Int. J. Bifurcation Chaos 1996.06:969-989. Downloaded from www.worldscientific.com
by IMPERIAL COLLEGE LONDON on 02/12/13. For persona use only.

<

Papers

International Journal of Bifurcation and Chaos, Vol. 6, No. 6 (1996) 969-989

Theme Issue (Part 2)
© World Scientific Publishing Company

COMPLEXITY OF HOMOCLINIC
BIFURCATIONS AND (2-MODULI

S. V. GONCHENKO, O. V. STEN’KIN and D. V. TURAEV
Institute for Applied Mathematics and Cybernetics,
Ul’janova St. 10, 603005, Nizhny Novgorod, Russia

Received October 15, 1995

Bifurcations of two-dimensional diffeomorphisms with a homoclinic tangency are studied in one-
and two-parameter families. Due to the well-known impossibility of a complete study of such
bifurcations, the problem is restricted to the study of the bifurcations of the so-called low-round
periodic orbits. In this connection, the idea of taking Q-moduli (continuous invariants of the
topological conjugacy on the nonwandering set) as the main control parameters (together with
the standard splitting parameter) is proposed. In this way, new bifurcational effects are found
which do not occur at a one-parameter analysis. In particular, the density of cusp-bifurcations

is revealed.

1. Introduction

As is well known, the development of the theory
of global bifurcations of multi-dimensional systems
was started in 60’s and first of all with works of
L. P. Shil’nikov. In particular, he discovered a re-
markable phenomenon that a multi-dimensional sys-
tem with a homoclinic loop of a saddle equilibrium
state can possess an infinite number of periodic or-
bits, in distinction with the two-dimensional case.
The first example of such complicated behavior is
given by a homoclinic loop of an equilibrium state
of saddle-focus type (Fig. 1) in a three-dimensional
space. Such equilibrium state has the characteristic
roots —A £iw and v where v, A, and w are positive;
besides, the so-called saddle index p = A/v is less
than unity.

It was found in Shil’nikov {1965, 1970] that the
structure of the set N composed by the orbits lying
entirely in a small neighborhood of the homoclinic
loop is not just nontrivial but it also depends es-
sentially on the value of p. This dependence is such
that, when p varies continuously, the structure of
the set /N permanently varies in any one-parameter
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p=A/Y is a saddle index.

Fig. 1. A three-dimensional flow X with the homoclinic loop
I of the equilibrium state O of saddle-focus type (i.e., the
equilibrium state O possesses characteristic roots —\ =+ iw
and v where J, 7, and w are positive). Shil’'nikov has shown
that if the value p = A\/y is less than 1, then the set N
of orbits lying entirely in a small neighborhood of I" has a
nontrivial structure which depends essentially on the value
of p.
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family X, of systems holding a saddle-focus homo-
clinic loop.!

In modern terms, the results of Shil’nikov
[1965, 1970] imply that the value p is a modulus
of the Q-equivalence of systems with a homoclinic
loop of a saddle-focus. Recall the definition:

Definition. We say that a system X has a modu-
lus if, in the space of dynamical systems, a Banach
subspace M passes through X, and on M a locally
nonconstant continuous functional h is defined such
that in order for two systems X; and X5 from M to
be equivalent it is necessary that h(X;) = h(X32).
We shall say that X has at least m moduli if a Ba-
nach subspace passes through X on which m in-
dependent moduli are defined, and that X has a
countable number of moduli if X has an arbitrary
finite number of moduli.

Among different types of equivalences in the
space of dynamical systems, the most known are the
topological and the Q-equivalence (the topological
equivalence on nonwandering sets). The topologi-
cal moduli in systems with simple dynamics were
discovered by Palis [1978] for diffeomorphisms of a
plane which have an orbit of heteroclinic tangency.
Figure 2(a) represents such a diffeomorphism. It
has two saddle-fixed points O; and Oy with multi-
pliers A; and v; where |A;j| < 1, |y > 1 (¢ =1, 2).
It also has a heteroclinic orbit Iy at the points of
which the manifolds W*%(O;) and W*(0O;) have a
tangency. Palis established that two such diffeomor-
phisms f and f’ can be topologically conjugated in

some neighborhoods U(Ty) and U’(T,) only in the
In|A2

case where the values of the invariant o = ~ Tl

are the same for f and f'.

This means that o is a modulus of the topo-
logical equivalence for diffeomorphisms with a het-
eroclinic tangency. At the same time, any two dif-
feomorphisms of the Palis example are Q-conjugate;
that is, the value « is not a modulus with respect
to the Q-equivalence.

If we identify the saddles O; & O,, we get a dif-
feomorphism with a homoclinic tangency [Fig. 2(b)].
The invariant « is equal, in this case, to the value

'In particular, it was established in Ovsyannikov & Shil’nikov
(1987, 1992] that the values of p for which X, has a struc-
turally unstable periodic orbit compose a dense set.

Q) o=—InIA) \ inly,

b)  O=—InlAl \ Inlyl

Fig. 2. In Fig. 2(a) a two-dimensional diffeomorphism with
a heteroclinic tangency is represented. It possesses two sad-
dle fixed points O; and O, with multipliers A; and ~; where
|[Ail < 1, |yl > 1, i = 1, 2. There exists also a structurally
unstable heteroclinic orbit I'g at the points of which the man-
ifolds W*(0O2) and W*(O,) are tangent. Palis established
that two such diffeomorphisms f and f' may be topologl—

cally conjugate only in the case if the value oo = —ll: 3 is

the same for f and f’. In Fig. 2(b) a two-dimensional dif-
feomorphism with a homoclinic tangency is represented. It
has a saddle fixed point O with multipliers A and v where
M| < 1, |v] > 1,4 =1, 2. It possesses also a structurally
unstable periodic orbit T' at the points of which the mani-
folds W*(O) and W*(O) are tangent. The value § = —}%
introduced by Gavrilov and Shil’nikov is an analogue of the
invariant a. Note that here, in distinction with a heteroclinic
situation, the value 8 may be a modulus of the 2-equivalence.
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which is traditionally denoted as 6:

o= -
v

where )\ and v are the multipliers of O.

Note that in distinction with the heteroclinic
situation the invariant § may be a modulus not only
for the topological but also for the Q-equivalence.
It should be mentioned here that topological mod-
uli appear, mainly, as obstacles to the existence of
a conjugating homeomorphism whereas Q2-moduli
have an essentially different sense. To our opin-
ion, -moduli should be considered as parameters
determining the structure of the nonwandering set.
Historically, it is exactly the context in which
Q-moduli were found (the mentioned value p for a
saddle-focus homoclinic loop and the value 8 for ho-
moclinic tangencies [Gavrilov & Shil’'nikov, 1973]),
essentially earlier than when the notion of a topo-
logical modulus were introduced in the theory of
dynamical systems.

For the bifurcation theory, importance of the
study of specifically 2-moduli is obvious. Indeed, it
is clear that if a system is perturbed so that the
value of an Q-modulus is changed, then bifurca-
tions of nonwandering orbits (periodic, homoclinic,
etc.) must occur. First, this phenomenon was re-
vealed in Gavrilov & Shil’nikov [1973] at the study
of bifurcations of periodic orbits on the bifurca-
tional surface H composed by systems with a
quadratic homoclinic tangency. Namely, there was
shown that for any one-parameter family Xy of sys-
tems on H the values of @ are dense for which Xj
has a structurally unstable periodic orbit.

Note also that € is not a unique 2-modulus for
the systems with a homoclinic tangency. It was es-
tablished in Gonchenko et al. [1991, 1993] that the
systems may be dense in % which have a count-
able number of independent Q-moduli. Since an
independent variation of the values of each of the
Q-moduli leads to bifurcations in the nonwander-
ing set, a joint variation of the infinite series of the
Q-moduli may lead to infinitely degenerate bifur-
cations. Specifically, it was shown in Gonchenko
et al. [1991, 1993] that systems with arbitrarily de-
generate periodic orbits and with homoclinic orbits
of any order of tangency may be dense in .

