of stable periodic orbits and an infinite set of repelling
periodic orbits; moreover, the intersection of these sets is non-empty and contains an
ultimately-wild hyperbolic set. Thus, not only the Newhouse phenomenon holds, we also
have a new effect here: a generic inseparability of attractors from repellers (this effect
was called mixed dynamics in [20]). Our Theorem 5 strengthens these observations:
it implies the coexistence of infinitely many hyperbolic attractors and repellers for a
generic map from the absolute Newhouse domain (see Theorem 4). As we obtain the
hyperbolic attractors and repellers by a perturbation of periodic spots, and the periodic
spots are found in an arbitrarily small neighborhood of any heteroclinic cycle of the type
we consider in Theorem 5, it follows that the closures of the set of hyperbolic attractors
and of the set of hyperbolic repellers that we construct here contain any transverse
heteroclinic orbit connecting the points P and Q. Such heteroclinic orbits are dense in
the basic hyperbolic set A. Thus, we obtain the following

Theorem 6. A C”-generic two-dimensional map from the absolute Newhouse domain
has an infinite set of uniformly-hyperbolic attractors and an infinite set of uniformly-
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hyperbolic repellers, and the intersection of the closures of these sets contains a non-
trivial hyperbolic set.

In what follows we prove Theorem 1 (Sects. 3, 4) and finish the proof of Theorem 5
(Sect. 5).

3. An Approximation Theorem

Let F be an orientation-preserving C”-diffeomorphism (» > 3) which maps the ball
B" : {377, xi2 < 1} into R". Without loss of generality we may assume that F is
extended onto the whole R", i.e. it becomes a C"-diffeomorphism R" — R", and it is
identical (i.e. F(x) = x) at ||x|| sufficiently large; such extension is always possible.?

Let K be a constant such that
vJ
VI X, 3.1)
XeR" J(x)

where J (x) is the Jacobian of F. Denote R} := {x, > 0}.

Lemma 3. There exists a pair of volume-preserving, orientation-preserving C"2-
diffeomorphisms @1 : R} — R and @ : R" — R" such that

F=®0W0® 0V, 3.2)
where
l‘p] = (xlv"'a-xn—la-xn) = (x17'~'axn—1a w‘](xn)) (] - 1’2)7 (3'3)
with
Y1 () = X% Y (xy) = Inx,. (3:4)
Proof. We will construct a volume-preserving diffeomorphism @1 : (x1,...,x, >
0) — (x1,..., X, > 0) in such a way that
d
det d—lllz o DoV (x) = J(x); (3.5)
X

then the Jacobian of @, = F o (¥ 0 @1 o llll)_l will be equal to 1 automatically. By
(3.3), (3.4), condition (3.5) is equivalent to

Kx,

1 .
J(.XI, cees Xn—1, flnxn)

xn:(l)(-xl’"‘v-xn)z

It follows from (3.1) that
¢ /0x, > 0 (3.6)

2 1t can be done as follows. First, extend F to a small convex neighbourhood U of B" without loss of
smoothness, so that F will be now a C”-diffeomorphism of U into R". Take a smooth family F; of C"-
diffeomorphisms U — R" such that F{j = id and F| = F, the existence of such family is a standard fact. The
derivative % F; defines a C"-smooth vector field Z (¢, x) defined at x € F;(U), so that F(xg) is the time-1
shift of the 1nitial condition x( by the orbit of the non-autonomous differential equation x = Z(z, x). Now, if
&(t, x) is a C" -function which equals to 1 everywhere on F; (B") and zero everywhere outside of F; (U), then
the time-1 shift by the orbits of the system x = £(¢, x) Z(z, x) is the sought C” -diffeomorphism that equals to
F on B" and is identity outside of U.
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everywhere. Moreover, as F' is the identity map outside a bounded region of R", we
have that

¢(x) = Kxp 3.7

outside a compact subregion of R’. Therefore, every trajectory of the vector field

0 0
H=0 (<2, dpa=2 5= (3.8)
0xy, 0X,_1

extends for all x,_; € (—o00,+00), and the time t(x) that the trajectory of the point
x needs to get to x,—; = Oisa C" —2_function of x, well defined everywhere in RY.
Moreover, as it follows from (3.7), (3.8)

1
T(x) = —Exn_1 + 79(x), 3.9)

where 7( is a uniformly bounded function, vanishing identically at x,, close to zero
and at sufficiently large x,,. Thus, for every fixed values of x; (j < n — 2), given any
C € (—00,+00) the level line 7(x) = C in the (x,_1, x,)-plane coincides with the
straight line x,_; = —K C at x,, close to zero and at sufficiently large x,. Every such
level line is a connected set (as it is the image of the line {x,—; = 0, x, > 0} by the
time-(—C) map of the flow of (3.8). Thus, as x, runs from O to +oo, the value of ¢ on
this line runs all the values from 0 to +oo [see (3.7)]. It follows that the map R} — R
defined by

Fj=xj (j<n—2), Fpi=-1(x), % =0¢x) (3.10)

is surjective.
By (3.8),

0t 99 0T 9 | (3.11)
0X,_1 00X,  0X; 0Xp_|
It follows that for every fixed values of x; (j < n —2), the function ¢ changes monoton-
ically along every level line of t, which implies the injectivity of map (3.10). Thus,
map (3.10) is a C” ~2-diffeomorphism R” — R”.By (3.11), it is volume-preserving and
orientation-preserving, i.e. it is the sought map @;. O

The maps x — x of the following form:
B=x St =Xy T = Dot A, ) (3.12)

(note no dependence on x in &), will be called Hénon-like volume-preserving maps.
Note that such maps are always one-to-one, and the inverse map is also Hénon-like.

Theorem 7. Every orientation-preserving C"-diffeomorphism F : B" — R" can be
arbitrarily closely approximated, in the C"-norm on B", by a map of the following
form:

Hpyy0---0oHypoWr0Hig o---0 HyjpoYy, (3.13)

where the maps W are given by (3.3), and H;s(j = 1,2;s = 1,...q;) are certain
polynomial Hénon-like volume-preserving maps.



1246 D. Turaev

Proof. First, take a C"+?-diffeomorphism F which approx1mates F sufficiently closely
in C". For the map F construct the decomposition F = @) o ¥, o @ o Y given by
Lemma 3; all the maps in the decomposition are at least C". The map @; can be extended
onto x, < 0 by the rule x, = Kx,, x,—1 = x,—1/K [see (3.10), (3.7), (3.9)], so it
becomes a volume-preserving, orientation-preserving C”-diffeomorphism R" — R”".
Then the theorem follows immediately from Lemma 4 below. O

Lemma 4. Every volume-preserving, orientation-preserving C-diffeomorphism @
R™ — R" can be arbitrarily closely approximated, in the C"-norm on any given com-
pact, by a composition of polynomial Hénon-like volume-preserving maps.

Proof. Atn = 2 this result is immediately given by Theorem 1 in [3], so we proceed to
the case n > 3. It is well known that @ can be imbedded in a smooth in ¢ family F; of
volume-preserving C” -diffeomorphisms R" — R" such that 7y = id and | = @. The
derivative %.7—', defines a divergence-free vector field X (¢, x), i.e. the diffeomorphism
F; is the time-t shift by the flow generated by the field X. One can approximate X
arbitrarily closely on any given compact by a C*°-smooth divergence-free vector field
which is defined and bounded for all (x,#) € R" x [0, 1]. Therefore, it is enough to
prove the lemma only for those @ which can be obtained as the time-1 shift by the
flow generated by such a vector field, i.e. we may assume that X € C;° with no loss of
generality.

Let Ty, = Fryr 0 .7:[_1, i.e. it is the shift by the flow of X from the time 7 to # + t. This
map is O (t)-close to identity, in the C"-norm on any compact subset of R” x [0, 1]. By
construction, given any arbitrarily large integer N,

D =T n—1)ro---0Trpro0---0Trp (3.14)

wheret = 1/N,andk =0,..., N — 1.
Note that the vector field X admits the following representation:

n—1
X = ZX“) (3.15)

where X @ is a C*°-smooth divergence-free vector field such that
x;j=0 at j#Fii+] (3.16)

Indeed, if we write the field X as

X =&, ), i=1,...,n,
where Zl 1 S)El = 0 (the zero divergence condition), then the fields X @) are defined as

Xi =mi(x, 1), Xy = Gi(x, 1)
with

m=é&, ni=§-¢ (=2,....,n—-1),

Xitl 9
{[:_/ —7’]i()€1,...,xi,s,xi+2,...,xn,t)ds (l=1,,l’l—2), {n—lzgl’l'
0o 0x
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By construction, the fields X M XD gre divergence-free, and X =D — x —
X — - x®=2) go x0=D ig also divergence-free, as X is.
It follows from (3.15) that

Ty =T Voo T) + 0, (3.17)

where T( ; is the shift by the flow generated by the vector field X () Recall that the maps
Tr.ir in (3 14) are O(1/N)-close to identity. Therefore, it follows from (3.17), (3.14)
that

(n—1) ) (n—1) <1) (n—1) )
& = Tr"(N peo 0Ty (v py o oTTr;(T ol .oTng o---oT g +0(1),
(3.18)

uniformly on compacta.
As t can be taken arbitrarily small, it follows that in order to prove the lemma, it

is enough to prove that every of the maps T(l,) in the right-hand side of (3.18) can be
approximated arbitrarily well by a composition of Hénon-like volume-preserving maps.

The maps 7, t are volume-preserving and satisfy

Tj=x; oat jAii+] (3.19)

[see (3.16)]. Therefore, if we denote

Xi =px), Xy =qx), (3.20)
then
det (M) =1 (3.21)
0(x;, Xi41)

Thus, we can view (3.20) as an (n — 2)-parameter family of symplectic two-dimensional
maps (x;, xj+1) — (X;, Xj+1) parameterized by (x1, ..., Xj—1, Xj42, - - - , X).

According to [3], every finite-parameter family of symplectic maps can be approx-
imated (on any compact) by a composition of families of Hénon-like maps, i.e., in our
case, maps of the form

Xi = Xitl, Xigl = =X A1 X1, o0, Xi—1, Xig2, - ., Xn).

