
      

OntheHasseprincipleforbiellipticsurfaces

CarmenLauraBasileandAlexeiSkorobogatov

ToSirPeterSwinnerton-Dyer

Fromthegeometer’spointofview,biellipticsurfacescanbedescribed
asquotientsofabeliansurfacesbyfreelyactingfinitegroups,thatarenot
abeliansurfacesthemselves.Togetherwithabelian,K3andEnriquessurfaces
theyexhausttheclassofsmoothandprojectiveminimalsurfacesofKodaira
dimension0.Becauseoftheircloserelationtoabeliansurfaces,bielliptic
surfacesareparticularlyamenabletocomputation.Atthesametimethey
displayphenomenanotencounteredforrational,abelianorK3surfaces,for
example,torsionintheNéron–Severigroup,finitegeometricBrauergroup,
non-abelianfundamentalgroup.Thiscuriousgeometryisreflectedinamusing
arithmeticalpropertiesofthesesurfacesovernumberfields.

Thebehaviourofrationalpointsonbiellipticsurfaceswasfirststudied
byColliot-Thélène,Swinnerton-Dyerandthesecondauthor[CSS]inrelation
withMazur’sconjecturesontheconnectedcomponentsoftherealclosureof
Q-points.ThesecondauthorthenconstructedabiellipticsurfaceoverQthat
haspointseverywherelocallybutnotglobally;moreover,thiscounterexample
totheHasseprinciplecannotbeexplainedbytheManinobstruction[S1](see
also[S2],Ch.8).D.Harari[H]showedthatbiellipticsurfacesgiveexamplesof
varietieswithaZariskidensesetofrationalpointsthatdonotsatisfyweak
approximation;moreoverthisfailurecannotbeexplainedbytheBrauer–
Maninobstruction.

Adiscreteinvariantofabiellipticsurfaceistheordernofthecanonical
classinthePicardgroup.Thepossiblevaluesofnare2,3,4and6.The
surfacecontructedin[S1]hasn=2.Untilnowthiswastheonlyknown
counterexampletotheHasseprinciplethatcannotbeexplainedbytheManin
obstruction.Inthisnoteweconstructasimilarexampleinthecasen=3.
Thedifferenceisthatwenowneedtoconsiderellipticcurveswithcomplex
multiplication.Theactualconstructionturnsouttobesomewhatsimpler
thanin[S1].Incontrast,forthebiellipticsurfaceswithn=6weprove
thattheManinobstructiontotheHasseprincipleistheonlyone(underthe
assumptionthattheTate–ShafarevichgroupofitsAlbanesevarietyisfinite).
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1Biellipticsurfaces

Letkbeafieldofchark=0,andkbeanalgebraicclosureofk.Fora
k-varietyXwewriteX=X×kk.
Definition1AbiellipticsurfaceXoverkisasmoothprojectivesurface
suchthatXisaminimalsurfaceofKodairadimension0,andisnotaK3,
abelianorEnriquessurface.

BiellipticsurfacesoverkwereclassifiedbyBagneraanddeFranchis(see
[B],VI.20).Theirtheoremsaysthatanybiellipticsurfaceoverkcanbe
obtainedasthequotientoftheproductoftwoellipticcurvesE×Fbyafreely
actingfiniteabeliangroup.Thegeometricgenusofanybiellipticsurfaceis0.
ForabiellipticsurfaceXletnbetheorderofKXinPicX.Itfollowsfrom
theBagnera–deFranchisclassificationthatncanbe2,3,4or6(loc.cit.).

Proposition1LetXbeabiellipticsurfaceoverk.Thereexistsanabelian
surfaceA,aprincipalhomogeneousspaceYofA,andafiniteétalemorphism
f:Y→Xofdegreen,thatisatorsorunderthegroupschemeµn.

ProofThenaturalmapPicX→PicXisinjective,hencenKXisaprin-
cipaldivisor.WewritenKX=(φ),whereφ∈k(X)∗.LetYbethenor-
malizationofthecoveringofXgivenbyt

n
=φ.Thenthenaturalmap

f:Y→Xisunramified,andisatorsorunderµn(cf.[CS],2.3.1,2.4.1).
ThisimpliesthatKY=f∗KX=0.Bytheclassificationofsurfaces,Yisan
abeliansurface.(ItisnotK3astheonlyunramifiedquotientsofK3surfaces
areEnriquessurfaces.)LetAbetheAlbanesevarietyofY,definedoverk
(see[L],II.3).ThenAistheAlbanesevarietyofY.Thechoiceofabase
pointmakesYanabelianvarietyisomorphictoA,sothatYisnaturally
aprincipalhomogeneousspaceofA.Choosey0∈Y(k),thenwehavean
isomorphismY→Athatsendsytoy−y0.Thenρ(g)=