Immediately, there arise a number of problems.
On the one hand, systems with homoclinic tangen-
cies compose bifurcational surfaces of codimension-
one in the space of dynamical systems. Therefore,
such systems occur in general in one-parameter
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families. On the other hand, the proven presence
of systems with arbitrarily degenerate periodic and
homoclinic orbits in an arbitrarily small neighbor-
hood of any system with a simple homoclinic
tangency shows that no finite number of control pa-
rameters is sufficient for a complete study of bifur-
cations of such systems. The analogous result can
be also shown to hold for systems with a homoclinic
loop of a saddle-focus.

In principle, we have to give up the ideology
of “complete description” and to restrict ourself to
the study of some most typical features and prop-
erties of such systems. Particularly, the problem
of the study of main bifurcations in low-parameter
families takes such a sense.

In the latter sentence, we must, of course, clar-
ify the term “main bifurcations”. We must also
solve the question on the choice of the control
parameters.

We will study the structure of the set N of
the orbits lying entirely in a small neighborhood
U of a homoclinic orbit. In the case of a two-
dimensional diffeomorphism with a homoclinic tan-
gency this neighborhood is the union of a small
disc Uy, containing the fixed point O, and a finite
number of small neighborhoods of the homoclinic
points which lie outside Uy (Fig. 3). As we men-
tioned, the complete study of all bifurcations in U
is impossible and we restrict ourself to the study of
low-round periodic and homoclinic orbits (single-,

Fig. 3. The neighborhood of a structurally unstable homo-
clinic orbit. The neighborhood U is a union of a small neigh-
borhood Uy of the saddle fixed point O and of a finite number
of small neighborhoods of homoclinic points lying outside Up.
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double-, triple-,...). A periodic orbit lying in U
will be called k-round if it leaves and reenters Uy k
times for the period. Analogously, the roundness of
a homoclinic orbit is defined. The low-round orbits
are, naturally, most interesting from the application
point of view. Moreover, the high-order degenera-
tions occur only for quite high roundnesses.

The question of what concerns the right choice
of the control parameters has a principal meaning
for the systems with complex dynamics. There is
no problem with finding appropriate control param-
eters in the classical bifurcation theory going back
to the studying of flows on a plane: here, each pa-
rameter is responsible for unfolding some definite
degeneration of the system (for instance, the con-
trol parameters govern independently the splitting
of separatrices, variation of values of critical charac-
teristic exponents of equilibrium states and multi-
pliers of periodic orbits, variation of Lyapunov val-
ues, etc.). For the multi-dimensional systems with
homoclinic tangencies the so-called splitting param-
eters must clearly be taken as one of the main con-
trol parameters for the study of bifurcations.

However, according to what was said above
about -moduli, it becomes clear that to obtain
a more detailed bifurcational picture one must take
Q-moduli as additional bifurcation parameters (or
such values whose variation leads to variation of
values of the Q-moduli).

In the present paper, we demonstrate the ef-
fectiveness of this approach to the study of main
bifurcations in systems with complex dynamics for
the case of two-dimensional diffeomorphisms with a
homoclinic tangency.

2. Two-Dimensional Diffeomorphisms
with a Homoclinic Tangency.
Geometric Constructions

2.1. The neighborhood of a
structurally unstable
homoclinic orbit

We consider a C™*2-smooth (r > 3) two-dimensional
diffeomorphism f which has a saddle-fixed point O
with multipliers A and v where 0 < || < 1, || > 1.
We consider the case where |Ay| < 1. The case
|Ay| > 1 is reduced to that under consideration by
transition to the inverse map f~! instead of the
initial map f; the special case |Ay| = 1 requires a
separate investigation (see, for instance, Gonchenko
& Shil’nikov [1987)).

Suppose the stable and unstable manifolds of
O have a quadratic tangency at the points of a ho-
moclinic orbit I'.

Let U be a small neighborhood of the set OUT.
The neighborhood U is the union of a small disc
Uy containing O and of a finite number of small
discs surrounding the points of I" which are located
outside Uy (Fig. 3). The subject of our study is the
set IV of orbits of the map f that lie entirely in U.

2.2. The local and global maps
To and T 1

Let Ty be the restriction of f onto Up (it is called
the local map). Note that the map Tp in some
C™H-coordinates (x, y) can be written in the form
[Gonchenko & Shil’nikov, 1990, 1992]
T=M+f(z, y)r’y, T=y+g(z, y)zy’. (2.1)
By (2.1), the equations of the local stable mani-
fold Wi . and local unstable manifold W} arey =0
and z = 0, respectively. Representation (2.1) for
the local map is convenient because in these coor-
dinates the map T§ for any sufficiently large k is
linear in the lowest order. Specifically, we have the

following representation [Gonchenko & Shil’nikov,
1990, 1992] for the map Tg : (zo, yo) — (Tk, Y&):

T = /\’“:co + |/\|k|7|_k¢k1(x01 yk) y

k ok (2.2)
Yo =7 "y + |17l dralzo, Y&)

where ¢r; and ¢ are functions uniformly bounded
at all k£ along with their derivatives up to the
order 7.

Let M*(z*, 0) and M~(0, y~) be a pair of
points of I' which lie in Uy and belong to W$_ and
Wi, respectively. Without loss of generality we
can assume T > 0 and y~ > 0. Let IIp and IT; be
sufficiently small neighborhoods of the homoclinic
points M+ and M~ such that Tp(Ilp) NII; = @ and
To(II;) NII; = @. Evidently, there exists an inte-
ger ¢ such that f4(M~) = M*. We denote the
map f? : II; — IIp as Ty (it is called the global
map). The map T; can obviously be written in
the form

T—zt=az+bly—-y )+...,
(y—y7) (2.3)
J=cx+dly—y )2 +...,

where bc # 0 since T is a diffeomorphism, and
d # 0 since the tangency is quadratic.
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Fig. 4. The figure illustrates the method of a construction
of strips 02, k = k, k + 1,... which lie in II and which are
the domains of the maps Ty : IIq — II;. The points of Iy
targeting to II; after k iterations of the map Tp belong to
the set Ty~ ®AIlo. The neighborhood II, is contracted in v~ 1
times along the vertical direction and it is expanded in A™!
times along the horizontal direction under the action of the
map Ty . Moreover, Ty ' (II;)NII; = @. Respectively, the set
Ty *(I,) is a narrow rectangle which is stretched along the
z-axis and lies at a distance of order 7~ * from it. Besides, the
rectangles T *(II;) and Ty (k“)(IIl) are not intersected. For
sufficiently large k, the intersection Ty *(IT;) N1I, is the strip
o2, as is shown. The strips of accumulate at the segment
W NIl as k — oo.

0
cFk+1

2.3. Strips and horseshoes

Note that orbits of NV must intersect the neighbor-
hoods IIy and II; (otherwise, these orbits would be
far from I'). However, not all orbits that start in
IIp arrive in IT;. The set of the points whose or-
bits get into II; fills a countable number of strips
o) =MoNTy k11, which accumulate on W?*. The
way of constructing these strips is obvious from
Fig. 4. In turn, the images of the strips of un-
der the maps T{ give on II; a sequence of vertical
strips o} which accumulate on W _ (Fig. 5).
Neighborhoods Iy and II; may be taken so that
to contain all the strips of and o} with numbers
k > k and not to intersect with o and o}, for k < k.
Obviously, if diam Iy - diamII; — 0, then £ — oo.
The images Tioi of the strips o1 have a shape
of horseshoes accumulated at TyW}i,  as k — oo
(Fig. 6). It is clear that orbits of N must inter-
sect ITp in points lying in intersections of horseshoes
T ail and strips cr? for ¢, j > k. Hence, the structure
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T,

Fig. 5. The figure illustrates a method of construction of
the strips o, k =k, k+1,... which lie in IT; and which are
the ranges of the maps 7§ : ITp — II;.

of N depends essentially on geometrical properties
of such intersections.

2.4. The types of intersections of the
strips and horseshoes

Different types of intersections of a horseshoe Tla}
with the strips are shown in Fig. 7. The horseshoe
has a regular intersection with the strip cr?, an ir-
regular intersection with the strip o9, and empty
intersection with the strip o).