It follows that every map of the form (3.19), (3.20), (3.21) can be approximated arbitrarily
closely by a composition of the maps of the form

Xj=x; at j#i,i+]1,
Xi = Xit1, (3.22)

Xigl = —X; +h(Xi413 X1, 000, Xio15 Xi42s -0 X))

It just remains to note that every map of form (3.22) is a composition of volume-
preserving Hénon-like maps; namely, it equals to

Si’l*l‘*l oHo SO Q}’l*] o Si+l,
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where

Si= (X1, ey Xn) > (X2, 1y X, (1)),
n

Q= (X1, %) > (2,0 X, (=1 x),
j=1

H = {)El =x27"'9)_cl‘l—1 =xns
n—1
b j . . 1 1
o= D (D™ B Kot et (D, (D )

j=1
O
Remark. Consider the map
Do = (X1, ooy Xn2, Xn—1, Xp) > (X1, ..., Xpn—2, Xpy —Xp—1)- (3.23)

This is an orientation- and volume- preserving diffeomorphism of R", therefore we may
rewrite (3.2) as follows:

F=¢00@20W20¢004310W1,

where 431,2 are orientation-preserving, volume-preserving C” ~2-diffeomorphisms (& =
2 Lo ;3 we assume that @ is extended onto the whole of R", like in Theorem 7). Now,
by Lemma 4, we obtain the following, more convenient for us, analog of Theorem 7:
the map F can be arbitrarily closely approximated by a map of the following form:

@y o Hag, 00 HypoWyo®Pgo Hyg, o---0Hyj oW, (3.24)

with polynomial Hénon-like volume-preserving maps H s

4. Proof of Theorem 1

Now we can prove Theorem 1. As we explained in Sect. 1.2, it is enough to prove
Lemma 1. Namely, given any orientation-preserving C”-diffeomorphism F : B" — R"
we will take a sufficiently large disc D C R”" and construct a C"-close to identity map
g, equal to identity outside D, such that some renormalized iteration of g, i.e. a map
8my = ¥~ o g™ o y|pn, is a close (as close as we want) approximation of F. Our
construction allows for making g as close to identity as we want, so once this is done
for one particular ball D, the same can be done for every ball D, since there always
exists a map that takes one such ball to another, we can take this map as a coordinate
transformation on D and this coordinate transformation changes the C”-distance from
g to identity only to a finite factor. We will also check that g and the rescaling map ¥ is
constructed in such a way that g/ (¥ (B")) N g™ ' (Y (B") =0 (i =0,...,m —2),in
full agreement with Lemma 1.

The idea of the construction is as follows. Given a diffeomorphism F : B" — R" we
will take its sufficiently close approximation F in the form of (3.24). Then we construct
the C”-close to identity map g whose some renormalized iteration is a close (as close as
we want) approximation to F.The map g is a small perturbation (as small as we want,
in the C"-norm for any aforehand given r) of the time-§ map Ys of a certain C*° flow
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Y in R"; we allow the flow Y to depend continuously (in C®) on a certain finite set
of parameters [’s and y’s; see (4.1.1), (4.2.1)] which can take values from [0, 1], the
exact values of these parameters are defined at the end of the construction. The constant
8 can be chosen as small as we need, so Vs is indeed C”-close to the identity, uniformly
with respect to the choice of the parameters i, y. In our construction, the vector field of
Y vanishes identically outside a sufficiently large ball D that depends on F but it does
not depend on the choice of the approximation F, it does not depend on § either. The
small perturbations which we will apply to Y5 will also be localized in D. So, our close
to identity map g equals to identity outside D.

We define the flow Y by means of the following procedure: we give explicit formulas
for the vector field inside certain blocks Ui+, Uz, V1 2 described below, while between
the blocks we specify only the transition time from the boundary of one block to another
and the corresponding Poincaré map. The existence of a C*° flow with arbitrary (of
class C®) transition times and orientation-preserving Poincaré maps between blocks
boundaries is a routine fact (at least for the given geometry of the blocks, see Fig. 2).

As we may always approximate our given diffeomorphism F : B" — R" by a
C*°-diffeomorphism arbitrarily well, we assume that F € C* from the beginning. Let
@1 > and ¥ » be the maps defined by decomposition (3.2) of F. We define the vector
field inside the blocks U114, Us+ in such a way that a kind of saddle-node bifurcation is
created inside each of the blocks [see (4.1.1), (4.2.1); we build very degenerate saddle-
nodes in order to make formulas for the time-¢# map simpler—see (4.1.3), (4.2.4)]. The
Poincaré maps from the boundary Z‘;”f of U}, to the boundary E;’i of Uj— (j=1,2)
are chosen in such a way that the resulting flow map from entering U, till exiting
U;_ is affine conjugate to the map ¥; [see (4.1.5), (4.2.5), (3.3), (3.4)]. The aforemen-
tioned parameters u and y of the flow Y regulate the behaviour near the saddle-nodes
inside the blocks U; 4, U>+ in such a way that we can control the parameters of this affine
conjugacy; they do not affect the flow outside these blocks. The regions from entering
U, till exiting U;_ will be called “lips”.

We make the flow inside Vj, volume-preserving and linear [see (4.1.6), (4.2.2),
(4.2.3)]. Moreover, we put saddle equilibria into V; . We define the Poincaré map
between the boundaries I7?% and IT ;.”_ of V; (see Fig. 2) in such a way that a homoclinic
loop to the saddle is created. For the time-§ map Y5 of the flow Y the saddle equilibrium
is a saddle fixed point, and the homoclinic loop is a continuous family of homoclinic
orbits. We perturb the map Y in such a way that this family splits into a finite set of
orbits of homoclinic tangency of sufficiently high orders and unfold these tangencies
then. The exact form of the perturbation [see (4.1.17), (4.2.16)] may be chosen such
that the iteration of the perturbed map g for one round near the homoclinic loop is
a close approximation (in appropriately scaled coordinates) to any given polynomial
conservative Hénon-like map [see (4.1.22), (4.2.22)]. Hence, a multi-round iteration
of g can be made arbitrarily close to a superposition of a finite number of any given
polynomial Hénon-like maps. By Lemma 4 such superpositions approximate any given
volume-preserving maps, e.g. maps @; from the decomposition (3.2). In this way the
iteration of g which after a large number of rounds near homoclinic orbits takes points
entering V; to the points entering Us_ ;, is made as close as we want to the map @
(j = 1, 2), in some rescaled coordinates.

The small perturbation from Ys to g is localized in a neighbourhood of a finite
number of points; the number of these points depends on the choice of the maps @
only. The positions of these points depend on §, and the size of the neighbourhood of
these points where the perturbation is localized depends on one more parameter, an
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Fig. 2. An illustration to the proof of Theorem 1

integer p (the size can shrink to zero as p increases to infinity). More importantly, the
increase of p can make the C"-norm of the perturbation as small as we need. We fix
8 small enough, and then choose p large enough to guarantee the sufficient closeness
of g to identity. The increase of the parameter p also ensures the closeness (after an
appropriate rescaling of coordinates) of the iteration of g, which takes points entering
V; to the points entering U3, to the map @, and it also allows for making the scaling
factor n(p) arbitrarily small. We will show at the end of Sect. 4.1.5 that the smallness
of the scaling factor guarantees that the images g’ (v (B")) (i =0, ..., m — 2) do not
intersect g”~! (y/(B")), as required by Lemma 1.

After the parameters § and p are chosen so that the map g is sufficiently close to
identity and the iterations of g which take points entering V; to the points entering Us_;
are sufficiently close to @; in certain rescaled coordinates, we choose the parameters p
and y of the flow Y within the lips in such a way that the coordinate scalings we make
in the blocks Uj 2 and V1 2 match each other [see (4.1.31), (4.1.32), (4.2.28), (4.2.29),
(4.2.30)]. Thus, by construction, the (renormalized) iteration of g that corresponds to
passing from the entrance to Uy through Uj_ into Vi, then to many rounds near the
homoclinic loop, then to exiting V; and entering U,,, passing through Us_ to V3, a
number of near-homoclinic rounds and return to Uiy, is a close approximation to @, o
¥, o @1 o ¥, i.e. to the original diffeomorphism F indeed.
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In the two-dimensional case, the key fact that every area-preserving diffeomorphism
can be approximated by some multi-round iteration of a map with a homoclinic tangency
was proven in [28]. To deal with dimensions higher than 2, we construct a very degenerate
homoclinic tangency (in terms of [55], both critical and Lyapunov dimensions for this
tangency are equal to n—this is necessary in order not to lose dimension at the rescaling
of the first-return map). We do not undertake an analysis of the corresponding bifurcation;
instead, we make explicit computations of the rescaled return maps for our particular
example only.

4.1. Two-dimensional case. To make computations more transparent we start with the
case n = 2.

4.1.1. Flow Y in the lips. Let @17 and ¥; > be the maps defined by (3.2). Let Ij+
and I»4+ be intervals of values of x» such that x, € Ii; at (x1, xp) € Bz, Xy € I at
(x1,x2) € llfl(Bz), xo € Iy at (x1,x3) € &1 0 11/1(32) and xp € I_ at (x|, x) €
¥, 0 @ o ¥ (B2). Let R be such that all the intervals I+ lie within {|x2| < R}. Choose
numbers ajy = aj— +3=b1+6 =axy +9 =ap_ + 12 = by + 15. Let the vector field
of Y in the regions Ujs : {|x1 —ajoll < 1, |x2] < R}, j =1,2,0 = %1, be equal to

X1 =—pj — (I —pj)d—-EGx —ajq)),
Xo=o0yj x2E(x1 —ajs), 4.1.1)

where (12 > 0 are small [see (4.1.31)], y1.2 € [0, 1] [see (4.1.32)], and & is a C*°
function such that

1
0<¢=<1 &0)=1 £&@=0 at |ZIZ§- (4.1.2)
Asx; < 0in Ujs,every orbit of Y that starts in U, near x| = a5 + 1 must come in
the vicinity of x| = aj, — 1 as time grows. For the corresponding time-¢ map, we have

1 oyja(i;)
x1(t) = x1(0) —r + zﬁ(w), x2(8) = 711V x2(0), (4.1.3)
where [see (4.1.1)]
ag = [ R L -/ \ 0
x—aj, M+ A=A —§@) i+ (1= —£@)’

2 v dz | 414
Pl = (/_1/2u+(1—m<1—s<z»_ ) 14

Note that «(w) is positive, independent of x1(0) and ¢ [because we assume that the
integration limits (x1(0) — a,) and (x1(¢) — ajs) are close to 1 in the absolute value,
i.e. they fall in the region where £(z) = 0; see (4.1.2)], and both « (1) and S(u) tend to
infinity as 1 — +0 (the integrals diverge at u = 0 because £(0) = 1).

.Denote 2}’}_ = {x1 = aj+ +1,Ix2] <1}, Z‘;}zt = {x1 = aj+ — 1,|x2] < R},
o= = aj-+ 1, |x2| < R}, Z‘}’ﬁt :={x1 =aj— — 1, |x2| < 1}. Every orbit of ¥
that intersects E;'L at x, sufficiently small leaves U, by crossing E;’f , and the orbits
that intersect E;”_ leave U;_ by crossing E;ﬁ’ [see (4.1.3)]. Define the vector field Y
in the region between E;f’ and Ei."_ in such a way that the orbits starting in X"/ reach

X" at time 1, and the corresponding Poincaré map E;’f — Ej."_ is
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X2 > ¥j(x2),

where 1 (x3) = X2 at x, € I 4 and Ya(x2) = Inxp at xp € Iy [see (3.4)]. Then,
the flow takes the points from the vicinity of x; = a4 + 1 in U} into the vicinity of
x1 =aj— — 1inU;_. By (4.1.3), the corresponding time-f map S, is

) = 210) =1+ (1)) xa(t) =y (900 50)) . @1)
4.1.2. Flow Y near the homoclinic loops. In the regions V; : {|x; — b;| < 1, [x2| < 1}
(j = 1, 2) we put the vector field of Y to be equal to

fCl = —(x1 - bj), )&2 = X3. (4.1.6)

Thus, in V;, the point O; : {x1 = b;, xo = 0} is a linear saddle. Its local stable manifold
W; is xo = 0, and the local unstable manifold W]’.‘ is x; = b;. The time-f map L j;
within V; is given by

x1(t) =bj+e " (x1(0) —bj), x2(t) = €'x2(0). (4.1.7)

Let us define Y in the region between Z‘;’Z’ and H;’i ={x; =bj+1,|xz2] < 1}in
such a way that all the orbits starting in a small neighborhood of x, = 0 in Z’;’Z’ intersect
in . . . L . . P
7 'y at time 1, and the corresponding Poincaré map is the identity:

X2 = X3.