g
y0−y0isacontin-

uous1-cocycleofGal(k/k)withcoefficientsinA(k).LetA
ρ

betheprincipal
homogeneousspaceofAdefinedbyρ;itcorrespondstothetwistedGalois
action(g,a)7→

g
a+ρ(g),wherea∈A(k)(see[S],III.1,or[S2],2.1).Then

theabovek-isomorphismY→Adescendstoak-isomorphismY→A
ρ
.¤

Notethattheanalogueofthepropositionfailsinhigherdimensionbecause
therearemanymorepossibilitiesforY.

2Groupactiononprincipalhomogeneous

spacesofabelianvarieties

LetAbeanabelianvarietyoverk,andZaprincipalhomogeneousspaceof
A.Supposethatak-groupschemeΓactsonZ.ThisgivesrisetoaGalois-
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equivariantactionofthegroupΓ(k)onthesetZ(k).TheactionofΓonZ
naturallydefinesanactionofΓonA,theAlbanesevarietyofZ.Thenthe
actionofthegroupA(k)onthesetZ(k)isbothGaloisandΓ-equivariant.
LetA

Γ
betheΓ-invariantgroupsubschemeofA.Similarly,letZ

Γ
⊂Zbe

theclosedsubschemeconsistingofpointsfixedbyΓ.

Proposition2Supposethatak-groupschemeΓactsonZinsuchaway
thatZ

Γ
isanonemptyscheme(i.e.,somek-pointofZisfixedbyΓ(k)).Then

[Z]∈Im[H
1
(k,A

Γ
)→H

1
(k,A)].

ProofTakex∈Z(k),fixedbyΓ(k).Thena1-cocycleofGal(k/k)sending
g∈Gal(k/k)to

g
x−x∈A(k)representstheclass[Z]∈H

1
(k,A).Forany

γ∈Γ(k)wehave

γ(
g
x−x)=γ·

g
x−γ·x=

g
(
g−1

γ·x)−x=
g
x−x.

Therefore,
g
x−x∈A

Γ
(k).¤

ItiseasytoseethatZ
Γ

isaprincipalhomogeneousspaceofA
Γ
.TheA-

torsorZisthepush-forwardoftheA
Γ
-torsorZ

Γ
withrespecttothenatural

injectionofgroupschemesA
Γ
→A.Thisgivesanalternativeproofofthe

proposition.

Corollary1LetA1=A/A
Γ
,andα:A→A1thenaturalsurjection.Then

[Z]∈H
1
(k,A)[α∗],where

H
1
(k,A)[α∗]=ker[α∗:H

1
(k,A)→H

1
(k,A1)].

WenowconsiderthecasewhenZ=Cisacurveofgenus1equippedwith
afaithfulactionofΓthathasafixedpoint.ThenA=EistheJacobianof
C.WeshallwriteAut0(E)fortheautomorphismgroupofEasanelliptic
curve.NowΓ(k)⊂Aut0(E),henceΓ(k)isacyclicgroupofordern,where
ncanbe1,2,3,4or6.Astraightforwardcalculationshowsthat,excluding
thetrivialcasen=1,wehaveoneofthefollowingpossibilities:

n#E
Γ
(k)

61

42

33

24

ByCorollary1thefirstlineofthistableshowsthatifacyclicgroupscheme
oforder6actsonacurveofgenus1,thenthiscurvehasak-point.Asa
consequenceofthisfactweobtaininthenextsectionasimpledescriptionof
biellipticsurfaceswithn=6.
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3AcasewhentheManinobstructiontothe

Hasseprincipleistheonlyone

Proposition3LetXbeabiellipticsurfaceoverksuchthattheorderof
KXinPicXis6.ThereexistanellipticcurveEandacurveDofgenus
1suchthatthegroupschemeµ6actsonEbyautomorphismsofanelliptic
curve(inparticular,preservingtheorigin),andactsonDbytranslations,in
suchawaythatX=(E×D)/µ6.

ProofTheBagnera–deFranchisclassification([B],VI.20)saysthatforany
biellipticsurfaceXwithKXoforder6inPicXthereexistellipticcurvesC1

andC2overksuchthat:

(1)µ6actsonC1byautomorphismsofanellipticcurve(inparticular,
preservingtheorigin);

(2)thegroupschemeµ6isasubgroupofC2;

(3)X=(C1×C2)/µ6.