The intersection is called regular if the set
Tio} N oY is nonempty and consists of two con-
nected components ¥} and o%? (Fig. 8), and the
maps Tjo = 1T : 09 — oY, a =1, 2, are saddle
(i.e., they are contracting along the coordinate x
and expanding along the coordinate y). Here, 0!
and 092 are upper and lower parts of the strip a?.
They are separated by the central part of ¥ (de-
noted as ¢ in Fig. 8) which is mapped by T1T¢
onto the top of the horseshoe T1a}.
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Fig. 6. The images Tioi of the strips of have a shape of
horseshoes which are accumulated at T1(Wy,.) as k — oo.
Orbits of the set N must intersect Ilp in the points of in-
tersections of the “horseshoes” Tio} and the strips a? for 1,
ik

Fig. 7. Various types of intersections of the “horseshoe”
Tio} with the strips. The horseshoe has a regular intersec-
tion with the strip oJ; it has an irregular intersection with
the strip o) and an empty intersection with the strip o.

2.5. The conditions of regular and
irregular intersections of the
strips and horseshoes

It is established in Gonchenko & Shil'nikov [1987)
that if the inequality

dly 7y~ — ezt > Sili, ) (2.4)

Fig. 8. The case of regular intersection of the horseshoe
Tio} with the strip of. The intersection is called regular
if (a) the set Thol N o) is nonempty and consists of two con-
nected components o;; and 097 and (b) the maps Tix =
T\T§ : 03¢ — 0, a =1, 2, are of saddle type (i.e., they are
contracting along the z-coordinate and expanding along the
y-coordinate). Here, o?' and 0¥ are upper and lower parts
of the strip 0. They are separated by the central part ¢%¢
of ag which is mapped by T1T§ onto the top of the horseshoe
T] ag;.

is satisfied, where Sg(i, j) = Sy(|A" + || 77) - |v|~*/2
and S is some positive constant independent from
i, j and k, then the intersection of Ty} with ¢ is
regular.

The inequality

d['y_jy_ - c/\i:v+] < —=8%(4, j) (2.5)

is a sufficient condition for an intersection of Tjo}
and o9 to be empty.

It is clear from (2.4) and (2.5) that the
inequality

ldly 7y~ — eX'zt]| < Sz, §) (2.6)

is necessary in order for the horseshoe Tjo} to have
an irregular intersection with the strip a?.
Inequalities (2.4)—(2.6) have quite a simple geo-
metrical sense (Fig. 9). The strip a;-’ is a thin rectan-
gle with the central line y = y~7y~. The strip ail is
a thin rectangle with the central line x = A*x*. The
strip a} is mapped by the map T onto a horseshoe
with the parabola y = cA'zt + d((x — z7)/b)? as a
central line. The condition d[y =7y~ — cA'zt] > 0
means that the straight line y = v~ 7y~ and the
parabola intersect in two points, and the condition
dly"7y~ — cXizt] < 0 means that they have no
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Fig. 9. The strip a'J is a. thin rectangle with the central line
y =~ 7y~ The strip o} 1s a thin rectangle with the central
line £ = Xz+. The strip ¢} is mapped by the map T} onto a
horseshoe with the parabola y = X'z + d((z — z+)/b)? as
a central line.

intersection. The coefficient Sz(3, j) in (2.4)-(2.6)
is due to the nonzero thicknesses of the strip and
horseshoe.

2.6. Codes

Let @ be an orbit lying in U entirely and nonasymp-
totic to O. This orbit intersects IIp in an infinite
sequence of points M,;. Each point M, belongs to
some strip ok, ; here, successive points M, and M,
are connected by the relation
M,y = VT (M,).

The infinite sequence of integers {k,} is called

a natural code of the orbit Q.

Definition. A pair of integers (4, j) is called inad-
missible if ¢ < k, or j < k, or inequality (2.5) is ful-
filled. Otherwise, the pair (, j) is called admissible.
An admissible pair is called regular if it satisfies in-
equality (2.4). A sequence of integers {k,} is called
inadmissible if at least one of the pairs (k, ks41) is
inadmissible, and it is called admissible otherwise.
An admissible sequence {k,} is called regular if each
pair (ks, ks4+1) is regular.

Since M,y € Tla,c ﬂak , the following asser-
tion is evident: for each orbzt Q lying in U entirely,
the code is an admissible sequence.

On the other hand, it is shown in Gavrilov &
Shil’'nikov [1973] and Gonchenko [1984] that if a
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sequence {ks} is regular, then there exists a con-
tinuum of saddle orbits in N which have the given
sequence as the code.

The last is connected with the fact that inequal-
ities (2.4) guarantee that the intersection Tlo',},‘ N
o) 4 18 regula.r It consists of two connected com-

ponents cr,c 1k, and od? *.1k, (Fig. 8), and points
belonging to different components may be distin-
guished. Therefore, for the orbits in U with the
regular natural codes, a more precise code can be
constructed. Namely, it is.a sequence {(ks, as)}
(as € {1, 2}) such that the point M, belongs to

op2e k, C of, (we will also use an equivalent no-
tation for the code {(ks, @)} as a sequence of the
symbols «0”’ “1”, and “27:

k, ko+l

P N
vy @s—1, 0, ..., 0, 04,0, ...,0, Og41,...).

By definition,

M,y = Ti,a, M, (2.7)

where the map T},o, = T1T0 ly O is saddle. By

the “lemma on a saddle-fixed pomt in a countable
product of spaces” from Shil’nikov [1967], there ex-
ists a unique sequence of points satisfying Eq. (2.7).
Thus, to each code {(ks, as)} where {k,} is regu-
lar and {a,} is an arbitrary fixed sequence of the
symbols “1” and “2” there corresponds a unique or-
bit @ € N (the set of the orbits which correspond
to different sequences {a;} has the cardinality of
continuum).

Note also that if a nonsaddle orbit exists in IV,
then its code {k,} must be such that inequality (2.6)
is satisfied for at least one of the pairs (i = ks,

J= ks+1)~

3. The Types of Two-Dimensional
Diffeomorphisms with a
Homoclinic Tangency

Thus, an analysis of the structure of integer solu-
tions of inequalities (2.4)—(2.6) is an essential part
of the study of orbits of the set V. The sets of such
solutions obviously depend on the signs of param-
eters ), v, ¢, and d. Geometrically, it is connected
with the fact that the signs of these values deter-
mine the character of the reciprocal position of the
manifolds Wi . and T1W}_ in a neighborhood of
the homoclinic point M+. We restrict ourself to
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’ @ ’ ﬁU
a) c<0,d<0 b)c>0, d<0

Fig. 10.

_ |
of U of

¢) ¢<0, d>0 d) ¢>0, d>0

Various types of diffeomorphisms with a homoclinic tangency in the case when both A and v are positive. These

types correspond to different cases of a reciprocal position of the stable and unstable manifolds which depends on the signs of
the values ¢ and d. When d is negative, W* is tangent to W, from below [Figs. 10(a) and 10(b)]; when d is positive, W™ is
tangent to W3 from above [Figs. 10(c) and 10(d)]. The sign of the value ¢ determines how the shaded semineighborhood of
the homoclinic point M~ is mapped onto the neighborhood of the point M*.

the case of positive A and 4.2 The different cases
possible here in dependence on signs of ¢ and d are
shown in Fig. 10.

According to Gavrilov & Shil’nikov [1973], the
diffeomorphisms under consideration are divided
into the three classes for which the structure of the
set N is essentially different.

3.1. Systems of the first class

The systems of the first class are those for which
A>0,v>0,d< 0. The following theorem takes
place:

Theorem 3.1. [Gavrilov & Shil’nikov, 1973] Let f
be a diffeomorphism of the first class. Then the set
N is trivial: N = {O, T'}.

This result can be obtained from the analysis
of the set of integer solutions of inequalities (2.4)-
(2.6): one can prove that if A > 0,y > 0, d <0,
any sequence {k;} is inadmissible. Geometrically,
this can be verified in the following way. If ¢ < 0,
d < 0, then the horseshoes Tio} and the strips o7
do not intersect since they lie at the opposite sides
from Wy  [Fig. 11(a)]. Thus, in this case, the set
N has a trivial structure indeed: N = {O, T'}.

In the case ¢ > 0, d < 0 [i.e., when “parabola”
TWE_ is tangent to Wy  from below; see
Fig. 11(b)], the set N has a trivial structure also.