Then the time-f map Q j; from a small neighborhood of (x; =a;_ —1,x, =0)in U;_
into a small neighborhood of (x; = b; + 1, x; = 0) in V; is given by

X1 (1) —bj = e T2 1y (1) = o T O72H4- 15 (0) (4.1.8)
In order to see this, we recall that the vector field in U;_ near x; = a;_ — 11is given by
x1=-—1, x%=0

[see (4.1.1)]. Therefore, the term x1(0) +2 — a;_ in (4.1.8) is the time the orbit spends
in order to get from x(0) to IT ;’i)

Every orbit that enters V; at xo > 0 leaves V; by crossing the cross-section IT7 :=

v T
{x2 = 1, [x1 — b;| < 1}, and every orbit that enters V; at x < 0 leaves it by crossing
the cross-section H;?ft = {x2 = =1, |x; — bj| < 1}. We assume that the orbits that

start at I'[j?f’ close to the point W}‘ N Hfff’ = (bj, 1) return to V; at time 1 and cross
17;."_ = {x1 = b; — 1, |x2] < 1}; we also assume that the corresponding Poincaré map
X1 > X7 is given by

X2 = —(x1 — bj)

(the minus sign stands to ensure the orientability of the flow map). It follows that the
time-¢ map T’j; from a small neighborhood of le.’ NIT 71” in V; into a small neighborhood

of (x; =b; — 1,x =0)in V; is given by

x1(1) =bj—e "V /x0(0), x(t) = =€ x2(0)’(x1(0) — by). (4.1.9)
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For the orbits that start at H;?ﬁ’ close to the point W} N H;?Z’ = (bj,—1) we
assume that they cross Z‘é’i j+at time 1, and the corresponding Poincaré map is given
by X» = —(x1 —b;). Thus [see (4.1.1), (4.1.2), (4.1.6)], the time-f map G j; from a small
neighborhood of W/‘.‘ NIT ;’Z’ in V; into a small neighborhood of (x; = a3_; ++1, x2 = 0)

in U37j’+ is
x1(1) =az—j++2 =1 —In|x2(0), x2(t) = —=(x1(0) = bp)[x2(0)].  (4.1.10)

Every C* flow Y, which satisfies (4.1.5), (4.1.8), (4.1.7), (4.1.9), (4.1.10), is good
for our purposes. We may therefore assume that the vector field of Y is identically zero
outside some sufficiently large ball D. For small §, the time-§ map Ys of the flow is
O (8)-close to identity in the C"-norm, for any given r. It also equals to identity outside
D. Let us fix a certain r, and take a sufficiently small § (for convenience, we assume
that N := ! is an integer). Below we construct an arbitrarily small (in the C"-norm),
localized in D perturbation of Y5 as follows.

4.1.3. Perturbation of Y5 and rescaling near the homoclinic loops. For the given dif-
feomorphism F, take its sufficiently close approximation in the form of (3.24); in the
two-dimensional case the map @ is given by

Dy = (x1,x2) > (x2, —x1). 4.1.11)

As there is only a finite number (g1 + g2) of the polynomial maps H js in (3.24), one
can find some finite d > 1 (common for all I:Ijs, s=1,...,qj, j =1,2) such that the
maps H js are written as follows:

Bi=xy, Bp=-xi+ . hjoxy. (4.1.12)

O<v=<d

Inside the segment Ij‘?“’ = {e“S <xp < 1}of W]’.‘ (j =1,2), we choose g; — 1
different points M, ..., Mj4;—1, and one point Mj,, € Wi will be chosen in the
segment —e %> x> —1.Let u js denote the coordinate x; of Mjs(s = 1,...,g;). As
N§ = 1 =flight time from H;f’ to I1 ;’i , near the segment I]‘.”” the (N + 1)-th iteration
of the time-8 map Y; is the map 7 145 from (4.1.9), i.e. it is given by

X =bj—e 0 /xy, Xo=—ex3(x1 —b)). (4.1.13)

This map takes the segment I]‘.”“ onto the segment {b; — 1 < x; < b; — e b xy=0}¢
Wj’ Let Pjsu1 = Tj146Mjs(s = 1,...,q; — 1), and let P;; be the point (x1, x2 =
bj + 6_5/2,0), so Pj; € W; N{b; + e < x < bj + 1}. We further denote the
coordinate x| of Pjs as z 5. By (4.1.13),

Zj,s+1 =bj—ef‘s/ujs. 4.1.14)

Recall also that
zj1=bj+e? (4.1.15)

by the definition of P;1. We stress that u j; and (b; — z ;) are bounded away from zero.
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Take a sufficiently large integer p and choose some points P’ = (2js, z/ ,)and M }S =
W WigiUjs), sufficiently close to Pj; and M j, respectively (j = 1,2; s = 1 ..., qj)- We
define the coordinates of P;  and M/ by the following rule:

I Py, A R P A o
Zjy = ¢ Pujs, ujs—bj+e (zjs —bj) at s <q;—1

—(p+l;8 —(p+;8
gy = P0usg, iy = b+ e P 25y, — b)), (4.1.16)
where /; is the maximal integer that is strictly less than 1 5 InCjg;, the coefficient Cjjg;
is deﬁned inductively by formulas (4.1.23), (4.1.20). Note that C jq; stay positive and
uniformly bounded away from zero and infinity, so /;6 remains un1formly bounded for
arbitrarily small 8.

As p is assumed to be large and /;8 is bounded, such defined points P]/. ; and M ; s
are close to respective points Pj; and M j; indeed. It follows from (4.1.16) that M ; s =
LjpPi;ats < q;j — 1, where Lj; is the map (4.1.7). At s = ¢; we have M}qj =
L; Jop SP

Let us add to the map Ys a small perturbation, which is localized in a small neigh-
borhood of the points Yﬁ_l(Pj, s+1) (so outside these small neighborhoods Ys remains
unchanged). We require that these localized perturbations are such that in a sufficiently

small neighborhood of My =Y, S_N (Y, S_IP]-,SH) the map gV*! (where g denotes the
perturbed map) is given by the following perturbation of (4.1.13):

X1=bj— eié/xz,

X2 = Z/j,m — 3 (xy — M/js) + Z gjsv(xa —ujs)”, (4.1.17)

O<v=d
where ¢, are small coefficients to be determined later [see (4.1.21)]. By (4.1.16), 7 G54l
and (u — bj) are small as well, so (4.1.17) is a small perturbation of (4.1.13) indeed.

It is easy to see from (4.1.17), (4.1.14) that P/ o4l = N”M’ ate = 0.

At e = 0 (hence at all small &) the map Tj 145 0 Lj, = gPN+N+1 (where T stands
for the perturbed map T') takes a small neighborhood of Pj’.s = (2js, z’js) into a small

neighborhood of PJ’.’erl = (2541 Z/j,s+l)‘ By (4.1.17), (4.1.7), (4.1.16), this map is
written as

X =bj —e P xy,

_ 5) 2 4.1.1
X =2 — P30 —zj5) + Z ejsve’ (2 = 2)", (4.1.18)
0<v=d

We choose some 7n(p) that tends to zero as p — +oo and introduce rescaled coordi-
nates (v, v2) near PJ’,X by the rule

1

x1 =zjs+Cjs n vy, xzzz’js+ - ne Puy, (4.1.19)
Jjs

where the independent of p positive coefficients Cj; are determined later [see (4.1.20);

note that C j; are bounded away from zero and infinity]. Since n tends to zeroas p — +00,

any bounded region of values of v corresponds to a small neighborhood of PJ’.S.
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After the rescaling, map (4.1.18) takes the following form [see (4.1.16), (4.1.14)]:

_ 1
Cjs+1V1 = —2 2t o),
e "‘js js

1
Cj s+l

= 5.2 v—1,-~—v_ v
1) = —e ujSstvl + Z gjsveln ij vy + 0(1n),

O<v=d

where O (1) stands for 7 times a bounded function of all variables. As we see, by putting

1
Cis+1 = —5—, (4.1.20)
S e‘su?Sst
and
gjsv =hjsve P TVCT L CO (4.1.21)
the map f“j,1+3 o L, near P;S takes the form
vy =v2+0(n),
= —vit Y B+ 00, (4122
0<v<d

i.e. it can be made as close as we want to the map H s> provided p is taken large enough
(recall that n — 0 as p — +00). We take 1 tending to zero sufficiently slowly, so all
gjsv — 0 [see (4.1.21); recall that v < d where d is independent of p and §]. Thus, our
perturbation to Y is arbitrarily small indeed.

- qj
It follows that in the rescaled coordinates the map (Tj’1+5 oL jp) ! = gqj(,DN+N+l)

from a small neighborhood of P}, into a small neighborhood of P; g, Can be made as
close as we want to the map

Hjg; 0+ 0 Hji,

provided p is large enough. The rescaled coordinates near P/’.1 and PJ’. g; e given by

formulas (4.1.19), where the coefficients C;; > 0 may be taken arbitrary, and the
coefficients Cj4; are then recovered from the recursive formula (4.1.20). Further it is
convenient to put

Cj1=e2 (4.1.23)

Note that p does not enter (4.1.20), (4.1.23), hence Cj, ; stay bounded away from zero
and infinity as p — +o0.
Now we will also fix the position of the point M j,; by requiring that

1n|ujqj|+1anqj =lj5 (4.1.24)

(recall that u j4; is the coordinate x of the point M4, ). Since [, by its definition, is the
maximal integer that is strictly less than % In Cjg;, it follows that

e 2 ugy, > 1. (4.1.25)
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From (4.1.7), (4.1.19), (4.1.16), (4.1.24) we obtain that the map Lj,p+1j(g from a small
neighborhood of P]f 4 into a small neighborhood of M ; 4 isidentity (i.e. v] = vy, vy =

v2), provided the rescaled coordinates (v1, v2) near M ; q; e introduced as follows:

xX] = ”/jqj + |ujq_/.|_1 ne Py,

X2 :ujqj —ujqj n v (4.1.26)
Therefore, for the given choice of the coordinates, by taking p — +00,themap L j p+1;50
(Tj,1+<s o Ljp)qj = glrtPN ;NN from a small neighborhood of Pj; into a small
neighborhood of M g; can be made as close as we want to H jg; oo Hjy (we have

- qj
already proved the same for the map (Tj, 1+s o L jm) J, and the map L 5/;5 is identity
in the chosen coordinates).

4.1.4. Perturbation and rescaling in the region between the loops and the lips. Recall
that, by construction, the point gN“M}q, liesin U3—j 4 in the regionas—; + + 1 — 6§ <
J

X1 < az—j++1. We add to the map Y a perturbation, localized near the point Y SN M ; a

N+1

such that the corresponding map G j, 146 = g will have the following form near M ; g

X1=a3_j++1 =56 —1Inlxa|, X2 =—|x2|(x1 — u/jq./_); (4.1.27)

since ”/jqj — bjas p — +00 [see (4.1.16)], these fomulas define a small perturbation
of the map G 145 given by (4.1.10) indeed.