Thefreeactionofµ6onC1×C2makesthefiniteétalemapC1×C2→X
atorsorunderµ6.LetuscompareitwiththetorsorY→Xconstructedin
Proposition1.

RecallthatthetypeofaZ-torsorunderagroupofmultiplicativetypeSis
acertainfunctorialmapŜ→PicZ,whereŜisthemoduleofcharactersofS
(see[S2],Definition2.3.2).Atorsorunderagroupofmultiplicativetypeover
anintegralprojectivek-varietyisuniquelydetermineduptoisomorphismby
itstype(thisfollowsfromthefundamentalexactsequenceofColliot-Thélène
andSansuc,see[CS],[S2],(2.22)).Thereforeitisenoughtocomparethe
respectivetypes.Thereisanexactsequence

0→Hom(µ6,k
∗
)=Z/6→PicX→PicY,

wherethesecondarrowisthetypeofthetorsorY→X,andasimilar
sequenceforC1×C2→X([S2],(2.4)andLemma2.3.1).Sincethecanonical
classofanabeliansurfaceistrivial,KXisintheimageofZ/6inPicX,and
henceitisageneratorofthatimage.Thusthetypesofbothtorsorsarethe
same(uptosign).Hencethepair(Y,theactionofµ6)canbeidentifiedwith
thepair(C1×C2,theactionofµ6).

LetAbetheAlbanesevarietyofY.Thisisanabeliansurfacedefined
overk.Letsbethek-endomorphismofAgivenbys=∑

σ∈µ6σ.LetA1

(respectivelyA2)betheconnectedcomponentof0inker(s)(respectivelyin
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A
µ6

).Notethatsactsas0onJ1=Jac(C1)⊂A,andasmultiplicationby6
onJ2=Jac(C2)⊂A.Therefore,A1=J1,A2=J2.Nowthemap

A1×A2→A,(x,y)7→x+y,

isanisomorphism,sinceoverkitisthenaturalisomorphismJ1×J2→A.
ThisprovesthatAisaproductoftwoellipticcurvesoverk.HenceY,which
isaprincipalhomogeneousspaceofA,isaproductoftwocurvesofgenus1
overk:Y=E×D,whereC1'E,C2'D.

BytheBagnera–deFranchistheoremthegroupschemeµ6actsonEwith
afixedpoint.Bytheremarkprecedingthestatementoftheproposition,
thispointisunique,andhenceisk-rational.HenceEisanellipticcurve
(isomorphictoA1).¤

Seethebeginningofthenextsection(or,inmoregenerality,[S2],5.2)for
thedefinitionoftheManinobstruction.

Corollary2Letkbeanumberfield.TheManinobstructionistheonly
obstructiontotheHasseprincipleonthebiellipticsurfacesXoverksuch
thattheorderofKXinPicXis6,andtheTate–Shafarevichgroupofthe
AlbanesevarietyofXisfinite.

ProofBythepreviouspropositionwehaveX=(E×D)/µ6.Considerthe
curveD′=D/µ6ofgenus1,andletp:X→D′bethenaturalsurjective
map.LetJ′betheJacobianofD′.Itisknown([B],VI)thattheAlbanese
varietyofanybiellipticsurfacehasdimension1.Usingtheuniversalproperty
oftheAlbanesevariety(see[L],II.3)andtheconnectednessofthefibresofp
oneeasilychecksthatJ′istheAlbanesevarietyofX.

Let{Qv}beacollectionoflocalpointsonX,forallplacesvofk,that
satisfiestheBrauer–Maninconditions.Then{p(Qv)}satisfiestheBrauer–
ManinconditionsonD′.IfX(J′)isfinite,thenD′hasak-pointbya
theoremofManin(see[S2],Theorem6.2.3).CallthispointQ.Theinverse
imageofQinDdefinesaclassρ∈H

1
(k,µ6)=k∗/k∗6.Considerthetwisted

torsorE
ρ
×D

ρ
→X.NowD

ρ
hasak-pointoverQ.Buttheactionofµ6on

Epreservestheorigin,hencethetwistedcurveE
ρ

hasak-point.Therefore,
weobtainak-pointonE

ρ
×D

ρ
,andhenceonX.¤

NotethatforthebiellipticsurfacesofCorollary2thequotientofBrXby
theimageofBrkisinfinite,butintheproofweonlyusedtheBrauer–Manin
conditionsgivenbytheelementsoftheconjecturallyfinitegroupX(J′).