2The cases of different signs of A and - are considered, for
instance, in Gonchenko & Shil'nikov {1990, 1992].

It is connected with the fact that here the intersec-
tion Ty0} N o) may be nonempty only for j > i.
Indeed, the strip a;-’ lies at a distance of an order

~v~J from W;_ and the top of the horseshoe T} lies
at a distance of an order A* from W _ [Fig. 11(b)].
Since My < 1, it follows that X* < 7% so any
horseshoe Tjo} lies below the corresponding strip
o? and, hence, below any strip 09 with j < 4. As
a consequence we have that the negative semi-orbit
of any initial point on Iy (except M) leaves the
neighborhood U.

3.2. Systems of the second class

The systems of the second class are those for which
A>0,v>0,¢c<0,d>0. In this case, evidently,
inequality (2.4) is fulfilled for any sufficiently large 1
and j; that is, the intersection of Ty o} with o7 is reg-
ular for any 4, j > k [Fig. 11(c)]. Correspondingly,
any sequence of integers k, > k is regular in this
case. Therefore, the following statement [Gavrilov
& Shil'nikov, 1973] takes place:

Theorem 3.2. In the case c < 0, d > 0 all orbits
from N\T have a saddle type and N is in one-to-one
correspondence with the quotient-system Qg which s
obtained from the Bernoulli scheme on three sym-
bols {0, 1, 2} by identification of two homoclinic
orbits: (...,0,...,0,1,0,...) and (...,0,...,0,
2,0,...).3

3Both these two codes correspond to the orbit I'.
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N\

T,c
a) ¢<0, d<0

’T‘]leI
¢) ¢<0, d>0
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K|! ’q(j] I YI
| y 4 )
™\ -
/’\ Tlo—l

b) ¢>0, d<0
T.c

[T, NNl 7 e
.

M
d) ¢>0, d>0

Fig. 11. The reciprocal position of the strips and the horseshoes. In the case ¢ < 0, d < 0 [Fig. 11(a)] the horseshoes T1a}
and the strips o lie from the opposite sides from Wi.. In the case ¢ > 0, d < 0 [Fig. 11(a)], any horseshoe Thro} lies below
its “own” strip ¢ and, hence, below any strip ¢§ with k < i. Actually, the strip o;-) lies here at a distance of order y~7 from
W .; the top of the horseshoe Tyo} lies at a distance of order \* from W% . Since |A|y| is less than unity, then \* < ™%
In the cases of Figs. 11(a) and 11(b) the set N has the trivial structure: N = {O,T}. If ¢ < 0, d > 0 [Fig. 11(c)], then
the intersection of Tio} with a;-) is regular for any i, j > k. In this case, the set N has a nontrivial structure which may be
described completely. In the case ¢ > 0, d > 0 [Fig. 11(d)], any horseshoe T10?} is intersected regularly with its “own” strip
o2, with all strips lying above it and with some number (depending on i) of strips lying below. The set N has a nontrivial
structure for this case. But, the description of N depends essentially on parameters of a homoclinic structure (such as the

Q-moduli & and 7).

3.3. Systems of the third class

The systems of the third class are those for which
A>0,v>0,c>0,d> 0. In this case, TI1W},
is tangent to Wy _ from above (¢ > 0,d > 0)
[Fig. 11(d)]. The study of systems of the third
class (and nearby systems) is the main scope of the
present paper.

4. Nontrivial Hyperbolic Subsets of
Systems of the Third Class

Taking logarithm of both parts of (2.4) we rewrite
the condition of regular intersection as

j<if—1— Sy 2 (4.1)
and the condition of empty intersection as

j>if—7+ Sy 2 (4.2)

where
In |A|

~ T’
1 cxt
Thnpl Y
and S is some positive constant. It is convenient

to rewrite inequalities (4.1), (4.2) in an “invariant”
form

T

¥

(j+m) < (i +m)f—ro— Gy Frm/2 (43

G+m)> (i +m)—rp+ Sy F+m/2 (4.4)
where m is the constant defined by the condition
M* = f™(M~) and 19 is defined as

ro=17—m(6—-1).

Note that the value § is independent of smooth
transformations of the coordinates. The value 7y
can also be proved [Gonchenko & Shil’nikov, 1990]
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to be independent of smooth coordinate transforma-
tions preserving form (2.1) for the map Ty as well
as of the choice of homoclinic points in Uy. The
number (k +m) is invariant also in the sense that it
is equal to the minimal period of periodical orbits
of N.

Let us consider the subsystem Q; [Gavrilov &
Shil’nikov, 1973; Gonchenko, 1984] belonging to 2
(see Theorem 3.2) and composed by the orbits of
the form

...,as_]_, 0,...,0, as, 0,...,0’ as+1,...)
where:

(1) as € {1, 2};

(2) the length of any complete string of zeros is not
less than (k +m); and

(3) the lengths (ks+m) and (ks41+m) of successive
complete strings of zeros separated by a nonzero
symbol satisfy inequality (4.3) with ¢ = k; and
J = ks+1 (i.e., the sequence {k;} is regular).

Theorem 4.1. If k is large enough, then_in the
case ¢ > 0, d > 0 there exists a subsystem N in N
which is conjugate to the symbolic system (1; and
such that all orbits from N have a saddle type.

Note that the set N may not coincide with N
but it nevertheless forms a substantial part of N.
Indeed, for a nonsaddle orbit, at least two subse-
quent points M, and M,,; of intersection with Il
must lie in the strips of, and 02. +1 Whose numbers
satisfy the inequality

|(ks+1 +m) - (ks +m)0+7'0| < '§7_(E+m)/2 ) (4-5)

which is equivalent to (2.6).

The set of integer solutions (i, j) of the last
inequality will lie in the narrow strip on the plane
(the greater k, the more narrow is the strip). This
set depends essentially on the values 6 and 79. For
instance, if 0 is rational: § = p/q, and 79q € Z, then
this set is empty for k large enough. This implies
the following statement:

Theorem 4.2. If0 =p/q and 1oq & Z, then there
exists such k = k(0, 7o) that all orbits from N\I'
are saddle and N\{T', O} is conjugate with ;.

Geometrically, the fact that the set of integer
solutions of inequality (4.5) is empty for rational 8
and suitable 79 means that for such 6 and 7o tops of
all horseshoes get to the “holes” between the strips.

5. Moduli of the Q-Equivalence
for Systems of the Third Class

As we mentioned, the structure of the set N of all
orbits lying in the neighborhood U entirely is in
a close connection with the structure of the sets
of integer solutions of inequalities (4.3) and (4.5).
These sets are different for different values of the
invariants @ and 7. Therefore, the structure of the
set N depends essentially on the values of 6 and
70. Moreover, the following result shows, that the
invariants @ and 79 are moduli of the Q-equivalence.

Theorem 5.1. [Gonchenko & Shil’nikov, 1990, 1992]
Let f and f' be diffeomorphisms of the third class
and let f and f' be locally Q-conjugate.t Then
0 = @'. If, moreover, the value 0 is irrational, then
10 = 74- If 8 is rational (8 = p/q), then there ezists
such integer s that 79 and 7§ satisfy simultaneously
the inequalities s < Tog < s+1, s <1p¢ < s+ 1.

We give a sketch of the proof of the theorem.
Let f and f' be locally Q-conjugate and let M,
M~ and M'*, M'~ be conjugate pairs of homoclinic
points. Evidently, f*(M~) = M* and f™(M'~) =
M’ for some natural m. Suppose that § > ¢'. Con-
sider the set of pairs of integers (7, 7) satisfying the
inequality

(t+m)8 — 7 — S"y_(E’“")/? >ji+m
> (i+m)f — 75+ 5'7'_(E+m)/2 . (5.1)

According to conditions (4.3), (4.4), this in-
equality means that the pair (¢, j) is regular for the
diffeomorphism f, but it is inadmissible for the dif-
feomorphism f’. Since 8 > &', the set of pairs (i, j)
satisfying condition (5.1) is infinite.