Denote P3/7j,0 = éj,1+8M;-qj- By (4.1.27), the coordinates of P3/7j,0 are given by
{x1 =a3—j++1=8—Inlujq;|, x2 = O}. Introduce rescaled coordinates near the points
P3/_j’0 (j = 1, 2) by the rule

xp=a3_j++1=8—Inlujgl+nvi, x2=n e Pus. (4.1.28)

When coordinates are rescaled by rule (4.1.26) near M} 4 and by rule (4.1.28) near
P3’_j’0, map (4.1.27) takes the form (vi, v2) +— (v2, —v1) + O(n), i.e. it becomes
arbitrarily close to the map @q [see (4.1.11)] as p — +oo. Thus, in the coordinates
rescaled by rule (4.1.19) near PJ’.1 and by rule (4.1.28) near P3/_j’0, the map (N}j,pra o

- q;
Ljpsi;5 0 (Tj,lﬂg o Ljp) ! = glit 4NN+ from a small neighborhood of P

into a small neighborhood of P; can be made as close as we want to the map

7]"0’
Poo Hjg; 0+ 0 Hjjas p grows.

Analogously, we take the point M}o {x1 =a;- —1+4/2, x =0} € Uj_ and

perturb the map Ys near Y(SNM;.0 in such a way that the map Qj,lﬂg = gV*! near M;.O
will be given by
X —bj = OmnTIM) gy = ST TPy . (4.1.29)

Itis a small perturbation of the map Q ; 145 given by (4.1.8), and it takes M }0 to Pj’. | [see
(4.1.15), (4.1.16)]. When we introduce rescaled variables near M ;.0 by the rule

xi=aj—-—1+8/2+nv, x2=ne Pu, (4.1.30)
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and near PJ’.1 by rule (4.1.19), (4.1.23), map (4.1.29) will take the form v = v + O(n),
i.e. it is close to the identity map. Thus, in the rescaled coordinates given by (4.1.30),

- ~ q; ~
(4.1.28), the map Gj+soL;, pH; SO(T/' 145 © L,',,) / 0Qj 145 = glj+(1+qj)(pN+N+1)+N+1
from a small neighborhood of M, 70 into a small neighborhood of P37 (o 1sascloseas we

want to the map &g o Hj jgj oo H j1 at p large enough, i.e. it is a close approximation
of the map @;.

4.1.5. Parameter fitting in the lips. Let us now determine the form of the map Sj; :
v = © from a small neighborhood of P/ into a small neighborhood of M’ in the
coordinates rescaled by the same rules (4.1.28) and (4.1.30) [note that when rescaling
near P]/.O one should change j to 3 — j in the right-hand side of (4.1.28)]. We will choose
the coefficients p; in (4.1.1) such that

Buj) = (k+3/2)8 —5+Inlu,_, 4 | (4.1.31)

where k is some sufficiently large integer. Since B — +0o as u — +0 [see (4.1.4)],
and In |u;_; 4, ;| is bounded [see (4.1.25)], Eq. (4.1.31) has a solution p (k) for every
sufficiently large k, and (k) — +0 as k — +oo. It follows that o (u (k)) — +oo.
Thus, for any sufficiently large p we can find y; € (0, 1] and large k such that

n(p) e P = e Viewik), (4.1.32)

From (4.1.5) we immediately obtain that with this choice of w;, y; and k the map
Siks = Yg‘ from a small neighborhood the point PJ’.O into a small neighborhood of M ;.0

takes the following form in the coordinates rescaled by rules, respectively, (4.1.28) (with
(3 — j) changed to j) and (4.1.30):

vy =vy, U2 =Y;(v).

As wee see, the map S xs in the rescaled coordinates coincides with the map ¥; for
v from some open neighborhood of the unit disc B2 (if j = 1) or of @ o ¥ (B?) (if
Jj=2).

Summarizing, we obtain that the map

- - @ .
G148 © Lo prips 0 (T2,1+3 ° L2p> 0 021+8 08245 0

~ ~ 1 ~
0 G145 © L1, ptiys © (T1,1+5 o Llp)q 0 Q1,145 © S1.ks
= gm

wherem =2k +11 +lb+ 2+ q1 +¢g2)(pN + N + 1) + 2(N + 1) is, in certain rescaled
coordinates, a close approx1mat10n to the map @3 o ¥ o @1 o ¥ (i.e. to the or1g1na1 map
F), provided H; jg; o H j1 are sufficiently close approximations to <D (G =12
and p is large enough

This is in full agreement with the statement of Lemma 1. In order to complete
the proof, let us verify that the sets gi(w(Bz)) do not intersect gm’l(I/f(Bz)) at
i =0,...,m — 2 (where ¥ is the scaling transformation). Indeed, by construction
1//(82) lies in a neighbourhood of the point Py, at the “entrance” to the first lip (see

Fig. 2), so the set "1 (Y (B?)) lies near the point g~! P, just outside the lip. It follows
from the rescaling formulas (4.1.19), (4.1.26), (4.1.28), (4.1.30) that those of the images
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gi (1//(32))(1' =0,...,m — 1) which do not lie inside the lips are each contained in an
O (n)-size disc with the center at gi (Z), where Z is an arbitrarily chosen point from
¥ (B?). Since the set g”~ (¥ (B?)) lies outside the lips, it follows that g™ (v (B?)
can intersect any of g (W (BH)(i =0,...,m—2) only if the latter lies at a distance of
order no more than n from g’”_1 (w(Bz)), but we can choose 7 as small as we want for a
fixed 8, so this contradicts to the fact that the map g near the point g~ ! Py shifts points
to a distance at least of order §, so the first (m — 1) iterations, forward or backward,
of any point that starts near g~ ! Py stay at a distance at least of order § > 1 from the
initial point. This finishes the proof of Theorem 1 in the two-dimensional case.

4.2. Higher-dimensional case. In the case of arbitrary n > 2, the construction follows
the same line as in the two-dimensional case.

4.2.1. Flow in the lips. As above, @12 and ¥ » are the maps defined by (3.2), and
I+ and I»4 are intervals of values of x,, such that x,, € I, at x € B", x, € I|_ at
x eV (BY,x, € hyatx € @oWi(B") andx, € I_ atx € ¥, 0o ®1 o ¥ (B"). A
value R is chosen such that all the intervals /4 lie within {|x,| < R}. Choose numbers
ajy = al-+3 = b1 +6 = ax +9 = ay_ + 12 = by + 15. Define the regions
Ujo : {Ixnot = ajoll < 1,1l < Rolxil < 1G <n—2)),and V; : {lxy_g — bj| <
Lxil <1 (i #n—1)}, j =1,2,0 = *£1. Let the vector field of a C*° flow Y in U j»
be equal to

X1 =—mj — (0 —puj)l—EXx—1 —ajs)),
Xi =0Vio Xi E(p—1 —ajo) (I #Fn—1),

where 1112 > 0 are small [see (4.2.28), (4.2.29)], yi+ € [0, 1] [see (4.2.29), (4.2.30)],
and the C™ function £ satisfies (4.1.2). In the regions V; we make ¥ equal to

4.2.1)

Xi=—-MNx; (i=1,...,n=2), X1 =—Ay_1(xp_1 — bj)a Xn =Xp (42.2)
here A; > 0 are such that
M=-=k_1=A, A =1—m—2)A, 4.2.3)

where the positive number X is specified below [see (4.2.11)].

As x,—1 < 01in Uj,, every orbit of Y that starts in U, near x,—1 = dj, + 1 must
come in the vicinity of x,—1 = aj, — 1 as time grows. For the corresponding time-¢
map, we have

_ _ . 1
xi(t) = VoD x5 (0) (i <n—2), xp(t) =x,(0) — 1+ FB, (424

where the tending to infinity, as u — +0, functions a(u) and B () are defined by (4.1.4).

Denote X%} := {xy—1 = aj+ + L, [xa| < 1}, Z‘;’i" = {xu—1 = aj+ — 1, |x,] < R},
D= et = aj 4 Ll < RY 2O = e = aj- = Ll < 1) (we
also assume that |x;| < 1 fori < n —2on Z‘;'l”'”). Every orbit of Y that intersects
) ;’fr at X, X1, ..., Xx,—2 sufficiently small leaves U, by crossing E;f’, and the orbits
that intersect 2}”_ leave U;_ by crossing Efﬁ’ [see (4.2.4)]. We define Y in the region
between X7} and X" in such a way that the orbits starting in X"/ reach X at
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time 1, and the corresponding Poincaré map E;’f’ — Z‘j.”_ 1S (X1, ..., Xp_2, Xy) >
(X1, ..., Xys—2, ¥j(x)), where the functions 1/ ; are defined by (3.4). Then, the flow takes
the points from the vicinity of x,_; = aj; +1in U}, into the vicinity of x,_; = a;_ —1
in U;_. By (4.2.4), the corresponding time-# map S, is

xi (1) = Wi Vi D 0) (< n—2),
4.2.5)
Xno1 (1) = Xy—1(0) — £+ B(1;), X (1) = e Va=Ui)yr; (Vi) x, (0)).

4.2.2. Flow near the homoclinic loops. Intheregionbetween Z‘;’Z’ and I7 ".'fr ={x—1 =
bj +1,|x;| < 1}, we define Y in such a way that all the orbits starting in a small
neighborhood of x,, = x; = --- = x,_2 = 0in EJQZ’ intersect IT j’i at time 1, and the
corresponding Poincaré map is the identity: (x1, ..., X,—2, Xp) > (X1, ..., Xn—2, Xn).
Then the time-f map Q j; from a small neighborhood of x,— | = a; —1,x, = x| =
-+ =xy—2 = 0in U;_ into a small neighborhood of x,_1 = b; + 1 in V; is given by

xi(1) = e MmO 50) (< -2),
xn—l(t) _ b] — e—)u(t—xn_l(())—2+tl_,'_)’ Xn (f) — et—x,l_l(O)—2+a_/_xn (O)

[see (4.2.2)].
In V;(j =1, 2), the local stable manifold W/S. of the linear saddle equilibrium state

Oj : {xp-1=0bj,x; =0 (@ #n—1)}is x, = 0, and the local unstable manifold W}‘
iSx,—1 =bj,x; =--- =x,—2 = 0. The time-f map L j; within V; is given by

(4.2.6)

. Al ; —
xi(1) =e*'x;(0) (i <n-2), 4.2.7)
Xpo1 (1) —bj = e M (x-1(0) = b)), X, (1) = €'x,(0).