Corollary2isaparticularcaseofamoregeneralsituation.LetΓbean
algebraicgroupactingonvarietiesVandWsuchthattheactiononWis
free.SupposethatVhasak-pointfixedbyΓ.IftheManinobstructiontothe
HasseprincipleistheonlyoneonW/Γ,thenthesameistruefor(V×W)/Γ.
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4Mainconstructionandexample

Nowassumek=Q,andletAQbetheringofadèlesofQ.Foraprojective
varietyXwehaveX(AQ)=∏

vX(Qv),wherevrangesoverallplacesofQ
includingtherealplace.LetX(AQ)

Br
bethesubsetofX(AQ)consistingof

thefamiliesoflocalpoints{Pv}satisfyingalltheBrauer–Maninconditions.
Theseconditions,oneforeachA∈BrX,are

∑

allv

invvA(Pv)=0,

whereinvvisthelocalinvariantattheplacev,whichisacanonicalmap
BrQv→Q/Zprovidedbylocalclassfieldtheory.TheBrauer–Manincondi-
tionsaresatisfiedforanyQ-pointofXbytheHassereciprocitylaw,sothat
wehaveX(Q)⊂X(AQ)

Br
.Ifthelastsetisempty,thisisanobstructionto

theexistenceofaQ-pointonX;itiscalledtheManinobstruction.
WenowgiveaconstructionofbiellipticsurfacesXforwhichX(AQ)

Br
6=

∅,butX(Q)=∅.ThenXisacounterexampletotheHasseprinciplethatis
notexplainedbytheManinobstruction.

Theorem1LetEbeanellipticcurveoverQwithanontrivialactionofthe
groupschemeµ3.Letα:E→E1bethedegree3isogenywithkernelE

µ3
.

LetDbeanellipticcurvewithagroupsubschemeisomorphictoµ3.Assume
that:

(i)Gal(Q/Q)actsnontriviallyonE
µ3

;

(ii)#X(E)[α∗]=3;

(iii)CisaprincipalhomogeneousspaceofErepresentinganontrivialele-
mentofX(E)[α∗];

(iv)Sel(D,µ3)=0,thatis,foranyprincipalhomogeneousspaceofDob-
tainedfromanontrivialclassinH

1
(Q,µ3)=Q∗/Q∗3,thereexistsa

placevwhereithasnoQv-point.

ThenX=(C×D)/µ3isacounterexampletotheHasseprincipalnotex-
plainedbytheManinobstruction.

LetusgiveanexampleofcurvesCandDsatisfyingtheconditionsofthe
theorem.Letζbeaprimitivecubicrootofunity.

LetCbetheplanecubiccurvex
3

+11y
3

+43z
3

=0,wheretheroot
ofunityζactsby(x:y:z)7→(x:y:ζz).TheJacobianEofCisthe
planecurvex

3
+y

3
+473z

3
=0,withtheactionofµ3givenbythesame
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formula.OneeasilychecksthatCondition(i)issatisfied.Condition(ii)is
verifiedinExample4.3of[F2].TheelementsofH

1
(Q,E)[α∗]aregivenby

thecurvesmx
3
+m

2
y

3
+473z

3
=0withmacube-freeinteger.Thecurve

Ccorrespondstom=11.Ithasbeenknownforsometime[Se]thatChas
pointseverywherelocallybutnotglobally.ThisgivesCondition(iii).(See
also[Ba],VI.)

LetDbetheellipticcurveu
3
+v

3
+w

3
=0,with(1:−1:0)astheorigin.

ThegroupsubschemeofDgeneratedby(1:−ζ:0)isisomorphictoµ3.The
translationbythiselementis(u,v,w)7→(u:ζv:ζ

2
w).Theelementsofthe

SelmergroupSel(D,µ3)arerepresentedbytheprincipalhomogeneousspaces
Dadefinedbyu

3
+av

3
+a

2
u

3
=0,whereaisacubefreeinteger.Letpbe

aprimefactorofa.ThenDahasnoQp-point.Therefore,theonlycurveDa

withpointseverywherelocallyisDitself,sothatSel(D,µ3)=0,whichis
ourCondition(iv).

RemarkOnchangingsomeoftheconditionsofthetheoremoneobtains
biellipticsurfacesforwhichtheManinobstructiontotheHasseprincipleis
theonlyone.WereplaceCondition(ii)bytheconditionX(E)[α∗]=0,and
insteadofCondition(iii)werequirethatCisanyprincipalhomogeneous
spaceofEwhoseclassisinH

1
(Q,E)[α∗].WedropCondition(i)andkeep

Condition(iv).ThentheManinobstructionistheonlyobstructiontothe
Hasseprincipleforthesurfaces(C×D)/µ3.Fortheproof,considerthetorsor
C×D→(C×D)/µ3underµ3.Underourassumptionstheclassoftwists
C
ρ
×D

ρ
,ρ∈Q∗/Q∗3,satisfiestheHasseprinciple.Bydescenttheory([S2],

Corollary6.1.3(2))thisimpliesourstatement.