Note that if a pair (i, ;) satisfies condition (5.1),
then the pair (j, ) is also regular for the diffeomor-
phism f because here j > i and the inequality

(i +m) < (j +m)f — 1o — Sy~ F+m)/2

obtained from inequality (4.3) by substitution j in-
stead of 7 and ¢ instead of j is automatically fulfilled
(we take into account that @ > 1 and 6’ > 1 since
we consider the case Ay < 1).

For such 7 and j the intersection of the horse-
shoe Ty (0}) with the strip of and the intersection of

4That is, there exist such neighborhoods U and U’ for which
the sets N and N’ have the same structure.
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Fig. 12. Since @ > @', it follows that there exists a countable
set of pairs (i, j) which are regular for the diffeomorphism
f, but are inadmissible for the diffeomorphism f'. If (3, §) is
such a pair, then the corresponding strips and horse-shoes are
positioned as follows. For the difftomorphism f: the inter-
section of the horseshoe T} (o}) with the strip o? is regular as
well as the intersection of the horseshoe T (o} ) with the strip
o [Fig. 12(a)]. For the diffeomorphism f': the intersection
of the horseshoe T} (o} ) with the strip of is regular, but the
horse-shoe T (o}) does not intersect the strip o} [Fig. 12(b)].

the horseshoe Ti(o}) with the strip 02 are regular
[Fig. 12(a)], and the code {...7jijij...} is regu-
lar. By Theorem 4.1 the diffeomorphism f has a
double-round saddle periodic orbit which intersects
successively the strips o¢ and 9.

On the other hand, for the diffeomorphism f’,
the horseshoe Tj(c}) does not intersect the strip
0’;-) [Fig. 12(b)], although ¢ and j are the same as
above. This follows from the fact that the pair (¢, )
is inadmissible by virtue of the right of inequalities
(5.1). Therefore, f' does not have periodic orbits
intersecting successively the strips oY and cr;-). It is
clear that the diffeomorphisms f and f’ are not -
conjugate in this case. Thus, for the 2-conjugacy it
is necessary that § = ¢'.

Let now 6 = ¢'. Suppose 1) > 70. If § =6’ is
irrational, then inequality (5.1) again possesses in-
finitely many natural solutions for sufficiently large
k and the diffeomorphisms f and f' are not Q-
conjugate. Hence, for the Q-conjugacy of the dif-
feomorphisms, the equality 7 = 79 must hold in
this case.

Let 4 be rational, 8 = p/q. If, for some integer
So, inequality 7og > so > 7yq holds then the integer
points on the straight line

. .p S0
J=im——

q q
satisfy inequality (5.1) and the diffeomorphisms f
and f’ are not Q-conjugate again. Hence, for the
Q-conjugacy of f and f’ in this case, it is necessary
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that 7oq, 74q € [s, s + 1] for some integer s, what
completes the proof of the theorem.

6. Infinite Degenerations in
Systems of the Third Class

We see that the cases of rational and irrational § are
principally different. In the rational case almost
all systems admit a complete description (Theo-
rem 4.2) and all orbits of N\T' are saddle. In the
irrational case, condition (necessary) (4.5) of an ir-
regular intersection has a countable set of integer
solutions for any k. Correspondingly, here a count-
able number of strips and horseshoes may have ir-
regular intersections that leads to a very nontrivial
dynamics. Namely, the following result [Gonchenko
et al., 1991, 1993] takes place:

Theorem 6.1. If H3 is a bifurcational surface com-
posed by diffeomorphisms of the third class, then
systems with a countable number of saddle periodic
orbits each of which has a homoclinic tangency are
dense on Hj.

The values @ calculated for these periodic or-
bits are 2-moduli, according to Theorem 6.1. These
values are independent of each other. Therefore, we
arrive at the following corollary {Gonchenko et al.,
1991, 1993):

Theorem 6.2. Systems with a countable number of
Q-moduli are dense on Hs.

As we mentioned in the Introduction, when the
value of an (-modulus is changed, bifurcations of
periodic, homoclinic, etc., orbits occur inevitably.
The presence of an infinite number of independent
Q-moduli may lead to infinitely degenerate bifur-
cations. Indeed, the following result [Gonchenko
et al., 1991, 1993] takes place:

Theorem 6.3. Systems with homoclinic tangencies
of any order and with structurally unstable periodic
orbits of any degree of degeneracy are dense in Hj.

It should be noted that the degenerations
indicated in this theorem may exist only for peri-
odic and homoclinic orbits of extremely high round-
nesses. In the present paper, we will not consider
the questions connected with the infinite degen-
eracies. Further, we will study bifurcations of
low-round periodic orbits in the framework of
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low-parameter families. The control parameters be
the splitting parameter as well as the Q-moduli.

First, let us consider the bifurcations of single-
round periodic orbits.

7. Bifurcations of Single-Round
Periodic Orbits

Note that for any system belonging to the bifur-
cational surface Hj single-round periodic orbits are
structurally stable. Here, for any ¢ sufficiently large,
the horseshoe Ty(o}) intersects its “own” strip o
regularly [inequality (4.1) is evidently fulfilled for
J =@ due to the condition § > 1]. Herein, the struc-
ture of the nonwandering set for the map 71T} :
o) — o? is the same as for the famous Smale’s
horseshoe example.

However, when the system is perturbed such
that the homoclinic tangency is destroyed, the
single-round periodic orbits may undergo bifurca-
tions. To study the bifurcations, we imbed the
diffeomorphism f into a one-parameter family f,
where 4 is the splitting parameter for the tangency.
We assume that when p < 0, the parabola T1W}:,
intersects W}  at two points; when p = 0, the
parabola Ty W[ is tangent to W)} _ at one point,
and when g > 0 there is no intersection (Fig. 13).
The family f,, is supposed to depend smoothly on p.
The requirement of the general position is that the
family f, is transverse to the bifurcational surface
Hj in the space of dynamical systems.

Clearly, the local and global maps Tg and T de-
pend now on g. The map Tp(p) can be represented

in the form

7=y +9(z, y, p)zy’,
(7.1)

z=Xx+ f(z,y, p)zy,

and the global map T3(u) is represented in the form

T—zt=ar+bly-y )+...,
(7.2)
g=cx+dly—y ) +p+....

Below, we will denote the coordinates on Il
as (Zo,y0) and the coordinates on II; as (x1,¥1).
If (20, 90) € o9 and (z1,31) = T¢(x0,v0) € 0}, the
following formula takes place [we change slightly no-
tations in comparison with (2.2)]:

T = /\k.’L'[) + |/\|k|7|_k¢kl(x0, Yk, /l,) 3
(7.3)

¥o = v Fy1 + |77 dra(zo0, Yk, 1) -

It is clear that if the bottom of the parabola
T1 W, descends sufficiently low (large and negative
1), then each horseshoe intersects each strip. In this
case, the set NV, is a hyperbolic set similar to the
invariant set in the Smale horseshoe. However, if u
is sufficiently large and positive, then the horseshoes
and the strips do not intersect at all, and all of the
orbits except O will escape from U.

The main question is what happens when the
parameter p varies from the negative to the positive
values. First of all, it is necessary to study the
structure of the bifurcation set corresponding to one
strip, that is, to study the bifurcations in the family
of the first return maps Ti(p) = TWT§ : 09 — o).
The following result (see Tedeschini-Lalli & Yorke

M’ Ol

b) u=0 b) u>0

Fig. 13. The behavior of W*(O) for one-parametric family f. where y is the splitting parameter. When p < 0, the parabola
Ty W, intersects Wy _ at two points; when u = 0, the parabola T\ W%, is tangent to W},  at one point, and when u > 0 there
is no intersection.

a) pu<0
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[1986]) makes the analysis of the map T very
simple.

Lemma 7.1. By means of a transformation of the
coordinates and the parameter, the map T(u) can
be brought to the form

T=y+eu(z, vy, 1),

3 ) (7.4)
T=M—y*+en(z,y, 1),

where
ein(z, ¥, p) = ONAF +47%). (7.5)

Here the rescaled splitting parameter M =
—dy*(u — vy *y~ +...) may take arbitrary finite
values for sufficiently large k.

Proof. It is convenient to wuse the so-called
Shil’nikov variables as the coordinates for points on
o9. In our case this is a pair (g, y1). We can use
the coordinate y; instead of yo because the value yp
is determined uniquely by formula (7.3) as a func-
tion of (zg, y1) for a fixed k. By virtue of Egs. (7.3),
(7.2), the map T (p) is written in the form

To—zt =alzo(1+..)