Every orbit that enters V; at x, > 0 leaves V; by crossing the cross-section 17]’.’1’ =
{xp, = 1,|xp-1 — bj| < 1,]x;] <1 (i < n — 2)}, and every orbit that enters V; at

xn < 0 leaves it by crossing the cross-section H;’Z’ = {xp = —1,|xp—1 — bj| <
I, |xi] <1 (@ <n—2)}). We assume that the orbits that start at H/?f’ close to the point
W}‘ N H}’ff =1 = =x-2 =0,x,-1 = bj) return to W; at time 1 and cross
17;.”_ = {xs—1=0b; — 1, |x;| < 1(G # n — 1)}; we also assume that the corresponding
Poincaré map (x1, ..., x,—1) — (X1, ..., X,—2, X,) 1s given by

Ti=xim (i<n—=3), fa=x,1-bj, &=(-D""x

[the factor (—1)"*! stands to ensure the orientability]. It follows that the time- map
T;; from a small neighborhood of W/L.‘ N H;?f’ in V; into a small neighborhood of
Xp—1 =b; — 11in V; is given by '
xi() = ¢ D (01 Hxip (0) (< —3),
X (1) = e M2 D, ()21 7412 (1 (0) — b)),
X1 (1) = bj — e *n=1U=Dy () 7hn-t (4.2.8)
() = (=1 (0) 4121 (0).
For the orbits that leave V; by crossing I7 ;K’ , we assume that the orbits that start at

H;ﬁ’ close to the point W} N HJ?Z’ =(x1 = =xp—2 =0,x,-1 = bj) cross Eé"_j&
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at time 1, and the corresponding Poincaré map (xy, ..., x,—1) — (X1, ..., Xp—2, X») 1S
givenby x; = x;ati = 1,...,n—2and X, = —(x,—1 — b;). Thus [see (4.2.1), (4.1.2),
(4.2.2)], the time-f map G j; from a small neighborhood of W]'.’ N H;’ﬁ[ in V; into a small
neighborhood of x,—1 = a3_j+ +1in Us_j 4 is

xi (1) = [x, (0" x;(0) (i <n—2),
Xp1(t) = az_j+ +2 —t — In|x, (0)], 4.2.9)

Xn(t) = =120 (0)]*7 (=1 (0) — b)).

These conditions define the flow Y (we also assume that the vector field of Y is
identically zero outside some sufficiently large ball D). Let us take a sufficiently small §
such that N := 8! is an integer, and proceed to the construction of a small (arbitrarily
small in the C”-norm, with any chosen in advance r) perturbation of Yj, localized in D.

4.2.3. Perturbation of Ys and rescaling near the homoclinic loops. Take a sufficiently
close approximation of the given diffeomorphism F by the product (3.24). There exists
some finite d > 1, common for all I:Ijs (s =1,...,qj, j =1,2)such that the polyno-
mial maps H s in (3.24) are written as follows:

Gi=xi (=<n—1, H=CD"xa+ D e [ . @210
V9 >0,...,vp >0 2<i<n
o4+, <d

We will now fix the choice of the positive A in (4.2.3) such that

1
A< —. (4.2.11)
(n—1Dd+r
In the segment Ij‘?’” = {e™® < x, < 1} of W;‘ (j = 1,2), we choose q; — 1
different points My, ..., Mjq;—1, and one point Mj,; € Wi will be chosen in the
segment —e % >x, > —1.Let u js denote the coordinate x, of M;; (s =1,...,q;).

As N§ = 1, near the segment I]?’” the (N + 1)th iteration of the time-§ map Yj is the
map 7 145 from (4.2.8). Thus, the map YSN” near I](.’”’ will be given by

B = e((an))Lfl)Sx’gnfl))Lfle\2’ G=e My Q<i<n—2),

in—l — b} _ e—)\,(sxn—)\,’ )z.n — (_l)n+le§x’%—(n—2))\,xl

(4.2.12)

(where we denote X; = x; ati # n — 1 and X,_1 = x,—1 — b;). This map takes the

segment Ij”” onto the segment {b; — 1 < x,_1 < b; — e M xi= =xp0=x, =
0} € Wi. Let Pjsi1 = Tj1esMjs(s = 1,...,¢q; — 1), and let P;; be a point from
bj+e™ < xyy <bj+1,x1 = =xy2 = x = 0} € W}. By (4.2.12), the
coordinate x,, 1 of Pj .1 equals to b; — e_)“sujfs)\.

We take sufficiently large integer p and choose some points P]/.S and M }S, sufficiently
close to P;; and M, respectively (j = 1,2;s = 1,...,g;), such thatats < g; — 1
we have M}S =Lj PJ’.S [where L j; is the map (4.2.7)]. Ats = g; we assume M}qj =

Lj p+i;s P;qj where [; is an integer to be defined later [see (4.2.31); note that ;4 is
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uniformly bounded]. Denote the coordinates of P’ andM 5 as 7 jsl,...,z is.n— 2 bj+
st,n—l’ jm) and (ujsl,... jm_z,b +u]sn 1 jm) respectlvely By (4.2.7),
Wi =e P (=1 on=1), uj, =7, (4.2.13)
ats < g; — 1. Ats = g; we have
/ = xi(pHl;8) s . . / _ Pt 5 /
Ujg,i =€ T Zjg;i i=1,...,n—1), Wigin = € Zjgin 4.2.14)

Note that u’j”. are small ati < n — 1, as p is assumed to be large, and /;6 is bounded.
The values of z/j o withi #n—1 will be taken sufficiently small as well, and we will
keep

r_ —AS,, —A
Wiy =ujs and st+ln | =—e ugg, (4.2.15)

in order to ensure the closeness of P’.S to Pj; and Mjs to M.
The first of the small perturbations which we add to the map Y5 is localized in a

small neighborhood of the points Y B_I(Pj, s+1) (so outside these small neighborhoods
Y5 remains unchanged). We take these localized perturbations such that in a sufficiently

small neighborhood of Mj; =Y 5_N Y S_IR,',SH) the map gN +1 (where g denotes the
perturbed map) is given by (4.2.12) with the following correction term

T—@m—1)

_1—bj
/ n+l 8 2—n-2)n | Xn—1 J —Ap ./
Zj,s+1,n - (_1) € Xy ’ e stl
st,nfl
A T
+ Z €jsv H (X —uj)™ (4.2.16)
v >0,...,vp =0 2<pi<n
v+ 4, <d

added into the equation for X,,, where &5, are small coefficients to be determined later
[see (4.2.21)]. The first term in (4.2.16) is small as well [see (4.2.13), (4.2.14)]; in the
second term the values of x,, and Z/j,s,n—l are bounded away from zero, and the exponent

(% —(n— 1)) is larger than r [see (4.2.11)], hence the second term is also small with the

derivatives up to the order r at least. The first two terms in (4.2.16) ensure, in particular,
that at ¢ = 0 the coordinate x,, of g"V*! M}X coincides with that of P//. 041 [s€€ (4.2.13),

(4.2.15), (4.2.3)]. We want P]/.,S+1 = gN“M;.S at & = 0, so we put

2t = o~ (I=(=2)8=1p,, (n DA=1 )
e v 7 (4.2.17)
Tjs+li =€ P Zjs,i+l (251511—2),
[see (4.2.12), (4.2.13), (4.2.15)]. Ats = 1 we assume
=0 ati<n—2, 2, =" (4.2.18)

Now, the values of zm, j“ are defined by (4.2.13), (4.2.14), (4.2.15), (4.2.17) for all
j, s, i. As one can see, zj“ ati #n—1and ujs[ ati # n tend to zero as p — +00, i.e.
P//.X — Pjs and Mjs — M indeed.

At all small & the map Tj 145 0 Lj, = YpN+N+1

takes a small neighborhood of PJ’.S
into a small neighborhood of P/’.’S +1- We choose some 1(p) that tends to zero as p — +00
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and some, independent of p, coefficients Cj5; > 0, and introduce rescaled coordinates
V1, ..., Uy NEar P]/.S by the rule

n—1-1/x _

’ n—1-1/A —Ap(n—2
= Zjs1lZjs nl "+ Cjsim e PPy

x11bj — xp—1]

A

Xi = ]Yl +Cjsine )Lp(niiil)vi 2=<izn-1), x= Z/jsn +Cjsn 1 e Py,
4.2.19)

[recall that |b; — x,—1] is close to 1 near Pjy, hence (4.2.19) is a smooth coordinate
transformation]. Since 7 tends to zero as p — +00, any bounded region of values of v
corresponds to a small neighborhood of PJ"s.

After the rescaling, the map fj,pﬂ; oLj, = g”N +N+1 from a small neighborhood of
PJ/. , into a small neighborhood of PJ’,J .1 takes the following form [see (4.2.12), (4.2.7),

(4.2.3), (4.2.13), (4.2.15), (4.2.17), (4.2.19)]:

_ A8 .
Cis+1,iVi = e Cjsiviviy1 (( <n—=2),

= -8 —Xx -\
Cjstln—1Vp—1=c¢€ (ujs — (ujs +Cjsn mvn)~ ") /n,
_ +1 v;
Cj‘s+1,nvn = (=" ¢jscjslvl + E gjsvEjsv H v;'
v3>0,...,up >0 2<i<n

vo+..4+v, <d

where we denote

s 2—(n—=2)x )/ 1 _m-1
¢js:e (Mjs+77cjsnvn) (n )|st’n_1+77cjsn—lvn—l|)‘ (n ),

Ejsv = eP(lkazgsn,l(nfi)w) n(*“’Zzggn Vi) H cY
jsit
2<i<n
Note that 3 »_;, 1(n —i)v; < (n—2)d, hence 1 —A >, ;_, 1(n—i)v; > 0 [see
(4.2.11)]. Therefore, all the coefficients E g, tend to infinity as p — +oo (provided

n(p) tends to zero sufficiently slowly).
As we see, by putting

-8 . —}»5 —)» 1
Cj,s+l,i =e iji+l (i <=n-2), CJ s+ln—1 = Ae Clev

2 2
Castn = Pl M 00Cgy, (4.220)
and c
£jsy = h jy 220 @.2.21)
Ejsv

the map Tj’lﬂg o L, near PJ’.S takes the form

Vi =Viy1 ((<n—=2), V1 =v,+0(),

on = (=)o +0() + 2 Rjsy || v/, (4.2.22)
1 20,...,v, >0 2<i<n
v+, <d

i.e. it can be made as close as we want to the map H i, provided p is taken large enough
(recall that n — 0 as p — +00). We take n(p) tending to zero sufficiently slowly, so, as
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we mentioned, E;;, — o0 as p — +00, which implies that all 5, — 0 (see (4.2.21)),
i.e. our perturbation to Y is arbitrarily small indeed.

- qi
It follows that in the rescaled coordinates the map (Tj, 1450 L jp) ! = gai(PN+N+D)
from a small neighborhood of PJ’.l into a small neighborhood of Pj/. g; €an be made as

close as we want to the map H jgj 0o H i1, provided p is large enough (the rescaled
coordinates near PJ’.1 and P]/. g; Are given by formulas (4.2.19), where the coefficients
Cj1i > 0 are taken arbitrary, and the coefficients C,,; are recovered from the recursive
formula (4.2.20); since p does not enter (4.2.20), it follows that C ;, ;i stay bounded away
from zero and infinity as p — +00).

Now, from (4.2.7) we obtain that the same holds true for the map L;, p+;s ©

7
(Tj,1+8 o Ljp) ! = gli+pN+4;(PN+N+1) from a small neighborhood of P}, into a small

neighborhood of M ; 4’ where the rescaled coordinates (vy, ..., v,) are introduced as
follows:
n—1—1/x / / n—1—1/x —A(n—1)p—Al;8
xifn = b [" TR =y TV gy TIPSy
P L —Ap(n—i)y-Al;s . . o . . 16
x,—ujqji+qujl ne v, <i<n-—-1), x,= ujqj+qujn ne’’uvy,
(4.2.23)

with the same constants C jg;i as above.