5Proofofthetheorem

ConsiderthealternatingCasselspairingX(E)×X(E)→Q/Z.Itsrestric-
tiontoX(E)[α∗]givesanalternatingpairing

X(E)[α∗]×X(E)[α∗]→Q/Z.(1)

Thekernelofthelastpairingistheimageofα
t
∗:X(E1)→X(E),where

α
t
:E1→Eisthedualisogeny.(Thisseemstobepartofthefolklore;see

[F1]foraproof.)SinceX(E)[α∗]∼=Z/3ZbyCondition(ii),thepairing
(1)mustbezero.Therefore,thereexistsaprincipalhomogeneousspace
C1ofE1withpointseverywherelocally,thatliftsC.Thismeansthatthe
mapα

t
∗:H

1
(Q,E1)→H

1
(Q,E)sends[C1]to[C].Thereisafiniteétale

morphismC1→CthatrepresentsCasthequotientofC1bytheaction
ofker(α

t
).LetY=C×D,Y1=C1×D.Thisgivesrisetoafiniteétale
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morphismY1→YwhichistheidentityonD.Letf1bethecompositionof
thefiniteétalemapsY1→Y→X,andletπ:Y1→Dbetheprojection
tothesecondfactor.Inthisnotationwehavethefollowingkeyproperty
analogousto([S1],Theorem1):

f∗
1(BrX)⊂π∗(BrD).(2)

ToprovethiswenotethatforanysmoothandprojectivesurfaceXwith
pg=0,inparticular,forabiellipticsurface,wehaveanisomorphismofGa-
loismodulesBrX=Hom(NS(X)tors,Q/Z)(see[G],II,Corollary3.4,III,
(8.12)).AsintheproofofCorollary2oneshowsthattheAlbaneseva-
rietyofXisD/µ3.Thesameargumentasin([S1],pp.403–404)works
inoursituation,andweobtainNS(X)tors=E

µ3
.Then(i)impliesthat

(BrX)
Gal(Q/Q)

=0.Therefore,BrX=ker[BrX→BrX].Awellknown
Lerayspectralsequenceshowsthatthequotientofthisgroupbytheimage
ofBrQisnaturallyisomorphictoH

1
(Q,PicX)([S2],(2.23);hereweuse

thefactthatH
3
(Q,Q

∗
)=0).TheanalysisofthemorphismofGaloismod-

ulesf∗
1:PicX→PicY1iscarriedoutinthesamewayasintheproofof

Lemma2of[S1],wherethemultiplicationby2onEhasnowtobereplaced
bytheisogenyα:E→E1.Theresultisthattheimagef∗

1(H
1
(Q,PicX))

inH
1
(Q,PicY1)iscontainedinπ∗(H1

(Q,PicD)).Formula(2)nowfollows
fromthefunctorialityoftheLerayspectralsequence.

LetusconstructanadelicpointonXsatisfyingalltheBrauer–Manin
conditions.TakearationalpointR∈D(Q),andacollection{Pv}∈C1(AQ).
Thenf1({(Pv,R)})∈X(AQ)

Br
,asfollowsfrom(2)andtheHassereciprocity

law.

ItremainstoshowthattherearenoQ-pointsonX.Indeed,rational
pointsonXcomefromtwistsofYgivenbya∈H

1
(Q,µ3)=Q∗/Q∗3.Any

suchtwistofYistheproductCa×Da,whereCaandDaarecurvesof
genus1.Moreover,DaisaprincipalhomogeneousspaceofDofthekind
describedinCondition(iv)ofthetheorem.Bythatcondition,ifDahas
pointseverywherelocally,thenaistrivial,sothatDa=D.Thusthere
arenoQ-pointsonthenontrivialtwistsofY.Ontheotherhand,Yhas
noQ-pointssincebyCondition(iii)therearenoQ-pointsonC.Therefore,
X(Q)=∅.Thiscompletestheproof.

Moredetailscanbefoundinthethesisofthefirstauthor[Ba].The
preparationofthispaperwasspeededupbyJohnVoight’snotesofthecon-
ference“RationalandIntegralPointsonHigherDimensionalVarieties”at
theAmericanInstituteofMathematicsinDecember,2002.Wethankhim
forthenotes,andtheorganizersforstimulatingatmosphere.Wearevery
gratefultoTomFisherfortellingusaboutthecurvex

3
+11y

3
+43z

3
=0.

WethankEkaterinaAmerikforusefuldiscussions.
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