+o(y -y )+...,
Y+ (o, 7)) =+ cXfzp(1 + .. )
+dyr -y ) +....
(7.6)

With the shift of the origin: y3 — y+y~, o —
z + xt, we write the map Ty (u) in the form

T = by + O(\*) + O(3?),
v G +v7*0(g) = My + dy?

+ X*0(|z| + ly]) + O(3®),
(7.7)

where
My =p+cXezt — 4Ry (7.8)
Now, rescaling the variables

T — —E'y_kx, — —%7"“3,
brings Egs. (7.7) to form (7.4) where M = —dy?* M.
This completes the proof of the lemma. B
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Map (7.4) is close to the one-dimensional

parabola map

T=M—? (7.9)
whose bifurcations have been well studied, so that
it is possible to recover the bifurcation picture for
the initial map Tj. For the parabola map, the bi-
furcation set is contained in the interval [—3, 2] of
values of M: at M = —% there appears a fixed point
with the multiplier equal to +1, this fixed point
is attractive at M € (—%, %) and it undergoes a
period-doubling bifurcation at M = 2; the cascade
of period-doubling bifurcations lead to chaotic dy-
namics which alternates with stability windows and
the bifurcations stop at M = 2 when the restriction
of the map onto the nonwandering set becomes con-
jugate to the Bernoulli shift of two symbols and the
map no longer bifurcates as M increases.

By Lemma 7.1, similar bifurcations take place
for the map T;. The map has an attractive fixed
point O at p € (p{', py') which arises at the
saddle-node bifurcation at p = p;c"l and loses stabil-
ity at p = ,u;l) at the period-doubling bifurcation.
Here,

1
u;c“ = 'y‘ky“ — ezt + @7—% +..0,

3 ok
4d7 +....

The bifurcation set of the map T} is contained
in the interval [, u?*] where

”I—c-l — ,Y-—ky- —eXept —

—k - 2 _
pe =y —c)\ka:“L—E'y 4.,

Fig. 14. The last homoclinic tangency of the manifolds of
the fixed point of Tk at g = p}*. An invariant set similar
to those of the Smale’s horseshoe example arises after this
bifurcation.
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At p = ,u’,:s the fixed point of T} has the last homo-
clinic tangency (Fig. 14) and an invariant set similar
to those of the Smale’s horseshoe example arises af-
ter this bifurcation. Note that these bifurcational
intervals do not intersect each other for different k.

8. Bifurcations of Double-Round
Periodic Orbits

The study of double-round periodic orbits is re-
duced to the study of the fixed points of the second
return maps Tj; = TYTiTWT§: Il — IIp which,
by virtue of Egs. (7.3), (7.2) are represented in the

form
To—at =aNzo+b(yr —y ) +...,
v (L4 ) =cNzg+dyr —y ) Hp+...,
To—xt =aXTo+bT -y ) +...,
YIG(L+..) =cATo+dm, —y )+ p+..

(8.1)

where (zo, y1) and (To, ;) are the coordinates on
the strip a;’ for an initial point and its image by
the map T;;, respectively, and (Zo, 7;) are the coor-
dinates for the intermediate point TlT (zo, y1) on
the strip o)

The map Tij is a composition of the successively
acting maps T; = = NTJ) and T; = Tle which are
defined, respectwely, on the strlps a and o). The
map T; transforms the strip ¢? into the horseshoe
Tio}, and the map T; transforms the strip a}’ into
the horseshoe Tlajl.

a)
Fig. 15.
w=0.

b

8.1. Bifurcations on Hjg

Let us consider here the case 4 = 0. Different cases
of the reciprocal position of the strips and horse-
shoes o? a , Tyol, Tla are shown in Figs. 15(a)—
15(c). We assume here j > t (we do not consider
the case 1=7). The horseshoe Tla intersects both
strips ¢? and a] regularly, and the horseshoe Tj0}
intersects regularly the strip o?. For the intersec-
tion of Tiol N UD different possibilities may take
place: Tio} NoY = @ in the case of Fig. 15(a);
the intersection of Tlo with o] is regular in the
case of Fig. 15(b) and irregular in the case of
Fig. 15(c).

The conditions of the regular, irregular, and
empty intersection of the corresponding strips and
horseshoes are written by the use of inequalities
(4.1)-(4.2). Note that since we are interested now
in the bifurcations of the double-round periodic or-
bits which do not intersect II° above the strip o?,
we may assume § = k in these inequalities.

If Tiol N a;’ = (@, then the map Tj; has no
fixed points. In this case i and j satisfy the
inequality

j—if 41> 8y, (8.2)

On the other hand,
inequality

if ¢ and j satisfy the

j—il+T < -8y, (8.3)
the intersection of 710} with a;-) is regular, and the

map T;; has saddle fixed points: there are exactly

The various cases of the reciprocal position of the strips and horseshoes a?, a';), Tio}, Ty aJl- are shown for the case
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four such points; two of them have positive multi-
pliers, and two have negative multipliers.?

It is clear that if one changes the system on Hj3
so as to come from the situation of Fig. 15(a) to the
situation of Fig. 15(b), then bifurcations connected
with the appearance of fixed points of T;; (double-
round periodic orbits f) will occur on the way.

To follow these bifurcations it is convenient to
consider one-parameter families of systems on Hj
where the invariant 6 is the control parameter (note
that when proving Theorem 5.1, which establishes
that @ is an Q-modulus for the systems on H3, we
just used the fact that the variation of 4 is connected
with the changes in the structure of intersections of
the strip and horseshoes).

Let fo be such a family. Let ¢ and j be suffi-
ciently large fixed integers. By virtue of (8.2), if

<= l + l.r - l.S'y_i/z, (8.4)
i1 )
then Tio{ N o} = 0 and the map T;; does not have
fixed points. When @ increases, the bottom of the
horseshoe Tlail moves down, and for the values of
@ such that

9>6,= % + %T + %S’y_i/Z , (8.5)

the intersection of Tjo} with ag will be regular and
the map T;; will have four saddle fixed points.

We, therefore, get that all bifurcations of the
double-round periodic orbits which intersect the
strips o) and 0¥ occur for the values of 6 belonging
to the interval

z—,+%r-%sw/2selsesez

()
N

T+ %S’y“ﬁ . (8.6)

-~

To clarify how the bifurcations go, we give a
more detailed geometric construction (see Fig. 16).
The horseshoe Tlajl- intersects the strip ¢? in two
connected components which are denoted as A}j
and Agj. The preimages of these components with

respect to the map T; are the two “substrips” A}j

SMoreover, Theorem 4.1 implies that the nonwandering set
of the map Tj; is nontrivial in this case and has a hyperbolic
structure.
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W M

Fig. 16. Details of the geometric structure for the bi-
horseshoe composed by the strips and horseshoes o?, a?,
Tio}, Tla}. The horseshoe Ty o’} intersects the strip oY on
two connected components A}j and A?J Two “substrips”
A}j and A?j in o}) are the preimages of these components;
ie., TJ(A;’] = Af;, @ = 1, 2). The image of the strip A
under the map T;; is the narrow horseshoe T;; (Af;) belonging
to T] g ,1 .

and Afj lying on a? (so, TJ(A%) = Af, a=1,2).
The image of the strip A; with respect to the map
Ti; is a thin horseshoe T;;(Ag) lying in Tio}.

The dynamics of the map T;; : 0] — o is de-
termined by how it acts in restriction onto the sub-
strips A}, and AZ,. Particularly, the fixed points
of T;; are divided into two groups: the first are the

fixed points of the map Tl-(jl) = Tij| a1, and the sec-
ij
ond are the fixed points of the map ,I;(]g) = Tijla2.-
ij

Since the regions A}j and Afj do not intersect for
all 4, the fixed points of each of the maps bifurcate
independently.