4.2.4. Perturbation and rescaling between loops and lips. Recall that, by construction,
the point YSNHM}qj lies in Usz_; 4 in the region az_j + +1 — 8 < x,—1 < a3—j+ + L.
We add to the map Ys an additional perturbation, localized near the point YaN M ; 4 such

N+1

that the corresponding map G s =g will have the following form near M ; 4

T—@m—1)

- 1—(n—2)2 —A(p+Hl;8

B =l TP g = PO et = 0/ e ),

- A .

Xi =[xl (x; — u’jqjl-) 2<i<n-2), (4.2.24)
- - A
Xp—1 =a3—j++ 1 —=6—1In|x,|, X, =—Ix|"(xp_1 — bj - u/jq,-,n_l)~

Note that u’/ gji ati < n — 1tend to zero as p — +o0 [see (4.2.14)], while the values of

X, near M ; 4 and z/j’ gun-1 stay bounded away from zero; the exponent % —(m—1)in
the first line is larger than r [see (4.2.11)]. Thus, for sufficiently large p, map (4.2.24) is
indeed a C"-small perturbation of the map G ; 145 given by (4.2.9).

Denote Pj_ 0= G;',1+5M ; 4 By (4.2.24), this is the point with the coordinates
xi=0ati #n—1,andx,—1 = a3z—j++1+(x; —1)é [we assume that the coordinate
xn of Miy isul, , = ujq, = —e%i% where k; € (0, 1] is defined by (4.2.31)].
Introduce rescaled coordinates near P;_ 0 by the rule

Xi = e—(l_,'+Kj)5)xiquji n e—)up(n—i)vi (i<n—2),
Xt =as_ja+ 1+ (1= k)8 +elH9C0 vy, (4.2.25)

Xy = e UHDAC; i m ey,
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(with the same constants C jqji as above). In coordinates (4.2.23), (4.2.25), map (4.2.24)
takes the form (vq, ..., Un—1, Up) = (U1, ..., Un, —Un_1) + O(n), i.e. it becomes arbi-
trarily close to the map @ [see (3.23)] as m — +o0. Thus, in the rescaled coordinates,

the map Gj,pdg o Lj,p+1j3 o (Tj,1+5 I Ljp)q’ = glj+(1+q/')(pN+N+l) from a small neigh-
borhood of P;l into a small neighborhood of P3/7 j,0-can be made as close as we want
to the map ®g o Hjg; o --- o Hjj as p grows.

Analogously, we take the point M}o 1 =a;-—1+8/2,x;, =0 #n—-1} €
U;_, and perturb the map Y; near Y,¥ P}, in such a way that the map Ojies = g
near M}o will be given by

K= e MOy (i <n - 2),

—A—xp—1—1+a;_) - (4226)

Xpo1—bj=e Xy = T 1T e TPy

It is a small perturbation of the map Q; 145 from (4.2.6), and it takes M ;'o to PJ’.l [see
(4.2.13), (4.2.15)]. When we introduce rescaled variables near M ;.0 by the rule
xp = M2C e Py (i < - 2),
Xno1 =aj— — 1+8/2+ %e“/zcj,l,n,l 1 Un—1, (4.2.27)
Xp=eCjinn e Puy,

map (4.2.26) will take the form v = v + O(n), i.e. it is close to the identity map.
Thus, in the rescaled coordinates given by (4.2.27), (4.2.25), the map G j 1450 L j, p+1;5 ©

- q; -~
(Tj, 145 © Ljp) "o 0146 = glit1+a)PN+N+DEN+1 from a small neighborhood of M}o

into a small neighborhood of P3’7j o- 1s as close as we want to the map &g o I:Ijqi 0---0 Flﬂ
at p large enough, i.e. it is a close approximation of the map @;.

4.2.5. Parameter fitting in the lips. Letus now determine the form of the map Sj; : v
v from a small neighborhood of P]’.0 into a small neighborhood of M ;‘0 in the rescaled

coordinates (4.2.27), (4.2.25). By (4.2.5), for an integer k > 0, the map S s = Ysk takes
the point P, into M’ if
J J
Buj)=(k+k3_; —1/2)6 — 5 (4.2.28)
[see (4.2.27), (4.2.25)]. Since B — 400 as u — +0 [see (4.1.4)], for every sufficiently
large k equation (4.2.28) has a solution 1 (k), and . j (k) — +0 as k — +o0. It follows

that a(uj(k)) — +00. Thus, for any sufficiently large p we can find y,,+ € (0, 1] and
k such that

’

a0 = it Oy e

(4.2.29)
e V(&) — 6—5/2Cj]n ne’.
This guarantees that v, = ¥ (v,) [see (4.2.27), (4.2.25), (4.2.5)].
We also obtain v; = v; ati < n — 2 by choosing y;+ € (0, 1] such that
e Vi@ 0 = BSNI2C Ly P,
- (4.2.30)

Vi) =By
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Finally, we fix the choice of the integer /; and «; € (0, 1] as follows:

s 1
eliti)d — Xemﬂcg,,-,l,n,l/chjn. (4.2.31)

This [along with (4.2.28)] gives us v,_1 = v, for the map §; x5 in the coordinates
(4.2.27), (4.2.25). As wee see, the map S xs in the rescaled coordinates coincides with
the map ¥; for v from some open neighborhood of the unit ball B" (if j = 1) or of
@1 oW (B") (if j = 2).

Thus, we see that the map

~ ~ q2 ~
G2,148 © Lo, prir5 © (T2,1+5 o L2p) © 02,145 © 2.5

~ ~ q1 ~
0 G145 0 L1, priys © <T1,1+5 o Llp) o Q1,145 © S1.ks

= g2k+l]+lz+(2+q1+q2)(pN+N+1)+2(N+1)

is a close approximation to the map F = @5 oW, o @1 o ¥, provided ﬁjqj 0--:0 I:Ijl are

sufficiently close approximations to @ j (j =1, 2)and pis large enough. This completes

the proof of Theorem 1 (the absence of intersections of g""1 (¥ (B™)) with gi (Y (B™"))

ati =0, ..., m — 2 is established in the same way as in the case n = 2; see the end of
Sect. 4.1.5).

5. Birth of Periodic Spots from a Heteroclinic Cycle

In this Section we prove Lemma 2, thus finishing the proof of Theorem 5. Namely, we
consider a C”-diffeomorphism f of a smooth two-dimensional manifold and assume
that f has a pair of saddle periodic points P and Q of periods p and, respectively, g.
Denote as Tp; the map f7 restricted onto a small neighborhood of P, and denote as
To2 the map f 4 restricted onto a small neighborhood of Q. By definition, To; P = P
and Ty Q = Q. One can introduce coordinates (x, y1) in the neighborhood of P and
(x2, y2) in the neighborhood of Q such that the maps Tj; will have the form

Xj=AjXjteee, Vi=YiVjteo,

where |A;| < 1, |y;| > 1; the dots stand for nonlinearities. The numbers Aj, y; and
A2, y» are the multipliers of the periodic points P and Q, respectively. We assume

Jii=anl <1 and Jo = Al > L. 5.1

Every saddle periodic point lies in the intersection of two C”-smooth invariant mani-
folds: the points in the stable invariant manifold W* tend to the periodic orbit at forward
iterations of the map, and the points in the unstable invariant manifold W* tend to the
periodic orbit at backward iterations. With our choice of the coordinates, the unsta-
ble manifold is tangent at the periodic point to the y-axis, and the stable manifold
is tangent to the x-axis. One can locally straighten W* and W¥, i.e. the coordinates
(xj, yj) can be chosen in such a way that W (P) = {y; = 0}, W} .(P) = {x; = 0},
Wi, (Q) = {y2 = 0}, Wy, .(Q) = {xo =0}

Assume that W"(P) has an orbit of a transverse intersection with W*(Q). This
means that M; = f k2 pp | € W} (Q) for some positive integer k12 and some point
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Fig. 3. A non-transverse heteroclinic cycle

M (0,y;) € W (P), and the curve fklz(YVl’fm(P)) intersects W; .(Q) at the point
M3 (x5, 0) transversely. We denote the map f k12 restricted onto a small neighborhood
of M| as Ty2. It can be written as

Yo—xy =aixi+bi(yr—y )+, n=cxi+diyr—y )+, (52

where di # 0 because of the transversality of T2 (W}! (P)) to W} (Q); the dots stand
for quadratic and higher order terms. As an orbit of intersection of W*(P) and W*(Q),
the orbit I'pp of the point M| is heteroclinic: it tends to the orbit of P at backward

iterations of f and to the orbit of Q at forward iterations. Note that since d; # 0, we
may rewrite (5.2) in the so-called cross-form:

di(Xy—x3) =Dxi+bijo+-, dilyi—y)=y—cixi+--, (5.3)

where D := a1d| — bjcy. ~

Another assumption is that f has a heteroclinic orbit I'gp at the points of which
WH"(Q) has a tangency of order m with W*¥(P). This means that there exists a pair of
points, M, (0, y;) € W/ (Q) and M{ (x{,0) € W} .(P), such that M{ = fha M, for
some positive integer k21, and the curve f kar W. .(Q)) has a tangency of order m with
Wfo (P)atM ]+ (see Fig. 3). We denote the map f ka1 restricted onto a small neighborhood
of M, as T»1. It can be written as

B —xf=axa+b(n—yy) -, Ji=cx+d(n—y)" T+, (54)

where d; # 0; the dots stand for higher order terms. Obviously, to speak about the
tangency of order m, the smoothness of f has to be sufficiently high, i.e. p > m + 1.
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The two periodic orbits (the orbit of P and the orbit of Q) and two heteroclinic orbits,
I'pg and I'pp comprise a heteroclinic cycle C. Let U be a small neighborhood of the
heteroclinic cycle. We prove the following statement (Lemma 2):

Given any neighborhood U of the heteroclinic cycle C = P U Q U I'pg U I'gp,

forany r < m — 1, arbitrarily C"-close to f there is a diffeomorphism f which has a
periodic spotin U.

Proof. Let us fix the orientation in the neighborhood of Q by requiring that the deter-
minant D of the derivative matrix d712/9(x, y) is positive at the point M, . Then, let
us require that the determinant of d751/9(x, y) at the point M, is also positive, i.e. we
have

D >0 and by <O. (5.5)

This is always the case if the manifold on which f is defined is orientable and f is
orientation-preserving.

We will prove the lemma under condition (5.5); moreover, instead of r < m — 1 we
will do it for all » < m (i.e. the periodic spot can be born in U at a perturbation of f
which is arbitrarily small in C™). If condition (5.5) is not satisfied, i.e. Dbycy > 0 so
the cycle C is “non-orientable”, then it is easy to show (see Lemma 8 in [28]) that an
arbitrarily small perturbation can be added to f such that a new (double-round) orbit
of heteroclinic tangency of order (m — 1) between W*(Q) and W*(P) is born, and the
corresponding cycle is now orientable. Thus, by adding to the map with this orientable
heteroclinic cycle a perturbation which is arbitrarily small in C""~!, we obtain periodic
spots in the non-orientable case as well.