It can be shown (see [Gonchenko & Shil’nikov
[1987]) that exactly two bifurcations take place in
each group when 6 varies; namely, a pair of sad-
dle and stable fixed points of Ti(ja) appears at Gf‘j+
through the saddle-node bifurcation corresponding
to the presence of a multiplier equal to “+41”, and
the stable fixed point loses its stability at 919‘]."
through the period-doubling bifurcation corre-
sponding to the presence of a multiplier equal to
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“—1”. The following asymptotics takes place:

, —1/2
d fy AR |

(8.7)

where o = 1 is assumed to correspond to the up-
per of the substrips A;; and o = 2 to the lower
one (Fig. 16). Note that the asymptotics for the
moments corresponding to the “+1” and “—1” bi-
furcations coincide in the main order. Nevertheless,
the intervals

«ll—by~/z*

9a:|:
+ +( )=

are, evidently, nonempty and they correspond to
the presence of a stable double-round periodic orbit.

8.2. Systems on Hj; with infinitely
many stable periodic orbits

Since ¢ = |Ay| < 1, it follows that the Jacobian
of the map T;; equal to (bc)2(Ay)* ™ (1 +...) is less
than unity if ¢ and j are sufficiently large. Thus, the
saddle-node bifurcations of double-round periodic
orbits indeed lead to the appearance of the stable
periodic orbits.

The following assertion was established in
Gonchenko & Shilnikov [1986, 1987):

Let fg be a one-parameter family of systems on
Hs. Then, in the interval 8 > 1, the values 6* are
dense such that the diffeomorphism fg- possesses
infinttely many stable double-round periodic orbits.

This result follows from the fact that the sta-
bility regions d;;, may intersect for different (7, j).
Indeed, as it follows from (8.7), the map T} has a
stable fixed point if

<]—02+T—I/0’)/ ’/2<VU, (8.8)
where vj; < v}, I/ilj’z = o(y~*?) and vy does not

depend on ¢ and j.

In order for an infinite number of stable double-
round periodic orbits to exist for the diffeomor-
phism fg, it is necessary and sufficient that in-
equality (8.8) would have infinitely many integer
solutions (7, j). The standard fact from the number
theory is that for any functions l/ilj’2 tending to zero
as 1, j — oo, such inequality do have infinitely
many integer solutions for a dense set of values
of 4.

Note that inequality (8.8) is satisfied only if the
invariants @ and 7 admit “exponentially well” non-
homogeneous approximations by rational fractions.

8.3. Bifurcations in the case p# 0

Let us now consider bifurcations of double-round
periodic orbits for the diffeomorphisms which are
close to f and which may now not lie on Hj.

First, consider a one-parameter family f,. Re-
call that the absolute value of the splitting parame-
ter p is exactly the distance between the bottom of
the parabola T1(W}.) and the manifold W] . The
sign of 4 corresponds to that where the bottom of
the parabola lies: above or below W} . If 4 > 0,
the diffeomorphism f, does not have single-round
homoclinic orbits close to I', and when p < 0 the
diffeomorphism has two such orbits.

When p increases, the bottom of the parabola
Ty (Wy.) will move up, and when p decreases, it
will move down. Accordingly, the bottoms of all
horseshoes will move up and down. It follows from
Egs. (7.1), (7.2) that the bottom of the horseshoe
Tyo}! lies on a distance of the order

g+ ezt (8.9)
from the manifold W} . Recall also that the strip
o? lies on a distance of the order

v iy (8.10)

from the manifold W .

Take some 7 and j such that, for 4 = 0, the
horseshoe Tjo! does not intersect the strip of
[Fig. 15(a)). Ev1dently, there is infinitely many such
pairs (2, 7). Since, for 4 = 0, the horseshoe Tlal lies
above the strip o] (i.e. c/\’:v"' > v 7y™), we have by
virtue of (8.9), (8.10), that it lies above this strip for
all positive u. Therefore, for the given 7 and j, the
map T;; does not undergo bifurcations for posmve
p. However, when p is negative, the horseshoe T 10
may have a nonempty intersection with the strip a)
(this intersection will be nonempty and regular for
sufficiently large negative u). Thus, it is clear that
there exists 4 = pf; < 0 for which the map Tj;
has a structurally unstable fixed point. Evidently,
pi; — 0 as i, j — oo.

Take another pair of ¢ and j such that, for
p = 0, the horseshoe Tyo} has a regular intersec-
tion w1th the strip o ; the set of such pairs is also
infinite. Note that, for the given ¢ and 7, the horse-
shoe Ty0} has a regular intersection with the strip
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a;) for all negative u. Therefore, in this case, the
map T;; does not undergo bifurcations for negative
g. On the other hand, if p is positive, the horseshoe
Tio}! may have empty intersection with the strip a?
[if 4 cXizt > y~Iy~; see (8.9), (8.10)]. It is clear,
therefore, that there exists 4 = fij; > 0 for which
the map T;; has a structurally unstable fixed point.
Note also that fij; — 0 as ¢, j — oo.

We arrive at the following statement [Gavrilov
& Shil’nikov, 1973]:

There exists an infinite number of values of u
accumulating at p = 0 from both sides which cor-
respond to the presence of the structurally unstable
double-round periodic orbits.

If, similar to the case p = 0, one considers
the substrips A}j(u), Afj(u) and the corresponding
horseshoes Ti;(u)Al; and Tyj(u)AZ;, then repeating
the arguments of Gonchenko & Shil’nikov [1987],
one can show that the following asymptotics take
place for the bifurcational values of u:

. . e exTt -
45 et

y (1—’;?’—;)(1+...), a=1,2. (8.11)

Here, o = 1 corresponds to the bifurcations of the
fixed points of the map T;;(p)|a1., and a = 2 corre-
ij

sponds to the bifurcations of the fixed points of the
map T;;(#)|ar. The signs + in the left-hand side
ij

of formula (8.11) denote the bifurcation moments
corresponding to the multiplier equal to “+1” or to
“—1”, respectively.

Note that these bifurcation moments differ on
a small value of order o(y~*/2). In spite that the
intervals &; = (ug;, pgi") of existence of a sta-
ble double-round periodic orbit are extremely small,
they, nevertheless, may intersect each other (which
is not the case for the analogous intervals corre-
sponding to single-round orbits; see above), and
even an infinite number of these intervals may in-
tersect. We have already seen this in the previous
subsection, when proved that the value x = 0 be-
longs to the intersection of infinitely many regions
of existence and stability of double-round periodic
orbits if § and 7 admits exponentially well nonho-
mogeneous approximations by rational fractions.

The structure of these intersections can not be
studied in a one-parameter family f, because it de-
pends essentially on, for instance, the values of 8
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and 7. Indeed, as we have shown, the structure of
the set of the values of y corresponding to the bi-
furcations of double-round periodic orbits of f,, de-
pends essentially on the reciprocal position of the
strips and horseshoes for the diffeomorphism fo.
The latter is mainly determined by the values of
0 and 7. If, for instance, § > &', then there would
exist infinitely many pairs (¢, j) such that, for the
diffeomorphism fg, the horseshoe Tjo}! have regu-
lar intersection with the strip 0;-), and the horseshoe
T!o} has no intersection with the strip a;-’ for the
diffeomorphism f; (see Theorem 5.1). Therefore,
for the family f,, bifurcations of the double-round
periodic orbits corresponding to the given values of
i and j would happen at positive y and, for the fam-
ily f,,, they would happen at negative p. In other
words, an arbitrary variation of  changes the order
of “double-round” bifurcations in the family f,.

In fact, using the machinery of “infinite degen-
erations” from Gonchenko et al. [1993], one can
show that, by an arbitrary small perturbation of
the family f, in the space of one-parameter fami-
lies of dynamical systems, a family can be obtained
for which values of y accumulate at g = 0, corre-
sponding to infinitely many coexisting structurally
unstable double-round periodic orbits.

This implies that no finite number of control
parameters is sufficient to obtain a stable picture
of the bifurcation set corresponding to all double-
round periodic orbits. At the same time, we have
seen that if we restrict ourselves to the study of
the bifurcations of one double-round periodic orbit
corresponding to an arbitrary code {t, j}, the one-
parameter bifurcation analysis is quite satisfactory:
there is a value of u corresponding to the saddle-
node bifurcation and a value of u corresponding to
the period-doubling bifurcation and no other bifur-
cation values.

9. Bifurcations of Triple-Round
Periodic Orbits

9.1. Bifurcations on Hj

In this section, we consider the bifurcations of triple-
round periodic orbits. In particular, we show that,
in distinction with the single- and double-round
periodic orbits, structurally unstable triple-round
periodic orbits can have additional degenerations;
namely, the first Lyapunov value may vanish. This
means that cusp-bifurcations take place here.
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This fact was established by Shil’'nikov &
Sten’kin [1995] in the study of two-parameter fami-
lies of systems on H3 for which the Q-moduli 8 and
T are taken as the control parameters.

Let fg - be a two-parameter family in Hs. Then,
the following result holds.

Theorem 9.1. The values of (0, T) for which the
system has a structurally unstable triple-round pe-
riodic orbit with one multiplier equal to unity and
with the first Lyapunov value equal to zero are dense
in the region L = {(8, 7): 0 > 1} on the parameter
plane.5

Proof. The study of triple-round periodic orbits is
reduced to the study of the fixed points of the third-
return maps Tyx = NITETITETITE: o) — 0. We
will suppose ¢ < j < k (this condition can be shown
to be necessary for the existence of the cusp-
bifurcation).

The analysis carried out in Shil’nikov & Sten’kin
[1995] shows that the additional degeneration may
take place only for the following structure of the
intersections of the corresponding horseshoes and
strips (Fig. 17): the horseshoe Tjo} intersects the
strip o regularly and intersects the strip a;’ irreg-
ularly, the horseshoe Tw} intersects the strips o?,
o9 regularly and the strip o} is intersected irregu-
larly, and the horseshoe T U}C intersects all the strips
regularly.

The study of triple-round periodic orbits is ob-
viously reduced to the study of a system of equa-
tions connected to the coordinates (zg, yo) and
(z1, 11) of the points of intersection of the orbit
with the neighborhoods Il and II;, respectively.
We do not write down the system here. Note that
the system is easily resolved with respect to all co-
ordinates except for the coordinates y;. If {ijk}
is the code of the periodic orbit under considera-
tion, then the system takes the form [Shil’nikov &
Sten’kin, 1995]

I = dE? + (cat A — Ty )+ bediC + ...,
k¢ =dn? + (et N — 7 Fy) +beNe+. ..,

77 =d¢? + (cat AR — 47y T) Fbedkp 4.
9.1)

6Note that the second Lyapunov value does not equal to zero
here, so these points are the cusp-points from which a pair of
curves corresponding to saddle-node bifurcations go.

W M’

Fig. 17. The geometric construction leading to the appear-
ance of doubly-degenerate triple-round periodic orbits (the
cusp-bifurcation). The horseshoe T)0} intersects the strip of

regularly and it intersects the strip cr;-’ irregularly; the horse-

shoe Tla} intersects the strips o, o_? regularly and it inter-

sects the strip 0% irregularly; the horseshoe Tyo} intersects
regularly all the strips.

where we denote the value y; —y~ as £ for the point
of intersection of the orbit with the strip o}, as n for
the point of intersection with the strip a}-, and as ¢
for the point of intersection with the strip o}. The
degenerate periodic orbits (i.e., having one multi-
plier equal to unity) correspond to the degenerate
solutions of system (9.1).

Since ¢ < k and Ay < 1, the last equation of
system (9.1) is resolved with respect to (:

(:iJ%;4ﬂﬂ+“). (9.2)

The substitution of expression (9.2) in the first
and second equations of system (9.1) and a shift of
coordinates £ and 7 on some small constants bring
the system to the form

y7In =d€? + (cat X —yIyT) + ...,

. . (9.3)
—beME=dnp? + (caxt VW —yFy )+,

Thus, the question about the degenerate triple-
round periodic orbits is reduced to the question
about the degenerate solutions of the system (9.3)
corresponding to large i, j, k and to small £ and 7.
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Let us show that the system has a triple solu-
tion. Make the following rescaling of the variables:
& =¢1-u;n =€ v, where

€1 = —(bc)'/3/d - NI/ . 4~H/3
€2 = (be)¥3/d - NH/3 . 4733

Dividing the first and second equations of (9.3)
on d-o? and d - 82, respectively, we arrive at the
following system:

u? =v+ A+ 6(u, v)
, 9.4
{v2=u+B+5z(u,v) (0.4)

where 619 — 0 as ¢, j, K — +o00 and the quantities
A and B are as follows:

d . . . .
A= WA—2]/374J/3 [y_’Y_J - C$+/\l +.. ] s

d

B= (bc)*/3

A—H/3A2/3 (= — et AT ..
(9.5)

Evidently, A and B may take arbitrary finite values
if 7 and j are sufficiently large.

It is easy to see that the triple solution of sys-
tem (9.4) exists when A ~ 3/4, B =~ 3/4. The
geometric illustration of this fact is represented in
Fig. 18.

We obtained a necessary and sufficient condi-
tion for existence of triple solution of system (9.1).
This condition can be rewritten as

yy I —cxtA+...=0, (96)
Yy ~cxt M +...=0. '

Taking the logarithm of the both parts of each of
the equations of the system obtained we arrive at
the equivalent system:

j=0i—-17+...,
(9.7)
k=0j—7+....

This system can be shown to have arbitrarily
large integer solutions for a dense set of values of
the parameters (6, 7). So we can conclude that
there exists a dense set L* on the parameter plane
such that for any pair (8%, 7*) € L* there exists
a triple solution of system (9.1) for some i, j, k.
This means that the dynamical system has an as-
sociated structurally-unstable triple-round periodic
orbit arising as the result of the coalescence of three
periodic orbits. Such orbit has a multiplier equal to
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A

Fig. 18. The case of the cubic tangency of two parabolas.

unity and the first Lyapunov value is equal to zero.
The theorem is proved. W

Let us now construct the bifurcational curves,
starting at the cusp points, which correspond to
saddle-node triple-round periodic orbits. Let a =
A—3/4 and f = B — 3/4. System (9.4) takes the
form

wW=v+3/4+a+...,

v=u+3/4+8+....

On the plane (a, ), the bifurcational curves
corresponding to the degenerate solutions of system
(9.8) have the following form (see Fig. 19):

(9.8)

a=-3/4+1/(16t3) —t+...,

B=—3/4+12—1/(4t) +..., 09)

where ¢ is some parameter; a triple solution exists

when ¢t = —1/2.
Since
& 253 /3 _ ot \i
3/4+a=(bc)2/3)\ YIPy=y T —cxT A+ ],
d . . ,
3/4+48= ) /3)\_41/3'72’/3[y_7_k—cx+)\]+. ],

(9.10)

[see (9.5)] and since A = y~%, 47 = czt /y~, we can
write the following formula connecting the values of
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4 B(t)

at)

— >

Fig. 19. The cusp-point on the plane (¢, §).

(a, B) with the values of (6, 7):

3/4+a= 2/3(6+2)7 [y—,y'—j_y—,yT—Gi_*_. . .],

(bc)2/37

_ A 4/3(041/2)i [~k _ g m T =8]
3/4+,3—W’Y ™y -y "+ )
(9.11)

This formula allows one to map the curves (9.9)
onto the (6, 7)-plane (see Fig. 20).

9.2. Cusp-bifurcations in
two-parameter families f,,

For a two-parameter family f, ¢ the condition of ex-
istence of a triple-degenerate triple-round periodic
orbit is written in the form

j=6i—7+...,
| (9.12)
y Yy F—caxtN+p+...=0,

which is analogous to condition (9.7) obtained for
¢ = 0. One can see that in an arbitrarily small
neighborhood of any point (6, u = 0) there exists a
point (8*, p*) for which system (9.12) has an integer
solution. This implies that the following theorem
holds.

v

Olvl//r}/f}/l

Fig. 20. A fragment of the bifurcation diagram on the plane
(6, 7).

v

Fig. 21. A fragment of the bifurcation diagram on the plane
(9, . '

Theorem 9.2. In an arbitrarily small neighborhood
of any point (6, p = 0) there erists a point (0*, p*)
for which the map fg- ,« has a triply-degenerate
triple-round periodic orbit.

Note that u* can be of arbitrary sign: p* < 0
when k > 0 — 7, and i > 0 when k£ < 85 — 7. The
corresponding bifurcation diagram is represented in
Fig. 21.
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