In what follows we assume (5.5) and » = m. We will also assume In |y;|In|y»| #
In|A1|In|A2| (one can always achieve this by an arbitrarily small perturbation of f
without destroying the order m tangency between W*(Q) and W*(P)). In fact, we can
always assume

Infyi[Infy2] < In|aq|In|22], (5.6)

as the case In |y1|In|y2| > In|A1|In [Az] reduces to the given one by considering the
map f ! instead of f (and interchanging P with Q).

Let us imbed f in any (m + 1)-parameter family f,, of maps, of class C* with respect
to coordinate and parameters. The corresponding map 7»; will also depend smoothly
on parameters. Since it has form (5.4) at v = 0, i.e. all the derivatives of y; with respect
to (y2 — y, ) vanish up to the order m, it follows that at non-zero v the map 7> can be
written in the form

m—1
Bi=xf = apxptby(ya—yy )+, Fi = caxa+ D ps(ya—yy ) +da(ya—yy )" 4
s=0
(5.7)
where /1, are smooth functions of v (note that x{ and y, also depend on v now: the value
of y; is fixed by the condition 9"y /dy5’ = 0 at y, = y, ; thus y, is a C*~"-function
of v, and u, are also C”~™; the high-order terms that are denoted by dots in (5.7) and
(5.3) depend now also on v, C”~"-smoothly).

Denote 6 = |In J5/In Ji|. The value of 6 is a C*~!-smooth function of v. We may

always put a family f, in general position, i.e. we may further assume

a(:“’()v R /’Lm—lv 9)
OWI, - -, Umsl)

£0. (5.8)
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This, in particular, means that by changing v we may change the values of any of the
parameters 6 and sy while keeping the other parameters constant. For example, one may
change the value of 6 and keep = 0, i.e. keep the order m tangency between W*(Q)
and WS (P).

Varying the parameters v can lead to the destruction of the heteroclinic cycle and
to bifurcations of other orbits in U. We will further focus on one instance of such
bifurcations. We call a periodic orbit of the map f, single-round if it stays entirely in U
and visits a small neighborhood of each of the points M 15 only once, i.e. the point of

intersection of the single-round orbit with a small neighborhood of M7 is a fixed point
of the map T3 T(fzz T2 T(fl' for some positive integers k1 and k»; the image of this point
by the map Té‘ll lies in a small neighborhood of M7, the image by T}, T(fll lies in a small

neighborhood of M, and the image by TOkQ2 T12T(§‘]‘ lies in a small neighborhood of M.
Below we will prove the following

Lemma 5. Let assumptions (5.1), (5.6), (5.5), (5.8) be satisfied. Then, there exist a
sequence vi — 0 and sequences of integers k;; — +00 and kyy — +00 such that
at v = v; the map f, has a single-round periodic orbit which corresponds to a fixed
point of the map T} = T21T(f22’ leTé{I”, and the map T] near this point is, in some
CP-coordinates (u, v), given by

(#, v) = @(u, v) +o(lu]™ + [v|™), (5.9
where @ denotes the time-1 map by the flow
n=v, v=-Yw(l+v) (5.10)
near (u, v) = (0,0); here ¥ is a polynomial such that ¥ (0) = 0 and ¥'(0) > 0.

Before we start proving Lemma 5, we remark that system (5.10) has an integral
H(u,v) = [Wwdu+v—1In(l+v) = & + ¥ (0)% +---. Thus, when ¥'(0) > 0,
the equilibrium at zero is a center: every orbit of (5.10) is in this case a closed curve
surrounding the origin. The corresponding time-1 map @ is, therefore, conservative (it
preserves the area form ﬁ du Adv) and has an elliptic point at the origin. Note that map
(5.9) can, by an arbitrarily C"-small perturbation, be made equal to (i, v) = @ (u, v)
identically in a sufficiently small neighborhood of zero. Hence, Lemma 5 implies, that
by an arbitrarily C"-small perturbation of the map f a periodic point can be born in a
small neighborhood of the heteroclinic cycle C such that the first-return map near this
point will be area-preserving and the point will be elliptic (i.e. its multipliers lie on the
unit circle). The area-preservation property of the first-return map in a neighbourhood
of this point is crucial because, by [70,71], an arbitrarily C”*-small perturbation of an
area-preserving map in a neighborhood of an elliptic point creates an orbit of homoclinic
tangency; the perturbation does not destroy the area-preserving property. By Theorem 5
of [28], an arbitrarily C™-small perturbation of any area-preserving map with a homo-
clinic tangency leads to the birth of a periodic spot (again, the area-preservation was
crucially important for the quoted result of [28]). As we see, once Lemma 5 provides us
with an elliptic periodic orbit whose normal form is area-preserving up to a sufficiently
high order, the birth of periodic spots from the heteroclinic cycles under consideration
follows from the results of [28] on perturbations of area-preserving maps. Thus, in order
to finish the proof of Lemma 2 and Theorem 5, it remains to prove Lemma 5.
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Proof of Lemma 5. At m = 1 Lemma 5 claims only that a periodic orbit can be born
with the eigenvalues on the unit circle. Such statement can be found in [19,20], so we
further focus on the much more involved case m > 2. We prove the lemma in two steps.
First, we show that for an appropriate choice of k| and k; the first-return map 7 can be
brought, by a rescaling of coordinates, to a standard form (5.22) (a similar form for the
rescaled first-return map was obtained in [20] for the case m = 1; map (5.22) was also
obtained in [28] as the rescaled first-return map near a homoclinic tangency of order m).
Next, we choose the values of the parameters of (5.22) to be close to a bifurcation of a
parabolic point; we bring the map to a normal form near this point and show that this
normal form coincides with (5.9) for a proper choice of the parameters.

Since the periodic points P and Q are saddle, it follows that given any small
xjo and yj; (where j = 1,2) and any k > O there exist uniquely defined small
Xjk and yj;o such that (xji, yjx) = Té‘j (xjo, yjo) and all the points in the orbit
{(x;0), yj0), Toj(xj0, ¥j0)s - - Té‘j (xjo0, yjo)} lie in a small neighborhood of P (at
j = Dor Q (at j = 2), see [19] and, for a more detailed exposition, Chapter 3 of
[72]. Denote

Xjk = ?»];x]'o + &k (X0, Yjk, V), Yjo = yj_kyjk + 0k (X0, Yjks V). (5.11)

By [15], one can introduce C”-coordinates (x;, y;) near the saddle periodic points in
such a way that

gk =005, ik =o(y"), (5.12)

i.e. the map T({‘j written in the “cross-form” (5.11) is linear in the main order.> By [15],

the same o()J;) and, resp., o(y j_k) estimates hold for the derivatives of the functions & jx
and 7 ¢ up to the order (p — 1) withrespect to (x o, ¥j«x) and up to the order (o —2) with
respect to parameters; while for the higher order derivatives up to the order p for which
the number of differentiations with respect to the parameters does not exceed (p — 2)
we have that they uniformly tend to zero as k — oo.

Let § > 0 be sufficiently small. Consider rectangular neighborhoods H;F lxj —
x}r| <8, lyjl < dyand IT; = {lyj —y; | <&, lx;| <4} ofM;.r and M; (j = 1,2),
and take any sufficiently large integers k| and kz. By (5.11), (5.12), the set ok, =

—kj . .. . kj —
17]*.' N Toj / Hj is non-empty: it is a strip of the form {|yj’yj - | <8+0(1)k—t00}-
We introduce a new coordinate y; on o, such that

Yjold =V ]yj,new +1jk; (xjs Yjnew) (5.13)

[i.e. ¥j,new €quals to Yjk; from (5.11)].

By construction, the map 71> Té‘f is defined on oy, ; in the new coordinates, when
this map takes a point (x, y1) € oy, into a point (x2, y2) € o2k, it can be written in the
following form [see (5.3), (5.13)]:

dy (%2 — x3) = DA xy + 1 (x1) + brys 25, + 0(y, "), 510

di(y1 — y7) = =1 %) — o (x1) + 75,250 + 0(y, "),

3 The notation o(kk ) means A¥ times a function (of all variables and parameters) which uniformly tends to
zero as k — oo; recall that A and y may vary as parameters vary.
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where the functions ¢ > are o(k]]”) and independent of y. Analogously, the map 7> Té‘zz
that takes a point (x2, y2) € o2, into a point (X1, y1) € o1k, is given by

_ k — — k
X —xT = @At +ba(ya — y7) +o(y2 — y3) +0(hy),
m—1

i3 = 0ra D pus( = vy (5.15)
s=0

+ da(yr — 3™+ 0((y2 — ¥ + 08 + oy

[see (5.7)]. We will now change the variable y; to y; + dl_l (clklflxl + ¢2(x1)). Then the
second lines in (5.14) and (5.15) will change to

_ —ky — —k
di(yr—y;) =y, yatoly; ),

and, respectively,

m
—ky = k N —\s _
Y = a5+ > s — ¥3) +da(y2 — y3)"™!
s=0

+o((y2 — y7)™N) +0052) + o(y, 1),

where iy = uy + O (s = 0,...,m — 1) and fi,, = O(S).

Itis easy to see that since d; # 0, d # 0 one can find constants C; = O (|A3—; [ks-i 4
ly;I7%) and K; = O(lys—;|7%-7 +|1;1%) (j = 1,2) such that, after the following
shift of the origin:

Xjnew = Xj — X}' + Cj» Yjnew = Yj — yj_ +Kj, (5.16)
we obtain (XZ,news yl,new) = 0 at (xl,newv y2,new) = 0, and il,new = 0,

0" V1,new/ IV ey = 0 at (X2, new, Y2,new) = 0. Thus, after this transformation, the
maps 71> Tokll and T T(% will be written as

di%y = DM'x1 + 05 2 52) + oM 151 + [ya T2)x),
diyi = v; 252 +0(y; 2 52) + o1yl 2 x1), (5.17)

and, respectively,

X1 = bays +0(y2) + 0052x2),

m—1
(5.18)
—ki = k . k
Yy P = A x + E fLsys + dzyg“l + o(yE”H) +0(Ayx2),
s=0

where the modified parameters i, are such that fiy = s + 0(1); 5—+co-

By virtue of (5.8), by an arbitrarily small change of v we can make 6 :=
[In |A2)2]/ In |A1y1]] rational without changing the values of i. Therefore, we may from
the very beginning assume that at v = 0O the system has a heteroclinic cycle with a
tangency of the order m, and the value 6y := 6(0) is rational. Further we always assume
that

k1 = 6pky (5.19)
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in (5.17), (5.18). We will also assume that both k| and k; are even, so Al;j and yjl.{j are
positive. It follows from (5.19), (5.6), (5.1) that

v < by <k (5.20)

Now, let us introduce new, rescaled coordinates (X1, Y1, X», Y») and parameters
(B, Eyp, ..., Ey—1) by the following rule:

x] = bad, Vlikl/m)’zikZ/mXI, X2 = Dbz)tllq)/likl/ml’zikz/sz

3

—k —ky (141 —k —k
1/my2 2(1+ /m)Yl, y2=d1)/1 1/my2 2/mY2’

Y1=WM

—(m+1—ys)
s =di (v ™) E; (s=0.....m—1), (5.21)
In(—=B/(Dbsc))

0 = pBo+
ko|In [Apy1]]

recall that Dbyco < 0 by our assumption (5.5), so the new parameter B should be

positive. After the rescaling, the maps TlgTokl1 [given by (5.17)] and T21T0kz2 [given by
(5.18)] are rewritten as follows [we take into account (5.19), (5.20)]:

X2 = X1+ 0Dk ys00
Y, = YZ + 0(1)k1Y2~>+007 and

)_(l = Y2 +0(1)k1,2—>+005

_ m—1
Y= —BX, + ZS:O EYs +d Y + 0(1)k; 5 o0,

where d = dzd{”” # 0. It follows that with our choice of k;» the map 7 :=
T Tokz2 TlgTéc | on oy, can be written as

m—1
X=Y+0(k,t00. ¥ ==BX+ D EY +d Y™ +0(1) 400
s=0

where (X, Y) are the coordinates which were previously denoted as (X1, Y1). By denot-
ing the right-hand side of the equation for X as the new Y-variable, we finally write the
map 7 in the following form

m—1
X=Y, Y=-BX+ Z E;Y* +d Y™ +0(1)k; 5400 (5.22)
s=0

The transformation to coordinates (X, Y) was of class C” with respect to the original
coordinates and C”~" with respect to the parameters (more precisely: the mth deriva-
tives with respect to the coordinates are C”~" with respect to both the coordinates and
parameters). The o(1)-terms in (5.22) are functions of (X, Y) and (B, Ey, ..., E;—1)
which tend to zero as kj » — +00. The derivatives of these terms up to the order p with
respectto (X, Y) and (B, Eo, ..., E,—1) also tend to zero as k; o — +00, provided the
number of differentiations with respect to the parameters (B, Ey, ..., E;—1) does not
exceed (p —m). In any case, since p > m + 1, we have that the derivatives of these terms
with respect to (X, Y) up to the order m tend to zero, all with at least one derivative with
respectto (B, Eq, ..., Ep—1).
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Next we show that if the o(1)-terms are sufficiently small (i.e. k1 » are sufficiently
large), then a map of form (5.22) has, at certain uniformly (with respect to k) bounded
values of £ and B > 0 and in a bounded region of (X, Y), a fixed point near which the
map is smoothly conjugate to (5.9). This will give us the lemma: by (5.21), (5.16), any
bounded values of (X, Y) correspond to (x1, y;) — (xfr, ¥, ) as k2 — +00, i.e. if the
values of (X, Y) stay bounded (uniformly for all k1 > large enough) at the fixed point,
then the latter belongs to the domain of definition of the first-return map 7T»; Té‘zz leTé‘f
at all sufficiently large k; »; and any bounded values of (Ey, ..., E,—1) and B > 0
correspond to vy — 0 as kj 2 — +00.

We start with shifting the origin of the (X, Y) coordinates to a fixed point. Namely,
we may take any Y* as the coordinate X = Y = Y™ of the fixed point of (5.22); then the
second equation defines the corresponding value of Eg = Y*(1+B) — Z?:ll E,(Y*)S —
d (Y*)"™! 4 o(1). After shifting the origin to the fixed point, the map takes the form

X=yY,
Y=-Bx+2r+> BT 00m ) + 0(XY ]+ X2) - 0Dk soc,
s=
(5.23)
where the coefficients Es, s=1,...,m—1,arerelated to Ey, ..., E,_1 by a diffeo-
morphism:
m—1
Ey=E =2+ ) JE;(Y*) ™"+ (m+Dd (Y*)" + 01400,
j=2
m—1
E;=Eg+ D EjCi(") ™ +Cpyd (V)™ +0(Djssos (s =2...om = 1),
j=s+1
and
Ep=(m+1)dY*+0()i 00, B=B+0(1)isic0-
Aswe see, bounded values 0f1§, El, el Em giveusbounded valuesof B, Ey, ..., E;—1
as well. . . .
We will further fix B = 1 and will take (Eq, ..., E,) small (tending to zero as

k — +00), so the map will limit, as k — +00, to

X=Y, Y=-X+2V.

The fixed point of this map at (X, ¥) = 0 is parabolic, i.e. it has a double multiplier
(+1). It is well-known [72,73] that the map near such point can be formally embedded
into a flow, i.e. it can be approximated by the time-1 shift of an autonomous flow up
to terms of any given order. Below we finish the proof of the Lemma by showing that
parameters (E Lsenns Em) can be chosen in such a way that the autonomous flow whose
time-1 shift approximates map (5.23) up to the order m coincides with the conservative
flow (5.10) in certain coordinates. In order to do this, we recall first the normal form
theory for maps with a parabolic fixed point.
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In general, we can always bring the linear part of the map to the Jordan form, i.e. we
can write such map in the form

i=u+v+ Z aijul v +o(lul™ + [v|™),

2<i+j<m
o (5.24)
b=v+ > Byu'v +o(lul™ +v|™).
2<i+j<m
By denoting
T=v+ Z aijuv! +o(ju™ + v|™) =it —u, (5.25)
2<i+j<m
the map takes the form
i=u+z, Z=z+ > yu'z/ +o(lu" +|z™). (5.26)
2<i+j<m
Here
¢ij=Bij+ D, Cikivjk+Gij. (5.27)
i<k<i+j

where G;; stand for polynomial functions of the coefficients a;/ j and g j» with i’ + j' <
i+ j;eachmonomial in G;; has degree 2 or higher. Let us make the polynomial coordinate
transformation (u, z) — (U, Z), where

U=u+ D Ap' Iz, Z=z+ D> A7 —uid). (528
0<j<n-2 0<j<n-2

The map will retain its form (5.26) with the coefficients ¢;; unchanged for i + j < n,
and ¢;j new = ¢ij + 20515j—2(2j_l — 2)C£:llA1 ati + j = n. Itis easy to see that, by
choosing A; appropriately, one can make ¢;; with j > 2,7 = n — j assume any given
values. In particular, we can make ¢,_; ; = O for all 2 < j < n. Then, by making
such transformations consecutively, with n running from 2 to m, one can make all the
coefficients ¢;; with j > 2 vanish; the new coefficients ¢;; with j = 0, 1 will not
vanish and will differ from the old ones by nonlinear (i.e. quadratic and higher order)
expressions which depend only on the coefficients ¢; j» with i’ + ;' strictly less than i + j,
i.e. these coefficients are still given by (5.27) with some new G;;.

Since the number of coordinate transformations we apply is finite, it follows that for
any fixed m one must arrive to a similar conclusion for any map (with a fixed point at
zero) whose linear part is sufficiently close to that of (5.24). Namely, for any sufficiently
small €1 2, transformation (5.25) accompanied by a finite sequence of polynomial trans-
formations of form (5.28) with certain smoothly dependent on ¢ coefficients A brings
the map

A=u+v+ Z aiju' v/ +o(ju|™ + [v|™),
2<i+j<m
o (5.29)
b=(+epv+eu+ D Piuv! +o(ul™ +|"),

2<i+j<m
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to the normal form

m
i=u+z, Z=(+e)z+eu+ Y (giou +gi—11u'2)+o(ul" +|z™). (5.30)
=2
where
io = Bio + Gio + Hio, i1 = Bi1 + (i + Dajy10 + Gt + Hyy. (5.31)

Here G;j is a polynomial of o;j» and B j with i’ + j* < i+ j, all monomials of G;; are of
degree at least 2; the function H;; is a linear function of o7 j and By j» with i’ + j" = i + j;
the coefficients of G;; and H;; depend on &1 as well, and H;; vanish at ey = &, = 0.

Now, letus find, given any m, for any sufficiently small ¢ >, a pair of functions v, 1 (1)
such that after an appropriate choice of the coordinates («, v), map (5.29) becomes
o(Ju|™ + |v|™)-close to the time-1 map by a flow of the form

u=v, 0=1vou)+vy(u). (5.32)
Obviously, the flow has to have an equilibrium at zero and the eigenvalues of the corre-
sponding linearization matrix have to be logarithms of the eigenvalues of (812 1 +181 ),

the linearization matrix of (5.29). Thus, we put

Y0(0) =0, ¥1(0) =In(l +& — &),

> 2 (5.33)
v0) = —1n(1+%1+,/sz+‘%)-m(u%1 —,/sﬁ%).

The time-¢ map of (5.32) can be found by expanding it in powers of the initial conditions
(u(0), v(0)). We omit this computation. The result is that the time-1 map of (5.32) has
a form which can be brought, by an O(ej 2)-close to identity linear transformation, to
form (5.29) with

1 ci . Ci.
+ +j— ~
ajj = ].T(ij,O |:JzT12 + 0(81,2)i| +Yivj-1,1 |: lj] + 0(51,2)i|)+05ij,

Cl,; Cli .
Bij = Vitjo [ LI 0<el,z)} +Yisj—11 [Tj + 0(81,2)} +Bijs (5.34)

j+1

where @;; and Bi ; are nonlinear functions of the coefficients v/ jy with i’ + ;' < i + j
(we denote ¥ (u) = Zi Yij ub). By the definition of the normal form, two maps of form
(5.29) can be made o(|u|™ +|v|™)-close by means of a smooth coordinate transformation
if their normal forms (5.30) coincide up to the order m. Thus, we find from formulas
(5.31),(5.33), (5.34) that a map of form (5.29) can indeed, after an appropriate coordinate
transformation, be made o(Ju|" + |v|™)-close to the time-1 map by a flow of form (5.32)
with the coefficients defined by

Yio = Bio + Yo, Vi1 = Bir + (i + D(@ir1,0 — Bix1,0) + Vi, (5.35)

where V/;; is a polynomial function of o/ jand By j» with i’ + j* < i + j; the monomials
that include o/ j or By j» with i’ + j < i + j are of degree 2 or higher, while the terms
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that include «j j» or B j with i’ + j* = i + j are linear and the corresponding coefficients
are small of order O (¢e1,2). Note that it follows from (5.33) that formulas (5.35) remain
also valid at j = 1, if we formally put 810 = €2, fo1 = €1, a10 = o1 = 0.

Returning to map (5.23), by putting X = u and ¥ = u + v, we bring the map at
B =1 to form

i =u+v, b=uv+po)+vpiu)+O(E|v?)+o(ul™+v|™),

where || E|| stands for the norm of the vector (E Lseens Em), and the coefficients of the
polynomials 8; = >/ Biju’ (j = 0, 1) satisfy

Bio = Ei + 0(D)ksto0s  Bi1 = (i + DEis1 +0(1)g400-

This is a map of form (5.29). Therefore, by making normal form transformations
described above, we can, at E| = ¢ sufficiently small, make this map o(|u|" +|v|™)-close
to the time-1 map of the flow (5.32) with

Vio = Ei + 0(Diso0 + 0| EN), Yit = 0400 + (| E|);

see (5. 35) It follows that at sufficiently large k we can always choose the values of

El, e, Em in such a way that ¥o(u) = s (u), where we take s = 1 if wl ) <0,
and s = —1if {(0) > 0.

As we see, for an appropriate choice of the parameters E; map (5.23) can be made
o(Ju|™ + |v|™)-close to the time-1 map of the flow

w=v, v=191)(s+v),

which takes the desired form (5.10) after the change (u, v) — (su, sv); here ¥ (u) =
—r1 (su), so the requirement ¥’ (0) > 0 is ensured by our choice of s. O
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